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Mechanics. The effective width of cylinders, periodically stiffened by 
citcular rings. By C. B. BIEZENO and J. J. Kocn. 


(Communicated at the meeting of October 27, 1945.) 


1. Introduction. The purpose of these few lines is to provide the 
reader with a simple rule for the computation of the greatest tangential 
stress, occurring in a thin-walled cylinder which in itself does only 
possess a slight flexural rigidity against alteration of its circular cross- 
section, and which therefore in constant distances (= 2/) has been stiffened 
by circular rings. The loadsystem of the cylinder is subject to the condition 
of periodicity in the axial direction, the period being identical with that of 
the rings; moreover the load is supposed to be symmetrical with respect 
to the plane of symmetry of two consecutive rings and to consist of radial 
and tangential components only (though axial components, if required, 
could as well be brought into account). A specialisation of a loadsystem of 
this kind presents itself, if all loads are concentrated in the planes of the 
rings and as a matter of fact in this paper attention will only be drawn to 
such a special system. The justification of this restriction must mainly be 
sought in its agreement with actual practice, but likewise in the fact that 
the stressproblem raised by a general loadsystem can be decomposed into 
two other problems, one of which refers to a cylinder of length 2/, loaded 
in the prescribed way, but clamped at both ends, whilst the other one 
relates to the actual cylinder, exclusively loaded in the planes of its 
stiffening rings. 

The orthodox method of solving this latter stress-problem consists in 
the separate treatment of the rings and the cylinder, the first ones under 
the action of unknown radial and tangential loadcomponents, the last one 
under the action of their reaction-components and the prescribed load- 
system. 

The unknown loadcomponents can be found by equalizing the radial and 
tangential displacements of the corresponding points of the cylindrical shell 
and the stiffening rings, so that in principle the stress-distribution in the 
first one can be computed 1), The authors used this method in solving a 
certain mineshaft-problem and had thereby full opportunity to take note of 
the laborious cipherwork which it involves. It was this very problem, which 
led them later on to the following approximative method, which, as they 
hope, may save a good deal of time and strain in the computation of 
stiffened cylinders, 

If such a cylinder, stripped of its stiffening rings, is subject to an 


1) Comp. C. B, BIEZENO und R. GRAMMEL, Technische Dynamik, 1939; Springer 
Berlin, Ch. VI, where all required data can be found, 
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arbitrary loadsystem L in each of the former ring planes, it shows — if 
thin — a high degree of flexibility, characterized by large radial displace- 
ments. There exists, however, as will be proved in section 2, an infinite 
class of ‘characteristic’ loadsystems Lp (p = 1, 2, ...) with radial and 
tangential components rp = Bp cos py, tp = Bz sin pp (wp designing the 
azimuthal coordinate) which, in their planes of application produce no 
radial displacements up but solely tangential displacements vy», so that in 
these planes the cylinder feigns to lack any flexibility1). The circum- 
ferential elasticity of the cylinder can be measured by the quotient vp: fp, 
which for all points of the circular circumference appears to be a constant. 
All statements hitherto made are strictly confined to the planes of the 
loadsystems rp, fp and it must be emphasized, that in all other crosssections 
the state of stress and strain is a different one. 

For the purpose of later comparison we now examine a circular ring of 
the same radius a and the same thickness’ h as the cylinder, and of the 
width l’ = wa. This ring too can be loaded by ‘“‘characteristic’”’ loads 
tp = B\,cos py, tp = B;, sin pp (but now uniformly distributed along the 
width I’, so that the crossections of this ring remain plane), such that no 
radial displacements uw» occur and only tangential displacements vp are 
present. Again it can be stated, that this ring, (which neither does bend 
in its plane) possesses a tangential elasticity to be measured by the 


quotient v»:tp, which for all points of the circumference proves to be 
constant. The width 1= wa is said to represent the effective width 
1, = wp.a of the cylinder (and the ring is said to be equivalent to the 
cylinder with respect to its tangential elasticity), if vp:tp—= vp: tp. 
Consequently the cylinder and its equivalent ring of effective width 
1,» = mp.a will have the same tangential displacements if loaded by 
characteristic loads (rp, tp), resp. (rp, tp) the t-components of which are 
equal. It will be shown in sections 2 and 3 that the equality tf = fp involves 
— with a high degree of approximation — the equality rp =rp, and 
therefore it can be said that the cylinder and its equivalent ring of effective 


width I, = mp.a behave similarly (with respect to the displacements 
up (= 0) and v, occurring in their midplanes) under the action of equal 
characteristic loads (rp, tp). 

Before going on it may be stated, that — the magnitude of Ip depending 
upon the index p of the characteristic load — it will be convenient to 
restrict ourselves at the present to the consideration of one single 
characteristic load, characterized by a fixed value of the index p. 

We now proceed by comparing a section of the stiffened cylinder with 


1) The amplitudes B’, and B’’ of these characteristic components have a well-defined 
ratio; their absolute value can be fixed by any suitable ‘‘normalisation-condition”’. 
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an equally stiffened ring of effective width lp = wpa as illustrated in 
fig. 1(a) and 1(6), and loaded by a system r = Aj, cos pp, t = Ap sin pp, 


TeA, cos po =A) cOs pH 
tes, sin pp tsAD sin po 
Xp 
Fig. la Fig. lb 


which differs from the characteristic loadsystem rp—B, cos py, 
tp — B', sin py, so that the ratio of the coefficients A, and A, differs from 
the ratio B',: Bi). 

On the assumption that the cylindrical shell of either of these con- 
structions is devoid of all flexural rigidity, so that it cannot resist other 
loads than characteristic ones, it can be proved that both constructions are 
elastically identical, in so far as the transverse rings are similarly loaded 
at their joints with the cylindrical shell. 

Firstly restricting ourselves to the stiffened cylinder and denoting by 
r* = C,, cos pe, t* = Cj, sin pp the load components to which the trans- 
verse ring is subject on its outer boundary, we find that the loads of the 
cylindrical shell are given by (r—r*), (t—t*); and our assumption leads 
to 


r—r=ary Pee ip aes oa Fas ae Ubt 


or 
Ap—Cp= 4B, AgAG pee bget). 142% hes (La) 
where a denotes an unknown constant. If the corresponding quantities of 


the second construction (as far as they are distinct from those of the first 
one) are distinguished by a dash, we find in a similar manner 


Peerreears @ fetes aly. -. «1.3. » > (2) 
or 
A,—C,=—aB, ACV eee Oe. ewe 4-. (28) 
As to the transverse rings it can be proved!), that the circumferential 
radial and tangential displacements up and vy», caused by the loads 
r* = C;, cos py and t* = C;, sin pp can be written as up = up cos pp, 
Up = vp sin pp with 


ap Ay, Cp + Aa Cp yeas Ce + iz Co ) 


* , ut —* Vaal Tal (3) 
» Up Ay Cp + Ag Cp Vp = Ay Cp + Ag2 Cp 


1) Comp. C, B. BIEZENO und R. GRAMMEL, Technische Dynamik, Springer Berlin 
1939, Ch. VI, 6, p. 422. 
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where 414, 449, 424, 499 are constants depending on the dimensions and the 
elastic properties of the rings. 

The circumferential elongation measured between two points m = 0 and 
p of the outer circumference is — in consequence of the formula 
__ 10vp , up 


t= pO gle 


—r designing the outer radius of the transverse ring — represented by: 


’ ? 
fe-rdp=ert f updo = 
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, vt 1 Ud lad 
== & Cp = & hi2 C>) sa Pp (A> Cp + Ay ca | sin PP 


resp. : : (4) 
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[irdp=oot | att doh ae 
0 


0 


f = ae 1 " an 
= i Cp + 4,2Cp) — p (421 Cp + Are cs) sin py 


These elongations must — on account of the condition of consistency 
between the rings and their respective cylindrical shells — be equal to the 
corresponding circumferential elongation of the joining shells. The ratio 
of these latter elongations, however, is represented by a:a (the shells 
being “‘equivalent’’ and loaded by (arp, atp) and (arp, atp); comp. eq. 
(1) and (2)). Therefore it follows: 


— 1 U 1 ye 
a | ae Dp An) Cp + (Ay2 — Pp 12) Cs a 
1 ru 1 wv 
=a (a as Any) Cp + (41. — — Ap) Ci ‘i % (5) 
P P 
Substituting Cy, Cp, Cp, C, from (1a) and (2a) in this equation, we find: 


@—a) | in — Fda) A+ Ca dn) Ab |= enh: 


from which it follows: a = a and consequently 

c =f =f q.¢.0, 
Another method to prove this equivalence consists in the comparison of 
two constructions, as illustrated in figs. (1a) and (16), for which the width 
1 of the second one provisionally remains undetermined. Requiring that 
both constructions are similar with respect to their elastic behaviour of the 
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transverse rings, it follows immediately that C,, and Cy (resp. Cp and C%), 


and therefore r* and r* (resp. t* and t*) must be equal, Then evidently a 
must be equal to a, so that the condition imposed upon the cylindrical 
shells can be formulated by the identity of the tangential elasticities. This 
identity is effectuated, as has been proved in the foregoing exposition, 
by making the required width / equal to 1p. 

However the proof may be given, it is evident that the computation of 
the max, tangential stress occurring in the construction represented by 
fig. la can be replaced by the computation of the max. tangential stress in 
the T-shaped ring of fig. (16) which can be performed by elementary 
means. 

Returning to the stiffened cylinder, which in the planes of its stiffening 
girders is loaded by an arbitrary system L, we only have to expand L into 
a FourIER-series, to compute — for every component (A, cos py + 
A> sin py) — the maximal tangential stress which occurs in the T-shaped 


ring of corresponding effective width 1p = yp.a, and to sum up the results 
obtained in this way. 
The aim of this treatise is to provide the reader with all necessary data 


with respect to the effective width lp, taking into account a rather wide 
range of practically occurring dimensions. 


2. The characteristic loads of a cylinder of length 21. We consider 
a cylinder of length 2/, radius a, thickness h, loaded in its transverse plane 
of symmetry by 
Fp) — By cos py ARSED pe Gi DG .h en toes ae ED 
where, as before, rp and tp are defined per unit of circumferential length. 
If these loads are replaced by statically equivalent loads, defined by 


4} 


B’ 1 
rp—=Apcos pp = 5 GCOS py. tp—=Apsin pp = 71 sinpp| —c Seine ee | 
ee c\ 
Z 
pea Cy 


(z representing the distance to the transverse plane of symmetry) these 
latter ones can be expanded into FourRIER-series: 


- (2) 


rp—0 tp—O0 


ree Py bpg COS pp cos 1 | 
ore ee a a) 

tg = 3 bog sin py cos es 

q=0 a 


The coefficients bpg and bpg are given by 


‘ By B, I sin *7<.- Bat Rep 1 sin *7 
bpo= > 73 Opa hs love) my ie > boy = 5 Ona =f . 
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The displacements belonging to the couple of loads bpqcos pp cos 4 ; and 


' . v4 . 
bpq sin pp cos 2 = can be written as 
a 


b Zz 
Ung == eos cos 4 — i ; 
‘ip es as a Upg — att bpq + aly bpq | 


with ; } 
perog 2 pg pr 
Vpq = 421 Dpg + 422 Bpg \ 


(4) 


pd. i Gate ae 
Upq = Upq Sin pyP cos A 


The coefficients a?% are rather complicated functions of p, q and the 
iJ 
dimensions and elastic constants of the cylinder, which may be suppressed 
here 1), 
The total dicnincements u and v in the plane z = 0 can now be calculated 
from (2), (3) and (4), and amount to: 


@ po ee 
u = » (af! bog + af? bpq)cospp= 38 $2 Sade Le in kc Kae, 
q=0 ? q=1 kac * 
po 
a2 o ‘ng _kxcl » | cos pp 
+} 7 + 2 a1 kasi? 7 ‘3 | 3 a 
22 asy cs) Pq 1 - se 
Noma > 2 (aby bog + aby bpg) sin pp = ——+ »D ay —— sin —— By + 
po = 


a Lia kac) » | sin 
+/$+3 ana ee 


Now passing to the limit c—0, we find for the loadsystem under 


consideration: 


po = po ee 
a=| $2 + 2 oft {By + 4 i off (B; | PP 
( 2 gq=1 ( 2 q=1 4 l 
( po ( po s (5a) 
za LDS oft B, + 2h Sf 3; | ed pr | 
( 2 q=1 ( 2 9 1 / 
The requirement u — 0 thereupon leads to 
Be aly + 2 at} : P 
By af = ft ae eo eae eae, ) 
a+ 2» atl 
2 q=1 


1) They are to be found at full length in the Proceedings of the “Nederlandsche 
Akademie van Wetenschappen, Vol. XLIV, No, 5, 1941, p. 510”. 
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and 
aly ee end at ey Fae 
+ D air a wie 
2. q=1 2 q=1 
at? Pg 2 pq 
2 in 2% ag HN sin pp 
bs ieee = po a Bp 1 (7) 
ay Pq 
2 Tht heit 
q=1 
If we put 
a4 ead PP 
ot 2 oft = Bis j ee ee ere tO) 
ess Is? 
the latter equations are transformed into 
Bp: Bp = — Biz: Bu (9) 
and 
Pi Biz 
v= | Ba P22 iB sin = =,B B’ iGo PP ne Ce (10) 
Bus l 
To simplify the calculation of the coefficient 6p we furthermore put 
at!’ = at’ — pat? |] SS + > ay =f, | 
t=! 
and os (11) 
Gey re tes iy SSS ott — 
Ros 
whereby we find: 
ew 
Bu i. Pir (12) 


digs p? P? (phi2— Bu) 


The main contribution to the righthand side of this equation is due to 


Pose fist Bu . (13) 


whereas 
rs) 
Pa (14) 


dim p? (p Bi2—By1) 


is rather small and could eventually be neglected 


Firstly paying attention to f,, we find 
bs __ ayy s | ~pg ant ied 
Bp = Boot ser By st 2p? +, az, + Wak (baw 
p p pq 
ab at oe of a2 ae ¥ E E a, 12 \ 
2p Po q=1 P 
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Using the expressions, quoted from the above-mentioned treatise: 


pa 2 +p? + k [3M + 2(1—») ? p? +p) a? 
i B 


11 


Npq 
_ PH (2+) +p} +k (24* + 20? p? + p’)) a? 
eo I tp 2) apt pr(p?—iy— / (16) 
yr Noo 
4y 2 a ) 
oe a }2 aie oe 2 e+e S 
in which 


Noa =(1—»2) 14 + k [28 + (4p?—2») 28 + (6p'—6p? + 4— 392) ae i he 
+ | 4p®—2 (4—») p* + 2 (2—v) p?} 2? + p*(p 


2 Bh ee ee ae 
i ee a ale sem ee 


the multinome 


pq pq 
oe 
p 
can be readily brought into the form 
Taam \ 
7 =e . . . . ° . . . . (18) 
Np B 
in which, — with fi =a—, Tpq and Nog stand for: 


rote Oe Our 2 5—y eat > apps} (2(2—») 4 
Tog = kp? 4 fe Se eer ta q i) 1—» es 
’ 2 _ y 2 
_ 2(4—3r+") , , 2(2 es q-*+ p? (p’—1) a | 


1—y er 
. (19) 


Nog= ra orders | ea + (4p?-2v) + (6p*-6p? + 4-39?) aq? + 


+ H4p°—2(4—») pt-+2(2=»)pt} ata + ptle?—I)*q-* | 


The coefficient 6, (comp. 13) can now be calculated from 


en es WW Pa, eh 
=| 9 Not St |e=|gt Se B ela (20) 
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The computation of the secondary terms f, (comp. 14) requires that i, 
and £1. be known. These quantities are defined by (11), (8) and (16), 
and prove to be equal to: 


= @ ih 2 xe 2 q—2 q@—2 . 
a = T pq a . " = vp : qd (3—2p?) + 


a iy eee oo Tg at ; m 
2p{p’—l)._ k q=1N pq B 


; [(2-+-») a~2q~? + p’a~*.q7*] 
k 


Py2= 


bi 
+20) p*2ph] 2g? |e? g? \ 


21) 
. (22) 


df Pb aptate pte Norra | 


It can be seen at once that the predominant term of fj» is the first one, 
k representing a very small number, lying between 10-4 and 10-7 in 
usual practice. Furthermore it can be controlled that f,, is small, and 
therefore — as has been already stated — f}, will be small. 

The practical ‘calculation of the factor Bp = 6,-+f, (comp. 10, 12, 13 
and 14) requires the summation of the series 
UT 


oo Tost 
S nN.’ 2 Nn’ ance nN 
q=t4Npq g=11V pq q=1 LV pq 


(23) 


The way, in which this summation has been effectuated, will be elucidated 
at the hand of the first series, for which the summation of the consecutive 
fractions has been carried out to such value Q of the parameter q, that 
the remaining fractions safely can be approximated by 


Neal es 2 
Lona kp? fi 1—» 


and 


ies} 
shay T pq: Nog 


q=Q+t1 


on its turn can be approximated by 


ae ate es 
| a ees ee 
ol sa | ue ieee eee” 
q=Q+1 Npqg 4: a’ q 


It will later be seen for which values of a= za/l, k and p the coefficient 
Bp» has been computated. 
Finally we have to consider the ratio —fy.: By, (comp. (9)) by which 
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the characteristic load rp, tp (comp. 1 and 9), except for a constant factor, 
is defined. To this end we write: 


Pa Bs 
Bu Pir — PP 12 


and replace in consequence of the fact that £1, is small with respect to Bie, 
this ratio by 


1 
Pt ot 8 


To give an idea of the degree of approximation, we mention, that for 


Bx2 


= 1;.-p = 2 and.k = 10-4 resp, 10-8, wefind as true values == —— 


11 
0,4926 resp. 0,4997 instead of 0,5. 


3. The effective width. We now consider a circular ring of radius a, 
thickness h and breadth Ip, loaded by radial and tangential loadcomponents 
rand ¢ per unit of circumferential length. Denoting the normal force, the 
shearing force and the bending moment occurring in an arbitrary cross- 
section (py) by N, S and M, it can easily be verified, that the equations of ~ 
equilibrium of an element. of this ring run as follows: 

N —S’ = a / 
NS? ==) a a ee 
M’+ aN’=—ta? 
from which it can readily be concluded, that the non-existence of the 
bending moment M requires: 


poset. ATS ieee, Le CoE 
Evidently this condition is fulfilled by 


" 


Laer: tos py, t= 25 sin pe aeaay | ee 


The corresponding value of the normal force N amounts to 


v/ 


N=r.a=" COS pO aa eed alee pre es 


and the tangential displacement is therefore given by 


a’BY a’B, 
co dy= P_ sin eh 
=a eric al 8 OP 9F aie ae 


Comparison of this displacement with the tangential displacement v (2, 10) 
of the cylinder of length 21 under the action of the same loadsystem — 
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provided at least that the approximation (2,23) is accepted — leads to 
the following equation for the effective width: 


[eS 


ae pEhlp 


(6) 


yt 


As both components f, and f, of which fp consists are multiples of 
a2/B (comp. f.i. (2,20)), we put: 


2 


a 
Bp = Bp. = de ») Peper hoes. (7) 
and find thereby as final result for the effective width: 
Re Se eae a (8) 
oe ie, ea 


4. The infinite cylinder. For completeness-sake it is desirable to 
include in our computations the limiting case 1 = co. This can be done 
by the preliminary consideration of a cylinder of very great length. 
Restricting ourselves to the calculation of the coefficient ', oe 2720); 
it is seen at once, that the sum 


i fem o T, 
S=ae+ pom. wwe we (ld 
2 Noo ' g=iNoq 
can be interpreted as the J/z a fold of the surface, defined by a “‘staircase”’ 
curve, the steps of which have the height T,7: Nog (q = 0, 1, 2 ...) and 
the width oe (belonging to the first step corresponding with g = 0) and 
aa/l (belonging to all other steps). If / tends to 1 = ~, the “‘staircase’’-- 
curve passes into a continuous one, the ordinate of which is represented 
by Tyq:Npq, in which q is now to be regarded as a continuous parameter, 
varying from 0 to oo, 

Consequently we find 


ee Ca %:.<)(2) 


and — if f,, be identified with Bp by neglecting the contribution of Bp — 


Cara has, (3) 


= 


@- 
an Me = a Si 


We do not enter here into the calculation of the corrective term fj, — 
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though in reality we have brought it into account — but it goes without 
saying, that in a similar way the sums 


wt 2 wee 2 

Tpq @ aes Tg net 
UJ 

Ng Boo ae Nae 


io) 
BS 


which play a role in its valuation (comp. 2, 14, 21, 22), must be replaced 
by integrals. 
All integrals to be considered can be reduced to the type: 


AEB tian Sea Oa 


M+ PR+Q O ) 
2V2V-Q+P 


5. The results. To provide the reader with a summary of the 
results obtained, graphs have been plotted from which — for any set of 
data and for any number p up to p — 50 — the coefficient wp can be read 
with a reasonable degree of approximation. In behalf of a more accurate 
computation of the effective width, the tables I, II, IM, TV have been 
composed. Both graphs and tables relate only to four values of the para- 
meter k — h2/12a2, viz. k = 10-4, 10-5, 10-6, 10-7. Obviously any 
particular case occurring in practice relates to wacther value of k. In such 
a case it will be recommendable to calculate (eventually by suitable inter- 
polation) the required effective width, corresponding to the four values of 
k = 10-4, 10-5, 10-6, 10-7; to represent these values as ordinates in a 
graph, the abscis of which indicates lg k; to join the so obtained four points 
by a smooth curve, and to read from this curve the ordinate corresponding 
to the value of k under consideration. 
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Fig. 5. k= 10-7, 
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Petrology. — The association of alkali rocks and metamorphic limestone in 
a block ejected by the volcano Merapi (Java). By H. A. BROUWER. 


(Communicated at the meeting of October 27, 1945.) 


In 1928 I have drawn attention to the production of alkali rocks from 
pyroxeneandesitic magma associated with limestone 1). Zones of trachyte, 
leucitephonolite and leucite-bearing phanerites were observed in a large 
block (50 * 50 X 30 centimetres) of metamorphic limestone, which was 
found on the lahar field of the Kali Batang on the SW slope of the volcano 
Merapi. I have recommended further study of limestone xenoliths from 
Javanese volcanoes but the limestone block from the Merapi still seems to 
be the only described example of its kind and it may be of interest to give 
some more details about the composition of the samples, which are at my 
disposal. 

Numerous smaller xenoliths of metamorphic limestone have been found 
enclosed in the lava’ of the dome and flows of the Merapi. These smaller 
xenoliths are not associated with alkali rocks 1). In the investigated samples 
of the large block the typical Merapi lava is not found; an original shell 
of this lava may have been lost when the block came rushing down the 
slope with great rapidity in one of the avalanches, which are a characteristic 
feature of the activity of the volcano. 


The Merapi magma. 


The rock of the lava dome, which started to rise in the crater in 1883 
and which was partly destroyed during the explosive eruption of 1930 
is a pyroxeneandesite with phenocrysts of plagioclase and pyroxenes: in 
some samples amphibole, which mostly is strongly resorbed, is also present. 
The numerous plagioclase phenocrysts (labradorite and bytownite) have 
a zonal structure with frequent alternation of basic and more acid zones. 
The phenocrysts of hypersthene are far less numerous and smaller than 
those of augite. Larger crystals of iron ore are also found. The groundmass 
consists of plagioclase, pyroxene, iron ore, some apatite and a varying 
amount of glass, 

The rocks of the young lava flows of the volcano show a similar 
mineralogical composition and the chemical analyses of the dome and flows, 
which are given in the following table, show their uniform chemical 


. composition, 


1) H. A. BROUWER. Alkaline rocks of the volcano Merapi (Java) and the origin of 
these rocks, Proc. Kon. Akad. v. Wet. Amsterdam, 31, 1928, p. 492 and Production of 
trachyte and phonolite from pyroxeneandesitic magma associated with limestone. Joura, 
of Geol., 36, 1928, p. 545. 


Fe,0; 4.85 5.56 4.63 5.40 
FeO 2.94 2.49 2.84 2.23 
MnO 0.21 0.17 0.20 Gals 
MgO 2.53 2.70 2.41 2.49 
CaO 8.48 8.60 8.43 8.60 
Na,O 3.70 3.58 3.62 3.62 
K,O 1.95 2.15 2-13 243 
H,O+ 0.28 0.13 0.15 0.21 
H,O- 0.05 0.01 0.06 0.11 
TiO, 0.78 0.84 0.80 0.83 
P.O; 0.32 0.34 0.31 0.38 
Sum 100.16 | 100.28 | 100.05 | 100.10 


I. Pyroxeneandesite, eastern part of lava dome, Merapi, Anal. P. J. DEN HAAN in 
M. NEUMANN VAN PADANG. Vulk. en Seism. Med. Dienst v. d. Mijnbouw in Ned. 
Indié, no. 12, 1933, p. 76. 

II. Pyroxeneandesite, eastern part of lava dome, Merapi. Same reference as, I, 

III. Pyroxeneandesite, lava flow of 1930. Same reference as I. 
IV. Pyroxeneandesite, lava flow of 1931. Same reference as I. 


The normative composition was calculated1) for II with the following 
result: 


Q 6.54 

Or 12.79 

Ab 30.39 

An 28.91 

Di 9729 Andose 
Hy 2.45 NetOp Spat 
Mt 6215 

Il 1.60 

Hm 1.36 

Ap 0.67 


The amount of normative quartz indicates that the glass is quaric, As 
alkali felspars were not observed amongst the constituents of the rock 
they may be concealed in the glass and in the plagioclase. In comparing 


1) The normative compositions, which are mentioned in this publication, have been 
calculated by Dr. W. P. DE ROEVER. 
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the mode with the norm the modal composition of the soda-lime felspar 
leaves an amount of soda for alkali felspar. 

In connection with the rather high potash content of the Merapi rocks 
it is of interest that rocks from other East Indian volcanoes, which have a 
similar chemical composition, are sometimes found associated with typical 
alkali rocks. Some chemical analyses are given for comparison in the 
following table. 


Al,O3 . he 
Fe,O3 if 3.01 3.19 2.76 3.69 5.73 
FeO 6. 4.41 5.13 4.74 1.91 3.40 
MnO 0. 0.17 0.14 0.13 0.17 0.15 
MgO 33 3.65 3.20 3.50 4.18 3.19 
CaO He 8.41 7.16 7.60 6.61 7.82 
Na,O 2.41 3.04 3.65 3.66 3.72 3.25 
K,0 2.67 2.05 2.07 1.76 2.25 2.07 
H,O+ 0.17 1.24 0.62 0.44 1.90 0.67 
H,0- 0.36 0.45 0.28 0.71 0.17 
TiO, 1.07 0.71 0.93 1.40 0.49 0.82 
P,Os 0.58 0.13 0.15 0.28 0.22 0.17 
a et ehhh De Rare ea eee 
Sum 99.981) | 99.82 100.24 100.19 100.24 100.04 }) 


I. Shoshonite, Mt Bromo, Java. Anal. E. W. Morvey in J. P. IDDINGS and E. W. 
Mor ey. Journ. of Geol., 23, 1915, p. 233 (with O.11 Cl, 0.03 F, 0.03 S, 0.13 BaO, 
0.03 SrO). 

Il. Andesite (with augite, hyperstene, hornblende and olivine), Mt. Loeroes, Java. 
Anal, R. DJOKOJOEWONO in R. W. VAN BEMMELEN, Nat. Tijdschr. Ned. Indié, 
XCVIII, 1938, p. 194. 

III. Pyroxeneandesite, Mt. Pangonan, Dieng Mts, Java. Anal. R. DJOKOJOEWONO ia 
R, W. VAN BEMMELEN, Ingenieur Ned. Indié, 4, IV, 1937, p. 134. 

IV. Hypersteneandesite, Mt Slamat, Java. Anal. R..G, REIBER in Jaarb, Mijnw. Ned. 
Indié, 59, Alg. Ged. 1930, p. 2. 

V. Basalt (acid, with some hornblende, without olivine), Mt Penanggoengan, Java. 
Anal. C. KOOMANS in Pu. H. KUENEN, Leidsche Geol. Med. 7, 1935, p. 283. 

VI. Andesite to trachyandesite, Mt Soromandi, Soembawa. Anal. H.W. V. WILLEMS 
in H. A. BROUWER, Versl. Ned. Akad. v. Wet. 52, 1943, p. 304 (with 0.08 SrO). 


The andesite of Mt Loeroes, Java (analysis II) is associated with 
leucitebasanites; the andesite to trachyandesite of Mt Soromandi, Soem- 
bawa (analysis VI) is associated with different leucite-bearing lavas and 
the association of the pyroxeneandesite of the Merapi with alkali rocks 
is shown by the local occurrence of these rocks in limestone. 


1) With the additions mentioned below. 
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With regard to the composition of the glass base in the Merapi rocks 
the analyses 1) of a glass-rich pyroxeneandesite and its glass base (I and 
II in the following table) are of particular interest. The rock was collected 
in 1876 and may have been thrown out during the strongly explosive 
eruption of 1872. 


SiO? Shame 65.05 53.95 
Al,03 18.39 17.60 245 
Fe203 1c) SeLO 1.09 
CaO 6.21 3.58 11.48 
MgO SS 1.05 trace 
Na,O 3.63 Bae > Rapp 
K,0 2.61 4.16 0.79 
H,0 2) 0.94 1.56 0.48 
Sum 100.89 | 99 . 64 995 


I. Pyroxeneandesite (vitroandesite), Mt Merapi, Java. Anal. A. LAGoRIO, Tscherm. 
Min. u. Petr. Mitt., 8, 1887, p. 467. . 
II. Glass base in I. Same reference as I. 
III. Plagioclase phenocrysts in I. Same reference as I. 


The plagioclase phenocrysts (III) have about the composition Ab; Ang 
and contain about 4.5 % Or. A comparison of the analyses I and II shows 
that the residual liquid was richer in silica and potash and poorer in iron, 
lime and magnesia. The calculation of the normative composition of the 
glass base gives about 20% Q, 25% Or, 30% Ab and 18 % An and 
shows that the glass is strongly oversaturated and conceals much felspar, 
especially potash-rich felspar, which was not found by microscopical 
investigation. Although enriched in potash, the residual liquid would need 
strong desilication before it could have crystallized to the leucite-bearing 
mineral assemblages, which are found in the ejected limestone block. 


The metamorphic limestone. 


The block of metamorphic limestone has been described as a greyish 
green “‘schist’’ interlarded with small lenticles and strings of limestone. 
The limestone of the lenticles is altered by contactmetamorphism and partly 
consists of a chalky lime powder 3). 


1) A. LaGorio. Uber die Natur der Glasbasis, sowie der Kristallisationsvorgange im 
eruptiven Magma. Tsch. Min. u. Petr. Mitt., 8, 1887, p. 467. 

2) Loss on ignition. 

3) G. L. L. KEMMERLING. De hernieuwde werking van den vulkaan G. Merapi 
(Midden-Java) van begin Augustus 1920 tot en met einde Februari 1921. Vulk. Meded. 
Dienst van het Mijnw. in Ned. Oost-Indié, No. 3, 1921, p. 29. 
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REFERENCES. 


Principal minerals of the assemblages in figures 1—7. 
limestone. 

wollastonite (locally gehlenite, pyrrhotite). 
wollastonite, augite. 

gehlenite, augite, garnet, wollastonite. 

plagioclase, augite (often with titanite). 

plagioclase, biotite. 


plagioclase, wollastonite, augite. 


potash-rich felspar, augite. 


potash-rich felspar, augite, biotite, 


potash-rich felspar, plagioclase, augite. 
potash-rich felspar, wollastonite, augite. 
leucite, augite. 

leucite, biotite. 

leucite, biotite, augite. 

leucite, plagioclase, augite. 


leucite, augite, wollastonite. 


leucite, potash-rich felspar, augite. 


glass-bearing parts (mainly leucitephonolite and trachyte to 
trachyandesite). 


calcite veins. 
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The figures 1—7, which are all six times enlarged, are sketches 
illustrating the composition of the investigated samples. 


Figs. 1 and 2: 
These figures show the transformation of the limestone into wollastonite 
and gehlenite and the formation of plagioclase~ and leucite-bearing mineral 


assemblages. 
The wollastonite-rich mineral assemblages are connected by transitions 


Fig, I. Hal. X 6, 


to those which mainly consist of plagioclase and augite and to those which 
mainly consist of leucite and augite. In the figures the following assemblages 
are distinguished: wollastonite-augite, plagioclase-wollastonite-augite, 
plagioclase-augite, leucite-wollastonite-augite and leucite-augite 1}. 


1) The colourless mineral, which generally shows distinct optical anomalies, is always 
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Microscopically the limestone shows slight recrystallization and where 
the transformation into lime silicates is starting its colour changes in narrow 
zones and spots to dark grey, brown or black (fig. 8). 


Fig, 2) Ealae. 


In the wollastonite-rich assemblages the crystals of this mineral may 
attain a length of 0.6 mm and the larger crystals are enveloped in a fine- 


mentioned in this publication as leucite. Several microchemical tests and measurements of 
the refractive index confirm this determination; it is however possible that analcime (or 
potash analcime) is not absent in the investigated samples, 
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grained mixture of wollastonite and gehlenite with a grain size of about 
0.03—0.06 mm. The small crystals of gehlenite accumulate locally in spots 
and bands, which sometimes border upon the plagioclase-bearing mineral 
assemblages, Other constituents of the wollastonite-rich assemblages are 
pyrrhotite, of which the size reaches up to 0.2mm, and minute, mostly 
irregular, crystals, which resemble titanite and perowskite. 

The other assemblages all contain augite, which appears in varied shades 
of green and brown, passing into greyish and purplish grey tints. The 
augite sometimes shows a purplish grey core with a narrow greenish to 
brownish grey margin. The crystals are often anhedral, their size 
may reach up to 0.4mm, it varies gradually and very small grains 
(0.003—0.03 mm) are frequently found. The plagioclase in the plagioclase- 
augite and plagioclase-wollastonite-augite assemblages is up to about 2 mm 
in length (fig. 11), the crystals mostly are of rather large size except in the 
left upper part of fig. 1 where the grain size of the major part is about 
0.01—0.03 mm and larger crystals, which reach up to 0.2 mm, are seldom 
found. The plagioclase is mostly very basic (bytownite to anorthite), a 
zonal structure with a rim of more acid plagioclase was observed in some 
crystals. For the greater part the crystals are anhedral, they enclose other 
constituents of the assemblages, especially augite, and they contain 
numerous minute inclusions of liquid or gas. The leucite forms a base, in 
which augite or augite and wollastonite are embedded; it shows distinct 
optical anomalies with polysynthetic twins. Other constituents of minor 
importance are pyrrhotite, titanite and calcite. The occurrence of calcite in 
narrow veins is shown in fig. 2. 


Fig. 3. 


A cross-section of a part of the metamorphic margin of a limestone 
lenticle is seen in the left lower corner of the figure. Wollastonite-rich 
assemblages are shown in the right half and in the left upper corner. The 
mineral assemblages in the main part of the figure vary strongly in mine- 
ralogical composition and grain size. All the glass-bearing parts, although 
showing important differences, are indicated by the same signature. 

The limestone of the lenticle passes outward into a zone with a thickness 
of some millimetres, which for the greater part consists of lime sillicates: 
in the inner part mostly wollastonite and farther outward mostly gehlenite. 
A small part of this zone appears in the left lower part of the figure. It is 
surrounded by a zone in which the chief minerals are gehlenite, augite, 
wollastonite and garnet. Calcite, pyrrhotite,-magnetite and small grains, 
resembling titanite and perowskite, are also found. In this zone the gehlenite 
crystals are partly of larger size, they reach up to 1.5 mm in diameter. The 
maximum size of the wollastonite is 0.2 mm. The mostly greenish augite 
may attain a length of nearly 1 mm. Some crystals of augite have a purplish 
core, which has the same crystallographic orientation and seems to be the 
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remnant of an originally larger crystal, which has been replaced by the 


greenish augite. Intergrowth textures, e.g. of light yellow garnet and 
greenish to brownish grey augite, and poikiloblastic textures are a common 


silicate zone and of which the part within this zone is partly transformed into 


feature. Characteristic is also the more or less distinct radiate arrangement 
in protruding sectors of the outer zone, which indicates a divergent streaming 
out of substance towards the contact, This outward movement is also 
illustrated by crystals of purplish augite, which partly lie outside the lime 
greenish augite. At the contact the lime silicate zone is often rich in calcite 
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and sometimes calcite and greenish augite are the only constituents (fig. 9). 
Other thin sections of the marginal part of the same limestone lenticle show 
that the character of the lime silicate zones changes from point to point. 
One section for instance shows a 2—3 mm thick wollastonite-rich inner 
zone, which is followed outward by a 0.2—0.5 mm thick wollastonite- 
gehlenite zone and a 0.05—0.75 mm thick outer zone consisting of calcite 
and augite. 

The wollastonite-rich assemblages in the right half of the figure consist 
almost entirely of this mineral; the crystals reach a length of 0.5 mm but 
generally they are much smaller (about 0.1 mm). Augite is found locally, 
it is light-coloured with a greenish grey tint and larger crystal skeletons 
reach up to 1.5 mm in size. Calcite is found especially in the marginal parts, 
where the wollastonite borders upon a glass-rich zone. In the wollastonite- 
rich assemblage in the left upper corner of the figure the skeletons of augite, 
which often consist of isolated parts, attain dimensions up to 2 mm. The 
small crystals of potash-rich felspar are up to 0.12 mm in diameter. Calcite 
and some rare grains resembling titanite are also found. The two last 
mentioned wollastonite-rich assemblages have been attacked and imbibed 
by the surrounding substances and there are no indications that the line of 
contact moved outward. An outward movement seems to be connected 
with the presence of a core of limestone in the lime silicate assemblages. 

The other assemblages in the figure — as far as they do not belong 
to the glass-bearing varieties — are microcrystalline to fine grained 
mixtures in which different felspars, augite and biotite are the main 
constituents. They often are vesicular, the vesicles are empty or they 
contain calcite. In the larger and smaller spots, which are indicated 
schematically in the left part of the figure, the principal minerals are 
potash-rich felspar and light greenish to light brownish grey augite 
(fig. 13). The smallest spots are not shown in the figure. Biotite is found 
in some of the spots but only where the surrounding mineral assemblage 
also contains biotite. It is strongly pleochroic from very dark brown to 
light yellow. The grain size is up to 0.5 mm for potash-rich felspar, up to 
0.6 mm for augite and up to 0.1 mm for biotite. Other constituents which 
are sometimes found are pyrrhotite, titanite and calcite. An interstitional 
glass-bearing substance is sometimes found locally. The spots lie in a 
mixture with a much smaller grain size in which basic plagioclase is the 
main constituent, while brown biotite is abundant in one part and absent 
in the other. The biotite and most of the plagioclase reach up to about 
0.05 mm in size. Pyrrhotite, magnetite and minute grains of augite and 
iron ore are also found. A colourless residual cement is present in varying 
amount. If birefrigent the refractive index points to potash-rich felspar; 
the cement may partly consist of leucite. In another thin section made of 
the same rock fragment at a distance of two centimetres from the described 
section, anhedral leucite is found as an important constituent of cement 
and spots. The biotite-free part is characterized by the presence of some- 
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what larger crystals of titanite and grey to greenish or purplish grey augite, 
which may attain a diameter of 0.1 mm and 0.25 mm respectively. In some 
parts of the plagioclase-augite assemblage, which are not shown by-a 
separate signature in the figure, the grain size of the plagioclase is larger, 
reaching up to 0.2mm. In these parts potash-rich felspar is sometimes 
found. Two spots, in which both felspars have a grain size up to about 
0.1 mm, are shown in the figure. As to the shape of the crystals it is 
clear that biotite and plagioclase have been able to develop the best crystal 
boundaries. Euhedral crystals of biotite are numerous and the shape of the 
plagioclase is often rectangular. They have hindered the growth of crystals 
of potash-rich felspar and augite and they are found enclosed in larger 
crystals of the last mentioned minerals. In the spots, where augite and 
potash-rich felspar have developed under circumstances of comparative 
freedom, the augite may partly exhibit good crystal boundaries. 

The glass-bearing parts of the rock show a great variety as to their 
\ glass content and the size and shape of the mineral constituents. There are 
transitions between these parts and the microcrystalline mixtures and then 
the boundary lines in the figure are approximate. The glass-bearing 
assemblages are strongly vesicular, the vesicles are empty or they contain 
calcite. In the more or less rounded parts in the upper part of the figure 
the vesicles, which mostly are empty, take up much of the space (fig. 10). 
The remaining part contains about equal quantities of a light coloured 
greenish augite and a brownish to colourless glass, which is slightly 
devitrified and contains some lath-shaped microlites of potash-rich felspar 
with a length of about 0.06 mm. Large skeletons of augite reach up to 
1.5 mm in size, they often consist of isolated parts with simultaneous 
extinction, Smaller, often euhedral, crystals of augite with a size of 
0.05—_0.1 mm are also found. Near the margin of these glass-rich parts a 
zone, which is developed locally, contains small lath-shaped crystals of 
basic plagioclase, which partly have acid rims. This zone forms a transition 
to the adjacent plagioclase-rich mineral assemblage. The narrow zone which 
surrounds the wollastonite rock in the right lower part and the small ova] 
spot in the centre of the figure show a similar character. 

The zone to the right of the wollastonite rock in the right lower part 
of the figure is also strongly vesicular. It is much poorer in augite of which 
the crystals reach up to 0.25 mm in size. The microlites in the brownish 
glass are more numerous, they mostly consist of potash-rich felspar in 
which a core of basic plagioclase with extinction angles up to 37° is often 
found. Some plagioclase is also found in separate microlites and their 
number increases in a marginal zone, which is developed locally. 

The other glass-bearing parts all form narrow bifurcating zones or veins 
in which the amount of glass is much smaller. They contain numerous 
vesicles, which sometimes take up more than half of the space, and mostly 
are empty. Microlites of potash-rich felspar, often with a core of basic 
plagioclase, are numerous. The average size of the microlites is about 
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0.05 mm, the diameter of the cores of plagioclase is rarely more than 
0.01 mm. Minute crystals of light greenish augite and iron ore are found 
in the interstitional glassy substance, while a brownish mineral, which was 
rarely observed, resembles the kataphoritic amphibole of the leucite-bearing 
zones, which are found in other parts of the rock (p. 182), Phenocrysts are 
mostly absent. Numerous lath-shaped phenocrysts of potash-rich felspar 
with a length up to 1 mm were observed in one place in the left lower part 
of the figure. They enclose small plagioclase and augite crystals. Titanite 
and larger augite crystals are also sometimes found. As the potash-rich 
felspar, this augite has developed under circumstances of comparitive 
freedom and has been able to develop better crystal boundaries if compared 
with those of the adjacent plaglioclase-augite assemblage. The transition 
between the glass-bearing zone and the adjacent mineral assemblages is 
particularly clear where crystals of augite or titanite are partly or entirely 
enclosed in the glass-bearing zone and where this zone contains separate 
lath-shaped crystals of plagioclase. 

The general features shown by the different mineral assemblages are 
the remarkable variability of grain size and mineralogical composition and 
the abundance of vesicles in the assemblages found between the parts of 
the rock, which are rich in wollastonite. Wollastonite must have occupied 
much of the space where these assemblages are now found and it has been 
attacked and replaced by magmatic substances which were rich in volatile 
constituents. 


Fig. 4. 


This figure shows the arrangement in more or less parallel zones- of 
different mineral assemblages. Limestone appears in the lower part and a 
partly altered crystal of garnet is seen in the central part of the figure. The 
wollastonite-rich assemblage contains pyrrhotite and gehlenite. The crystals 
of wollastonite reach a size up to 1 mm but smaller grains with an average 
size of about 0.1 mm are numerous. Pyrrhotite mostly forms irregular 
crystals, which are up to 0.1 mm in diameter. Gehlenite is found in crystals, 
which reach up to 0.25 mm in size; it is found locally and is for instance 
lacking in the right middle part of the figure. A gehlenite-rich zone is found 
along a part of the lower boundary of the plagioclase-augite-leucite 
assemblage in the left lower part of the figure. 

The garnet of which one crystal occurs in the central part of the figure 
is a nearly colourless light pink grossularite. One larger and two smaller 
separate parts of the original crystal are nearly entirely surrounded by a 
rim in which small crystals of a light brown garnet are found in wollastonite. 
The size of the small garnet crystals varies between 0.005 and 0.1 mm, it 
mostly is about 0.03 mm. These crystals, which are roughly shown in the 
figure, are also found scattered outside the rim but are never found in the 
adjacent plagioclase-bearing zones. This illustrates a certain amount of 
diffusion and the non-compatibility of grossularite with the approaching 
plagioclase-augite-leucite assemblage. 

12 
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The other assemblages are partly connected by transitions, which could 
not all be shown in the figure. This counts especially for the plagioclase- 
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A partly altered crystal of grossularite in the centre of the figure. 


augite assemblages with and without wollastonite and the wollastonite- 
augite assemblages with and without plagioclase. 

In the zones or bands in which plagioclase is found with wollastonite 
and augite, the plagioclase, which has the composition of bytownite to 
bytownite-anorthite, is often elongated in the direction of the parallel 
structure. Crystals with a length of 1.5mm and measuring only 0.15 mm 
across have been observed, they do not show good crystal boundaries and 
are crowded with inclusions consisting of the two other minerals of the 
assemblage, augite and wollastonite. A moderate amount of inclusions of 
liquid or gas is also found. The augite appears in various shades of 
greenish, brownish and purplish grey tints; it is up to 0.2 mm in diameter 
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but the crystals are mostly much smaller and reach down to about 0.005 mm 
in size. ; 

The zone in which plagioclase and augite are the main constituents 
locally contains interstitional glass-bearing spots with microlites of potash- 
rich felspar. Calcite, pyrrhotite and titanite are also found. The size of the 
plagioclase, which is very basic, ranges up from about 0.02 mm in fine 
grained parts to 0.5mm in crystals, which are crowded with inclusions. 
The augite also varies much in size; skeletons of this mineral reach up to 
0.8mm in diameter. The crystals of plagioclase partly show a zonal 
structure with more acid rims. Near the glass-bearing spots they are often 
partly surrounded by potash-rich felspar. 

Of the leucite-bearing assemblages, in which plagioclase and augite 
are the principal minerals, that to the left of the garnet crystal shows the 
coarsest grain. Plagioclase crystals up to 2 mm in size have been observed 
while the size of the largest crystal in the lower part of the figure is 1 mm. 
The plagioclase is bytownite to bytownite-anorthite with up to 93 % An, 
sometimes with a narrow more acid rim. Oscillatory zoning was observed 
in some crystals. Near the glass-bearing parts, which are found locally, 
the plagioclase is often partly surrounded by potash-rich felspar, which 
also forms microlites in these glass-bearing parts. The augite, which shows 
various shades of greenish, brownish and purplish grey tints, reaches up 
to 0.4mm in size but generally the size is much smaller. Many augite 
crystals are enclosed in plagioclase. The leucite shows optical anomalies, 
crystal faces are absent and it encloses numerous crystals of augite. Its 
growth has been hindered by the plagioclase, which often shows good 
crystal boundaries where it borders upon leucite. Other constituents of the 
assemblage are titanite and interstitional calcite; the titanite is partly more 
or less idiomorphic and reaches up to 0.1mm in size. Pyrrhotite and 
magnetite, both up to 0.1 mm in diameter, are rarely found. Wollastonite 
occurs enclosed in plagioclase and also in leucite, it partly forms needle- 
shaped crystals, which often show a radiate arrangement. 

The narrow zone, which borders upon the zone of trachyte in the upper 
left corner of the figure, mainly consists of leucite and augite. The diameter 
of the leucite is up to 0.5 mm, it encloses numerous crystals of augite and 
some small crystals of titanite. Calcite is found in spots and small veins. 
The adjacent trachyte is strongly vesicular; it contains phenocrysts of 
potash-rich felspar, which are up to 0.4mm in length. The glass-bearing 
groundmass contains numerous lath-shaped crystals and small microlites 
of potash-rich felspar, which reach up to 0.15 mm in length, and small 
crystals of an amphibole with affinities to katophorite of which the size 
does not exceed 0.05 mm. 

From the above description it is evident that a stage of metamorphism 
during which the limestone was altered into wollastonite and garnet was 
followed by a stage during which the plagioclase-, augite- and leucite- 
bearing assemblages were formed in more or less parallel zones. This stage 
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was interrupted when the limestone block was ejected and the still liquid 
part of the magmatic substances consolidated as glass. 


Riga. 

The main part of the figure shows a wollastonite-rock in which various 
mineral assemblages are found in more or less parallel zones, A parallel 
structure is also more or less distinctly shown in the greater part of the 
plagioclase-augite zones, especially in the left half of the figure where the 
signature is parallel to the structure. Bifurcating zones of trachytic and 
leucitephonolitic composition are partly parallel and partly oblique to the 
main structure. Limestone appears in the left lower corner of the figure. 


oS 


EN 


Fig. 5. Enl. X 6. 


The wollastonite-rich parts consist nearly entirely of this mineral, it 
reaches up to 1 mm in size but the crystals are mostly much smaller (about 
0.1—0.2 mm). Pyrrhotite and magnetite are both present in subordinate 


181 


amount. Gehlenite has not been observed. The crystals of augite, which 
are arranged in more or less parallel zones in the wollastonite-rich parts, 
are up to 0.2mm in size. Their colour varies often in the same crystal 
from greyish brown to nearly colourless or light greyish brown; greyish 
green tints have also been observed. 

The zones in which basic plagioclase and augite are the main constituents 
show a varying grain size. For the greater part the plagioclase occurs in 
minute crystals of which the size is about 0.01—0.03 mm. Polysynthetic 
twinning is often observed. Plagioclase-rich and augite-rich parts often 
alternate in more or less parallel narrow bands and the longer axes of the 
augite crystals show a tendency to be arranged parallel to these bands. 
The augite crystals range up in size from 0.005 mm in the smallest grains 
to 1.2mm in the largest observed skeleton. The large crystals sometimes 
consist of separate parts with simultaneous extinction. Their colour is 
brownish to greenish grey, purplish grey tints are more particularly found 
in the right part of the figure between the spots which are rich in leucite. 
Especially in this part a residual cement, consisting of leucite, is clearly 
developed between the plagioclase grains. Many, mostly irregular, crystals 
of titanite occur in the assemblage; other constituents are calcite and some 
grains of iron ore. Flakes of brown biotite were observed locally. A larger 
size of the plagioclase (up to 0.5mm) is found at some places near the 
border of the fragments of wollastonite-rock and the colour of some of the 
augites is a little darker there. The largest size of the plagioclase crystals 
(up to 1 mm) was observed in the upper left part of the figure where the 
characteristics of the assemblage are similar to those in figures 1 and 2. 
In irregular spots in wollastonite, which are shown in the right middle part 
of the figure, the main constituent is greenish to brownish grey augite of 
varying size. Larger skeletons reach up to 1 mm in diameter. Plagioclase, 
calcite and iron ore are found in subordinate amount; the size of the 
plagioclase crystals does not exceed 0.1 mm. 

In the leucite-rich assemblages leucite and augite, whether or not with 
plagioclase, are the main constituents. They mostly form spots in the 
plagioclase-augite mixture in the right part of the figure. These spots, which 
are roughly shown in the figure, range down to a very small size and pass 
into the leucite cement between the grains of the adjacent plagioclase-augite 
mixture, which is also found enclosed in the spots. The spots contain 
minute grains and larger prismatic and irregular crsytals of greenish grey 
and purplish grey augite, which reach up to 0.75 mm in size. The leucite 
forms a base in which the other minerals are embedded and the boundaries 
between the individual crystals are not distinct. Besides the leucite-rich 
assemblages, in which plagioclase grains similar to those of the adjacent 
mixture are enclosed, there are also assemblages in which the plagioclase 
is partly of larger size. These parts are shown with a different signature 
in the upper part of the figure. The plagioclase is up to 0.2 mm in diameter, 
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it is of very basic composition and sometimes shows a zonal structure with 
a more acid rim. Good crystal boundaries are often found. The grey to 
greenish grey augite reaches up to 0.5 mm in size, it often shows good 
crystal boundaries but it also forms skeletons of which isolated parts 
extinguish simultaneously. Other constituents are calcite, titanite, some 
minute crystals of iron ore and an interstitional glass-bearing substance 
similar to that of the leucitephonolite, which will be described below. 

In the bifurcating zones or veins of leucitephonolitic composition the 
leucite crystals are mainly arranged along the border, which may for some 
distance consist of a continuous band of leucite; these bands are not shown 
in the figure by a different signature. Some crystals are found as small 
phenocrysts, which are entirely surrounded by the glass-bearing ground- 
mass of the inner part of the zones. Leucite is lacking in the narrower, 
trachytic, parts of the glass-bearing zones in the right upper part of the 
figure. The leucite crystals are from 0.2 to 0.75 mm in diameter. They 
show optical anomalies, they partly contain narrow veins of calcite and they 
may enclose small plagioclase grains and augite crystals of different size. 
The greenish grey augite is also found in separate crystals of phenocrystic 
size. The groundmass contains potash-rich felspar, brownish amphibole, 
light greenish to néarly colourless augite and glass. Basic plagioclase, 
titanite and iron ore are present in small amount. Some leucite crystals 
have about the same size as the largest constituents of the groundmass, 
which is strongly vesicular;the vesicles are partly filled with calcite. The 
lath-shaped crystals of potash-rich felspar show parallel or nearly parallel 
extinction; they are up to 0.2 mm in length. Small microlites with a length 
of about 0.01—0.03 mm are numerous. The larger crystals may surround 
a small core of basic plagioclase, which reaches up to about 0.03 mm in 
diameter. Small plagioclase grains without a rim of potash-rich felspar are 
also found. The amphibole crystals have an irregular or more or less 
prismatic shape and reach up to 0.1 mm in length. Their colour is mostly 
brown but various shades of brown, bluish purple and green tints are 
sometimes found in the same crystal. The low double refraction, the 
negative elongation and the large extinction angles (up to 35°) point to 
an alkali-amphibole with affinities to katophorite. The interstitional glass 
shows slight devitrifcation. 

The continuous bands of leucite crystals along parts of the border of 
the glass-bearing zones may resemble the holocrystalline leucite-rich 
assemblages outside these zones, which are shown by a different signature 
in the figure. The glass-bearing zones contain potash-rich felspar and 
amphibole. Potash-rich felspar is found in holocrystalline assemblages in 
other parts of the rock (comp. figs. 3 and 13) but amphibole appears in 
the glass-bearing parts only. This indicates that the stability field of 
amphibole was reached shortly before the final consolidation of the’ last 


residual liquid. 
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Fig. 6. 

Limestone is absent in this figure. Large parts of the wollastonite- 
rock contain numerous crystals of greenish grey augite, which are often 
accompanied by calcite and small amounts of plagioclase or potash-rich 


Fig. 6. Enl. X 6. 


felspar. These parts are roughly shown in the figure. The larger crystals 
of augite are skeletons, which reach up to 0.6 mm in size. Pyrrhotite is a 
rare constituent of the wollastonite-rock and gehlenite seems to be absent. 

The assemblages in which plagioclase and augite or plagioclase and 
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biotite are the main constituents resemble those in fig. 3. Locally augite 
and biotite are found together but mostly they are separated in space. The 
average size of the plagioclase and biotite crystals is about 0.01 mm, the 
largest crystals are up to 0.05 mm in diameter. Skeletons of augite may 
reach up to 0.7 mm and irregular crystals of titanite may reach up to 0.1 mm 
in size. Small crystals of magnetite and pyrrhotite occur in small amount. 
Leucite and potash-rich felspar are found as an interstitional cement in 
these assemblages. ; 

The two last-mentioned minerals are found in crystals of larger size 
in the assemblages in which leucite and augite or leucite, potash-rich felspar 
and augite are the main constituents. The average grain size varies from 
about 0.06 to 0.4 mm but locally the crystals of potash-rich felspar reach 
up to 1.5mm in length and the same size is reached by some larger 
skeletons of augite. Smaller crystals of augite often show good crystal 
boundaries, their colour mostly varies from greenish to purplish grey. Some 
crystals are almost colourless. A greenish rim surrounding a colourless 
core with smaller extinction angle is sometimes observed. Calcite, titanite 
and iron ore are constituents of minor importance while wollastonite is 
found locally, especially near the boundary of the wollastonite-rock. 

The leucitephonolite and trachyte are strongly vesicular and resemble 
those in fig. 5. The leucite crystals are up to 0.9 mm in diameter, are 
mainly found along the border of the zones or veins (fig. 14) and are 
lacking in parts of them; these parts have a trachytic composition. Small 
phenocrysts of potash-rich felspar, which reach up to 0.25 mm in length 
are observed locally. The lath-shaped crystals of potash-rich felspar in the 
groundmass sometimes have minute cores of basic plagioclase. The 
amphibole with affinities to kataphorite shows different colours, often with 
the lightest colour in the marginal part. The numerous vesicles are partly 
empty and partly contain calcite. 


Fig. 7. 

The fragments of wollastonite-rock show similar characteristics as those 
in fig. 6. In the left lower part of the figure the limestone is not yet altered 
entirely into wollastonite (with some gehlenite and pyrrhotite). Larger 
crystals of wollastonite and gehlenite reach up to 0.8 mm in size but the 
grain size is mostly much smaller (about 0.1 mm). A fine grained gehlenite- 
rich zone with an average grain size of about 0.1 mm is found between the 
partly altered limestone and the surrounding plagioclase-augite zone. This 
gehlenite-rich zone is absent where the limestone is entirely altered. The 
gehlenite-rich zone also contains wollastonite, garnet, augite and calcite; 
its mineralogical composition resembles that in the left lower part of fig. 3 
where its presence is also connected with a core of limestone in the lime 
silicate assemblage. 

The assemblages in which plagioclase and augite or plagioclase and 
biotite are the main constituents resemble those of fig. 3. They contain 


185 


numerous leucite-bearing spots (fig. 12), which are roughly shown in 
the sketch. ; 


Assemblages in which leucite and augite, potash-rich felspar and augite, 


~ 


K 
LEER TCA Re aeateah 


Ra Px il; 


Fig. 7. Enl. X 6. 


or leucite, potash-rich felspar and augite are the main constituents cover 
a large part of the figure. The grain size is varying; the crystals of potash~- 
rich’ felspar vary from 0.06 mm to 1 mm in size, some crystals of leucite 
reach a diameter of more than 1 mm and the size of the augite crystals 
ranges up from less than 0.02 mm in the small grains to 1.5 mm in the 
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Fig. 8. 
Beginning alteration of limestone into wollastonite and gehlenite as shown in the upper 
part of fig. 2. Slightly recrystallized limestone in the central part of the figure. Dark spots 
and zones with small crystals of wollastonite and gehlenite show the first stage of 
alteration. More crystals of wollastonite and gehlenite in the upper and lower parts of 
the figure. Ordinary light. > 50. 


Fig. 9. . 
Protruding sector of the outer zone around a limestone lenticle. The main coastituents 
of the core in the left lower part of the figure are gehlenite, wollastonite, augite and iron 
ore, The augite content increases towards the margin, the outer rim consists of augite 
and calcite. Augite crystals of the plagioclase-augite mixture (comp. fig. 3) in the upper 
and right part of the figure partly lie inside the outer rim. Ordinary light. X 24. 


Fig. 10. 

Strongly vesicular, pyroxene-rich section in the right upper part of fig. 3 with small 

crystals and larger skeletons of pyroxene in a slightly devitrified glass. The vesicles 
are irregular in shape and mostly empty. Ordinary light. > 46. 


Fig. 11 
Zonal arrangement of different mineral assemblages in the right upper part of fig. 1. 
Wollastonite in the left part of the figure, farther to the right plagioclase and augite 
(two white plagioclase crystals are clearly visible). In the right half, of the figure: 
leucite, augite and wollastonite with some calcite. Nicols crossed. X 18. 


H. A. BRouwER: The association of alkali rocks and metamorphic limestone. 


Fig. 15. 


Fig. 14. 
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Fig. 12. 
Leucite-rich spots in a fine-grained mixture of plagioclase and augite or plagioclase and 
biotite, as shown in the upper part of fig. 7. The spots contain leucite, augite and 
sometimes biotite. Ordinary light. X 29. 


Fig. 13. 
Spots containing potash-rich felspar, augite and sometimes biotite in a fine-grained mixture 
of plagioclase and biotite, as shown in the left part of fig. 3. Ordinary light. x 18. 


Figs 14; 
Vesicular leucitephonolite in the lower half of fig. 6. The leucitephonolite is seen from 
the left lower to the right upper part of the figure. The vesicles are irregular in shape 
and mostly empty. The leucite crystals are found in the marginal parts of the vein; near 
the left border they are especially numerous while near the right border they are oaly 
found in the upper and lower parts of the figure. The crystals have euhedral and rounded 
forms and often carry more or less concentric inclusions. The leucitephonolite is bounded 
on both sides by wollastonite-rock, which is poor in augite in the right part and rich in 
augite in the left part of the figure. Ordinary light. X 16. 


Fig. 15. 
Trachytic zone with phenocrysts of potash-rich felspar in a glass-rich vesicular base. 
The zone pinches out near the right lower corner of the figure. To the right of the 
trachyte is a zone consisting of gehlenite and wollastonite, which, outside the figure, 
borders upon a limestone lenticle. To the left of the trachyte is a zone consisting of 
plagioclase and augite with interstitional glass-rich spots containing microlites of potash~ 
rich felspar. Farther to the left, outside the figure, the main constituents of the alternating 
zones are wollastonite and augite or plagioclase and augite. Nicols crossed. X 14. 
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largest observed skeleton. The colour is somewhat varying from greenish 
grey to nearly colourless, while a greyish to brownish green colour seems 
to prevail in the leucite-rich assemblages. Titanite and iron ore are minor 
constituents; with numerous small crystals of augite they are enclosed in 
potash-rich felspar and in leucite. Calcite and wollastonite occur locally. 
Glass-bearing spots with microlites of potash-rich felspar are exceptionally 
found. In the right lower part of the figure brown glass and calcite are 
found in a mixture of augite, wollastonite and potash-rich felspar. Most 
of the glass is found in the bifurcating zones of leucitephonolitic and 
trachytic composition, which are similar to those of figures 5 and 6. 


Replacement of the limestone and production ol alkali rocks. 


The figures and petrographic descriptions in the foregoing pages show 
that the limestone has for the greater part been converted into silicates. 
The lenticles and strings, which have not been converted, consist of a rather 
pure calcium carbonate. This indicates that permeation of the limestone by 
magmatic solutions was the principal cause of the metamorphic changes. 
It seems that fissuring has facilitated the permeation to a certain degree 
and a more forcible mjection process may also have contributed to the 
invasion of magmatic substances. 

A succession of crystallization of the different minerals can be noted 
but their periods of formation overlap, Later minerals may replace the 
earlier ones. It is often clear, that the succession of the principal constituents 
began by wollastonite and gehlenite, that augite and plagioclase are later 
and that potash-rich felspar and leucite are still later. There is a tendency 
for the potash-rich felspar to occur as mantles about plagioclase as is the 
case in alkali rocks from some Javanese and other volcanoes 1). Gehlenite, 
wollastonite and augite may have continued to develop until a late stage 
of the metamorphic process, especially where they are found around a 
core of limestone (figures 3, 7, 9). 

The mineralogical composition of the metamorphic rock shows that many 
substances — chiefly silica, alumina and alkalies — have been introduced 
into the limestone. Carrying away of calcium oxide and liberation of carbon 
dioxide could compensate this addition of substances. Evidence of 
inoculation of the surrounding magma by introduction of calcium oxide 
may be found in the more or less rounded glass-rich and strongly vesicular 
sections in the upper part of fig. 3, which occur at the surface of the 
limestone block and which are very rich in crystals of light-coloured 
pyroxene. These crystals lie in a slightly devitrified brownish to colourless 
glass (fig. 10). Liberated carbon dioxide could assist in decreasing the 


1) J. P. IppINGS and E, W. MorLEy. Contribution to the petrography of Java and 
Celebes, Journ. of Geol., 23, 1915, p. 231—245, N. L. BOWEN. The evolution of the 
igneous rocks, 1928, p. 229 and 250. 
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viscosity and may explain the abnormal development of vesicles and the 
growth of comparatively large pyroxene skeletons (fig. 10). 

Evidence of a special phase of crystallization differentiation may be 
found in the spots which contain potash-rich felspar or (and) leucite 
(figs. 3, 7, 12 and 13). There is a sharp break in composition and grain 
size between the spots and the surrounding mineral assemblage which 
is rich in basic plagioclase. Volatile constituents, which carried the alkalies 
with them may have concentrated in the spots where they decreased the 
viscosity of the residual liquid. The abundance of volatile constituents is 
particularly well illustrated by the strongly vesicular character of the 
phonolite, trachyte and trachyandesite. Limited differentiation may, also 
have influenced the zonal arrangement of different mineral assemblages. 

The connection between the undersaturated rocks and the typical Merapi 
lava has not been observed as this lava was not found adherent to the 
metamorphic limestone. It is, however, clear that in a volcano, which erupts 
pyroxeneandesites, a great variety of alkali rocks has been produced on a 
small scale in association with limestone. This production was limited in 
space and time and it raises the question whether a large scale production 
of alkali rocks by reaction of igneous magma with limestone, under more 
favourable conditions, was realized in extinct volcanoes near the north 
coast of the eastern part of Java where the volcanic rocks are largely 


alkali-rich 1). 


1) H. A. BROUWER. loc. cit. 


Physics. Note on the theory of vector wave fields. By L. J. F. BROER 
(ZEEMAN-laboratory of the University of Amsterdam) and A. Pals 
(Instituut voor Theoretische Natuurkunde Rijks-Universiteit 
Utrecht). (Communicated by Prof. J. D. VAN DER WAALS JR.) 


(Communicated at the meeting of October 27, 1945.) 


Summary. 


It is remarked that FERMI's method of treating the electromagnetic field also can be 
applied to the classical, but not to the quantum theory of the vector meson field. The réle 
of the LORENTZ condition is examined, The connection between the electromagnetic and 
the (neutral) vector meson field is discussed. 


§ 1. Introduction. Whereas, from a classical point of view, the 
electromagnetic field’ equations may be considered as the equations for a 
neutral vector meson field with vanishing meson rest mass, it is well known, 
however, that the quantized MAXWELL equations cannot be obtained by 
letting 


mc 
Peto 


in the PRoca 1) equations *). This “lack of continuity” can be traced back 
to the following two causes: 

a. Inthe customary treatment of the MAXWELL as well as of the PROCA 
field, the canonically conjugate of the scalar potential, (ie. the time 
component of the four-vector potential) vanishes. However, in the latter 
case the scalar potential can be treated as “derived variable’ 2) ie., by 
expressing it in terms of (spatial derivatives of) canonical variables, it can 
be eliminated from the Hamiltonian of the field; this is impossible in the 
electromagnetic case, 

b. The different rdle of the so-called LORENTZ condition in both cases: 
This condition is introduced in the MAXWELL case for the sake of con- 
venience, it having no bearing on the field strengths and field energy. In 
dealing with the vector meson field it is, however, again in the customary 
treatment, a direct consequence of the field equations themselves. 

As to the first point, it has been shown by FERMI) that the canonically 
conjugate of the scalar potential in the MAXWELL case need not be zero, 
provided one starts from a suitable Lagrangian of the field. In this note 


*) In this note we shall understand by PROCA equations the field equations for a real 
vector meson field. 
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FERMI's method 4) will be applied to the Proca field from which it will be 
shown (§ 2): 

a’. That neither in the MAXWELL nor in the PROCA case the canonically 
conjugate of the scalar potential vanishes. 

b’. That in both cases the LoORENTz condition can be treated as an 
accessory condition. 

Still it will appear that it is even now impossible to treat the quantized 
MAXWELL equations as a special case of those of PROCA by taking the limit 
for x = 0. The reason for this will be seen to be the different consequences 
which the occurrence of the LORENTZ condition has in the quantum 
theory of the corresponding wave fields. In fact, it turns out (§ 4) that 
the limiting transition x0 is singular in the same way as a LORENTZ 
transformation for v/c > 1, 

The possibility of the treatment of the LORENTZ condition as an 
accessory one being given, one might ask whether it is necessary to intro- 
duce it at all. If one would do without it, however, the field energy 
appears not to be positive definite. This has already been stated by 
FIERZ 5) who has, moreover, pointed out that as a consequence of the 
LORENTZ condition only spin 1 particles occur upon field quantization, 
while a theory without this condition would also yield particles with spin 
zero. As it is, furthermore, just these latter which make the energy not. 
positive definite, it is clear that one cannot do without the LORENTZ 
condition, whatever its way of occurrence in the theory may be. 

The present paper is mainly of a methodical character, Though some 
points raised here cannot be claimed to be new, the lack of a general 
survey of the problems discussed here let it seem justified to include them 
in this note. 


§ 2. Variation principles. The following notations are used: 


a0. O 


pa ane Ph aah ae foxc= I), 


Alay) = aap — aya, O 


Greek indices run from 1 to 4; summation signs are suppressed. Co- and 
contravariant tensor components are connected in the usual way. 
The MAXWELL equations can be written as: 


Pas = fait fy. = Or Fe Ce eee aris Rar We (la) 
So FAe Olgas eo detubha Rha varesy (2a) 


where Aj is the four-vector potential. Using the same notation for the 
Proca field, we have: 


Fin fie fix — 0, Py ore fer wh le bat ke (1b) 
Op Feehan moyeniee merweoy 3 By 
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Elimination of the field tensors Fyy yields the second order differential 


equations: 
0 A’—0"0, AX“ =0, 0=0,0', Maxwett . . . (a) 
[1 A’ —0" 0, A* =x? A’, PROCA 3 oe = (3b) 
If we next introduce, in the MAXWELL case, the accessory condition 
Ae 07) ee eee ee ee 
which is known as the LORENTZ condition, (3a) becomes: 
Ate 0. od) Ae tery er ae ae 


In the PRoca case, on the other hand, (4) is a consequence of (25) on 
account of the antisymmetry of Fy». Thus (3b) becomes: 


C1 Ate At a ge ho en 


Considering (la,b) as defining Fy», the equations (2a,b) can be 
derived from the variation principle: 


9 { Bdvdt=0, phan duted calle Oaane! 

with 
42 

feo pre ree Sasa Ae 


in the MAXWELL case x — 0 of course. The quantization of the fields 
starting from (6) and (7) is well known and needs no recapitulation here. 
We only remind that the canonical conjugate of A, vanishes as 04A4 does 
not occur in (7). This leads to some complications in the MAXWELL but 
not in the PROCA case as Ay can there be expressed in terms of the 
canonical conjugates of A,, Ay and A; with the aid of the fourth equation 
(2b). 
FERMI's method now consists in starting from (6) but taking *) 


2 
B= —4 fu fP— > Av AY Tiere 


where fu» is defined by (1a, b). It is easily seen that the field equations 
directly derived from (8) are (5a) and (5b) respectively. Thus if we 
start from (8), it is, at this stage, not necessary to use (4) to establish 
these field equations. In point of fact, (4) cannot now be derived from the 
field equations and the definition of fu», because the latter is not anti- 
symmetrical; and this is true whether x is or is not equal to zero. It may 
be noted that instead of (4) we now get 


(C]— x?) S00; S20, A’, serene ee ee 


*) An objection of principle which may be raised against the use of (8) with x =0 
is that the Lagrangian is not gauge invariant. (If x40 there is 10 gauge group of course.) 
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However, as will appear below, we do need (4) in the MAXWELL as well 
as in the PROCA case in order to obtain a positive definite field energy. But, 
if we use (8), (4) should now be considered as an accessory condition in 
both cases. That, using (8) in stead of (7), the accessory condition is 
necessary from a physical point of view is connected with the circumstance 
that fu» is not antisymmetrical here. This ensues that a choice must be 
made from the solutions of (5) so as to get the correct value of the 
energy. This choice will appear to be (4). 


§ 3. FOURIER development; energy of the field. Assuming the system 
to be enclosed in a cube of volume 1 with periodicity conditions on its 
boundary, and introducing the vector notation 


Ang A, —B, 


> 
A and B can be developed in a FOURIER series in the following way: 


A 7 Se ME CeS > >> 
A= XS e;% [A(j, bef) + At (j,k) eH *)], 

J=051,2 k 

rier Rie >> 

B= »D>[B(k) ef**) + Bt (k) ent (k x)] 

k (9) 

> 

> k sy a 
foe — o> Syke — Oyy 


i.e. j = 0 denotes longitudinal, j = 1,2 transverse waves, Substituting (9) 
in (8) we get *): 


L=[Ldo= 2 SAM HAG HMA AL. 
ahh eg 
— 3 [Bt (ky By — 72 Bt) B®) i (10) 
k 


In the usual way we obtain from (10) the equations of motion for the 
amplitudes: 


> o> 


Biles -> yy E 

Ai, +RA(ikK)=0, Blk) +72Blik)=0. . . (11) 

(11) can also be obtained by substituting (9) in (5a,b); if x = 0, vy =. 
*) In expressions like (10) the right member should be hermitized. For simplicity we 


write (10) as it stands. 
13 


eo 


The theory is therefore consistent so far. But difficulties arise because the 
Hamiltonian derived from (10): 


k 


A= ZAG DAGH RAGA GR | 
Bey ex ies (12) 
— ri HBG +3 wh aky,| 


is not positive definite. And it is here that (4) plays an essential réle. 
In amplitudinal form, (4) can be written as 


._> > . > > 
B(k) =—irg A(0,k), Bt (k) =ivr, At (0, k). 

This can with the aid of the equations of motion be brought in the form: 
-> > > => 

¥.B(k) =», A (0,k), »% Bt(k) =>, At(O,k). . . ~ (13) 

Now there are two ways of introducing an accessory condition in classical 
theory which we shall discuss successively with regard to their bearing on 
our problem. 

The first method, which is not applicable generally, consists of looking 
for solutions of the’ restricted problem (i.e. the problem involving the 
condition) under those of the general problem (not involving the con- 
dition). In our case this means that we have to look for solutions of (56) 
which satisfy (4). S = 0 obviously is a solution of (4’) *). It is character- 
ized by the boundary conditions: three dimensional periodicity, S and 


5 = 0 for t = fo. As these conditions are fulfilled for a class of solutions 
of (5b), the first method is valid here. This result is independent of the 
value of x. Thus, both if x = 0 and x + 0 the LORENTZ condition S=0 
can be replaced by S = S= 0 at a given time, in vacuum as well as with 
a-charge current density. 

The second method, closely related to LAGRANGE’s parameter method, 
simply consists in substituting (13) into (12) which yields the positive 
definite form: 


H= 3S SAtY. DAU HERALD AGH + 


j=1,2 => 
k 
2 7 rie =P = ue —> 
+ 2' = [At (0,k) A (0, k) + 7%, AT (0, k) A (0, A)] - (14) 
=F VE 
k 


which holds for any x; thus the second method too applies to both cases. 
An equivalent, but more direct, way to obtain (14) is to start from the 
Lagrangian (7) instead of (8). If x = 0 we only get a contribution of 
the transverse waves, as it should be. 


*) It is interesting, though not essential for the present purpose, to note that (4’) 
remains valid when the charge current density is introduced on the right hand side of (56). 
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§ 4. Quantization of the field. According to (10), the canonical 


> F > > ._ > 
conjugate of A(j,k) is Ai(j,k), that of B(k) is —B*(k), etc. In order to 
quantize the field we have therefore to postulate the relations: 


¢ > > 
[At (j, ), A (j’ R= ih), ORF 
(15) 
> > 
[Bt (k), B(k)|=ih ogy. , 
all other pairs commuting. In the usual way we find from (15) that the 
Hamiltonian takes the form, (the notation will be obvious): 


> a ~ > 
H=Sh»,[Na(1,k) + Na(2,4) + Na(0, k)—Nae(k)]. . (16) 
rf 

where the N’s are diagonal matrices with the characteristic values 
0, 1,2,.... As was to be expected, H is not positive definite in this case 
either. We must therefore introduce the LORENTZ condition here too. We 
thus have to find the quantum mechanical analogues of the two methods 
of the previous section for an accessory condition X =O in a quantum 

mechanical problem characterized by a Hamiltonian H. 

First method: Although the most straightforward way would be to 
interprete X = 0 as an operator identity and then to proceed in a similar 
way as in the corresponding classical treatment, this method is readily 
seen not to be applicable to the problem on hand, as (13), interpreted in 
this way, is incompatible with the commutation relations. Thus we shall 
have to find another treatment. FERMI’s idea now is to solve the unrestricted 


problem 
yes yer else's + +) + ,-. {F2) 


and then to look for functionals wy for which Xy = 0. In general, however, 
such y's do not exist. 

Second method: this simply consists in starting from the Lagrangian (7) 
and thus from the Hamiltonian (14) instead of using (8) and (12) *). 

We shall now discuss the applicability of both these methods, first in 
the MAXxwELL, then in the PROCA case. 

% — 0. It is well known that here the first method can be used 3). There 
appear to exist occupation number functionals y, solutions of (17), where 


Pe PA 12} hitch vasish when operated on by BURILA(0, &) 
or Bi(k) Oe LHW AN For these functionals we will have Na(0,k) eo 
Na(k) W. The energy (16) reduces therefore to the positive definite form: 

H= Sh (Na(l + Nake... ah (18) 


k 


*) A less direct way of formulating this method is: start from the classical Hamiltonian 
(12), eliminate with the help of the classical condition X ='0, (ie. (13)) one of the 
variables and then solve the ensuing restricted quantum mechanical problem, 
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Let us now consider the second method. Thus we have to start from (14), 
(with «= 0 of course). Quantization of this reduced problem leads at 
once to (18). This treatment consists essentially in gauging the fields in 
such a way that the longitudinal and scalar part of the four-vector 
potential are eliminated before performing the quantization. 

x =£0. Using the first method, and interpreting (13) accordingly, we 
would get 

= > 
v2 Np (k) = 92 Na (0,k) % 

which is nonsense, as the N’s can only be whole numbers. This means that, 
in the FERMI-interpretation, the two relations (13) are mutually in- 
compatible. 

Thus the first method has to be discarded (although it can be seen to 
" give a positive definite H), and we must resort to the second one, i.e. we 


> ‘ 
must start with (14). The canonical conjugates of A(1,k) etc. are 


* io p> 2 . > 
At(1,k), that of A(0, k) is = .A‘(0,k). The commutation relations there- 
Vie 
’ fore can be written as: 
; > ~> 
[At(, kh, AG kK) = —ih dj OFZ, GHl2 .. (19a) 
_ => ve 
[At (0, k), A (0, k')) = — ihr deze. (19b) 
This yields: 
i > > - 
H= Sho, [Na (1, k) + Na (2, k) + Na (0, 4)], 
> 


k 


which is the desired result. 
The relations (19) can be put in a more symmetrical form by performing 


> > 
the following transformation to the new variables C(k) and A(3,k): 


ZAOH=ACH+AGHE tf oe 


A(3, k) and C(k) are the amplitudes of the plane waves representing free 
particles with spin 1, the amplitude being directed along the direction of 
momentum, and spin 0 respectively 5), The LORENTZ condition in the new 
variables is simply: 
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The commutation relations are now: 


- Se > 
[At (Gh), AZ, kh) = — ifr 877 Oke, F=1, 2,3. 


and the diagonalized Hamiltonian is: 


H = Shy [Na (1. ) + Na (2,4) + Na (3, 8)]. 


k 


Though we apparently can treat the quantization of the MAXWELL and 
PROCA case in the same manner, viz. by using the second method, yet the 
former cannot be derived from the latter by letting x tend to zero, The 
reason for this is that the relation (196) would become meaningless or, in 
other words, that the transformation (20), which is essentially a LORENTZ 
transformation with 6 = yvz/yx, would become singular. 

Comparing, finally, the first method with regard to its applicability to 
the classical Proca field on the one, to the same quantized field on the 


> > 
other hand, we remark: the condition C(k) = Ci(k) =0 classically means 
that we have to put equal to zero an infinite number of oscillator amplitudes, 


viz. those referring to spinless mesons, for all ke This, of course, is 
practicable. But such a procedure is impossible in the quantum mechanical 
case on account of the zero point vibrations; this is another way of 
expressing why the first method applies the classical, but not to the 
quantum PROCA case. 

In the MAXWELL case, the transformation (20) loses its sense, as 
explained above. The LORENTZ condition now amounts to the equality of 


two oscillator amplitudes, (for given ie ef. (13) with », = vx), and this 
is indeed, also quantum mechanically, possible. Thus we see from (20) 
how it can be that the first method applies to the quantum mechanical 
MAXWELL but not to the quantum mechanical PRocA case. 
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Mathematics. — Generalisatie van enkele elementaire stellingen in de 
n-aire Q-meetkunde. By E. M. BRUINS. (Communicated by Prof. 
L. E. J. BROUWER.) 


(Communicated at the meeting of October 27, 1945.) 


§ 1. Fundamenteele invarianten. 


In het n-air gebied heeft het puntstelsel (u’x:) i= 1,2,... aangevuld met 
het quadriek (’x)? de invarianten 


(Q’ QY = (2 Q) peas 2 a4), (xi, Xig ss Xi,) 
Qin = (Q’ xi) (Q’ xx) Hemet Zhe 
Uit deze invarianten kan men symmetrische invarianten vormen 
A (Xiys Xige « + » Xig) = det | Qrs| ro Fone HR CE 
Voor d>nis A= 0 wegens de lineaire afhankelijkheid van 
Xing ae Xig van Xiy Xig++> Xin: 
Voor d= nis 
A =(Q xi)... (Qn xi,) - det | (Q; xs) | FS Shige edd 


Ly eee ' 
= oy be Qo. Pas 2.) (xin . Ss 


en derhalve is voor D0 dan en slechts dan A = 0 als Xj, Xin-+++Xin 
in één Gm met m <n liggen. 
Voor d <n is 


A = (Q xi)... (Qa xig) . det | (Q', xs) | TiS SS ti tafe ahd 
Z 4 (2; 2)... Q4pi"-9) (QQ... Qapyr-4 
als pl = {Xip Xiy «++ Xigh OP n—d is, Derhalve is A =0 als 
af de verbindings-Ga van xi,...Xig taakt aan (2! x)? 
of p?=0, dus %i,,...Xiy in een Gm met m<d liggen. 


A is de in n-aire coordinaten overgevoerde invariant voor de deelruimte Ga. 
Men kan nu eenvoudige absolute invarianten vormen: 

1 DS ber ee ead 

LAT eae “pe 

(d—1)! Qi. Qigig 


= sin? ka-1 A eo ® Xb 
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waarin k; constanten zijn en I(x;,.. -Xig) een in xj,,...x«;, alterneerende 
grootheid, het (d—1)-dimensionale Q-volume van het simplex, door 
Xiy++-Xig gevormd, genoemd worde. 


Opmerkingen: 1. Voor d = 2 ontstaat 


be Qi, 

2.0 Qi 
me Beh hot Set 8612 
sin k, bate x?) == (om a =! Qs Q4, 


waaruit men ziet, dat [(x,, x2) op een constante na de ten opzichte van Q 
projectief gemeten afstand van x, en Xp is, 


2. Voor d = n ontstaat 


Ode oper A 
(a— 1a Ot. Oe 


Sine Kane (440.5 20th) 
3. Voor kleine waarden van k, sn men met I(xi, xx) = dir 


Sint haar (x); «Xn 


det|cos(k, dix)|= 


(n— mie 
100 fe Poles 
=) eaten Se he a 
1 Vee (n—1)P nner 
Oi tiides 
(—1)" ‘ky n-1 PY serene 
in—P (2 1 dix 


waaruit men ziet, dat voor kn_, = k"—! de bekende formule voor volumina 
in de Euclidische meetkunde Satan 


§ 2. Afstanden van kruisende ruimten. 
_ Zijn gegeven de kruisende ruimten a’, b"-4 (dus (a¢b"-4) + 0) en zijn 
de poolruimten hiervan ten opzichte van Q respectievelijk a"-?, 64. De 


verbindings Gya van a4 en b¢ snijdt 4"-4 en b"-4 elk in een Gy. De vier 
Ga in deze Gya hebben in het algemeen geval d verschillende (elkaar 
kruisende) transversalen, gaande door de dekpunten der collineatie ont- 
staan door projectie uit twee der Ga van de derde Gu op de vierde Gu. 
Deze transversalen zijn gemeenschappelijke Q-loodrechten. 

Immers — den hoek tusschen twee elkaar snijdende rechten definieerende 
met behulp van den Q-afstand van de met het hoekpunt poolverwante 
punten op de beenen van den hoek — elke rechte door het snijpunt S van 
één der transversalen met a4 (of b"-4) in deze ruimte getrokken staat 
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Q-loodrecht op de transversaal, daar het poolpunt van S op de transversaal 


in 4"-4 (of b4) valt. 

Duaal hiermede bestaan d Gn» welke gaan door de snijruimte Gn_2d 
van a"-? en b*-4 en die met elk der ruimten a%, b"-%,.a"~%, b¢ in één 
Gn_, liggen. Deze ruimten vindt men in het algemeen geval door de snij- 
Gn_oa te verbinden met telkens (d — 1) der transversalen. De transver- 
salen gaan door een poolcorrelatie ten opzichte van Q over in de laatst- 
genoemde Gn_». 

In het algemeen geval komt onder de transversalen geen Q-beschrijvende 
voor en is elke transversaal.Q-poolverwant met een Gn—» gaande door de 
overige. Immers met de transversaal fi correspondeert een Gn» gaande 
door de snij-Gn—ga en (d—1) transversalen ty,,...tkg 4° Komt onder 
deze tx nimmer f; voor, dan is het gestelde juist. Komt ti in tenminste een 
geval onder de fx voor, dan is tf; een Q-beschrijvende en in fx,,...tkg_y 
komt tenminste één transversaal, zeg tp, niet voor. De poolruimte van fp 
gaat dan niet door ti en derhalve door fp. Is dus één der transversalen, ti, 
Q-beschrijvende dan is er nog een andere transversaal, tp, Q-beschrijvende. 
Stel de snijpunten met a’, b"-7, a"~4, b4 op ti zijn A, B, C, D, die op tp 
A’, B’,C’, D’. De pootruimten van A, B, C, D'snijden dant, in C.D’ ALE 
en er geldt voor de dubbelverhoudingen 


DV(ABCD)=DV(C'D‘A’'B)= DV (A’B’'C'D’) 
en de rechten AA’, BB’, CC’, DD’ liggen hyperboloidisch. Er zijn ©o-veel 


(Clifford-parallelle) transversalen, in tegenspraak met het onderstelde. 

In het algemeen geval is het derhalve mogelijk in a’ de punten 
X4,Xp,... Xa te kiezen en in b*-4 de punten &, 5, ... Fa, @y, Gg, -». Gn—-gd 
266, dat daaronder geen punten van 2 voorkomen en alle puntkoppels be- 
houdens (xi, é:) i—1,2,...d poolkoppels ten opzichte. van (2 zijn: men 
kieze slechts xi,é: als snijpuntenpaar met de transversaal tj; en voor 


G4, ... dn—ga een poolsimplex in de snij-Gn—oa van 4"-4 en b"—*. 
det | 2 Pie 
Nu wordt Seeeeett peg Seek me Op ed eenerzijds gelijk aan 
“2 pp+++ "qq 


d 
nd sin 2k, (xi, i) en anderzijds is 


j=1 
(x Faia «ite eee ake D (a4 b*—4) (a? b?—4) 


ieee 
det | Qnq|= a] = Hil 


1 , , ! 1 , ' ' , 
Qs. soe Qs 4x4 = det | Qs xp | — Al (Q; Gates Qua el | (Q; Oe tse lite’ 


en derhalve is het product der quadraten der sinus der d afstanden, di, 
van a? en b"-4 gegeven door 


pap eney Pig (n—d)! D (a4 b®-4) (a? 62-4) 
sin” kK, Gi — n! "(Gd PO ay 


i=1 
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Voor d = 1 voert deze formule voor den afstand 5 van een punt x tot een 
Gn_, v’ naar 


D (xv')? 
(Q/ x)? (Qv’)?" 


sin? ky r) — 
n 


§ 3. Simplexvolumina. 


Voor een willekeurig simplex geldt nu wanneer men de hoekpunten in 
twee groepen verdeelt 


eee 
VAL COP EEE DY PD ari 5 0's eXp) 


oon 2 — cane. shee 3 ok 
aes eee Oo see feciiiniO,,... On 


ee a ae A 
~ (d—1)!? 2,,... Qaa 


(Oy ...2dp *-9) (2. Rap?) 


sin’ B= sintkd-1 1 (x 23. Xa) 


a maar 
re (dl)? dig... 2a: thy «a= P 
piney SSI And! (Xavie © «2 Xn) 
hia (Qa41 SP OF gy (Qa41 dee Ole Gene Oe cave ke 
neil tnd Sasutee os) Ren’ iXdt1s+ ++ Xaf—=q 
waaruit 
Pere ye TY d 
sin? (eae eed Ged sin? B sin? G II sin? k, 6;. 
(n—1)/? i=1 
dus 
Lee De Wy ee ts, d 
+ sin V= (n—d—1)!(d—1)! sin B sin G IT sin’ k, 0; 


(n—1)! a=xt 


waardoor, afgezien van de maatconstanten k; de sinus van het volume 

gegeven wordt als product van sinus van ,,grond’’- en ,,boven’’-simplex 

maal het product der sinus der afstanden van ,,grond’’- en ,,boven’’-ruimte. 
Voor d = 1 ontstaat 


Oo eA ee 
(n—1)!? n! 92, eee Ce om 


Seeeeberrt y+ aed (Qv’)? deppeDi(xe’y- 
~ (n—1)? * (n—1)! (n—2) !? 232... na’ n° 2, (Qv’)? 


sin? V = 


eee ta vil 


of 


+sin V=> = sin G sin 0. 
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Opmerking: Voor n = 3 levert I(x1,x2,x3) = 0 op grond der relatie 
1—cos? a—cos? B—cos?y + 2 cos a cos f cos y = 


= (cos (a—f)—cos 7) (cos y—cos (a + f)) 


het additietheorema van afstanden terug. 


§ 4. Additietheorema van volumina. Generalisatie van het theorema 
van STEWART. 


In de projectieve ruimte bestaat de fundamenteele identiteit: 
(at) (x; x ix) Se) Eee 
(a? x2) (x) EX4% Xn) ee. « (Xp) (ey Xo >» KA) ids 
Hieruit volgt voor uw’ = poolruimte van een punt z 
Dit (x, X2++- Sy Ros Qzx, (t x2 re eh, — Stas Q2x, (x;, re, Fs | t) 
of na multiplicatie met een quadraatwortel uit 
- D 
Z n!(n—1)!? Qi tee Qan Q22 Qt 


’ 


de fundamenteele relatie voor de Q-meetkunde: 


cos k, I (z, t) sin kp—1 I (x,...%n) = 3 cos k, I(z, xi) sin kn-1 I (X1.... t,. +. Xn). 
i 


‘a. Stelt men hierin z = t dan ontstaat het additietheorema van volumina 
os n 
sin Kips J (2¢j4.«:-0Xn) =e COS ky 1 Az, Ri sioaa dt (Xie ee se 
i= 
b. Ligt tin {x 1,...xa-,} =v’ en is z= xn dan ontstaat 
n—1 


cos k, I (xn, t) sin kp I (x1, ... Xn) =. S' cos ky (Xn, xi) sin ka (x1... t,.++ Xn) 
pes 


want sin ka_, I(x , Xo, ... Xn—-4,¢) = 0, hetgeen op grond van het feit, dat 
alle simplices het hoekpunt x2 bezitten, na deeling door een getallenfactor 
maal den afstand van xn tot v’ leidt tot: 


n—1 ‘ 
cos k, I (xp, t) sin kn-2 I (x1,...Xn-1)= YS cosky I (xn, xi) sin kn—2 I (x1,...6,..-Xn—1) 
i=1 


de generalisatie van het theorema van STEWART. 
Volgens het additietheorema van de ,,basis’-ruimte v’ kan dit omge- 
vormd worden tot 


{1—cos ky I (xn, t)} sin kp—2 I (x... - Xn-1) = 


coal 4 
ce os {cos k, I(t, x;)—cos k, I (xn, xi)} sin kn-2I (xy,...t,.. + Xn-1) 
i=) 
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waaruit men voor de Euclidische meetkunde terugvindt 
 . Vol = ;—tx;) . Vol 
Sq WORK, oe oni) se (ene exe) s Vol (eixg, oS tp. Xai). 


Toelichting (fig. 1): Voor n = 3 luidt het additietheorema, afziende 
van maatconstanten, 


sin ABC = cos & sin] + cos sin JJ + cos sin III. 


Fig. 1. 


Voor n = 4 het theorema van STEWART 


cos DT sin ABC —cos AD sin] + cos BD sin IJ + cos CD sin II 


waaruit voor D = T het additietheorema voor n = 3 terugverkregen wordt. 


§ 5. - Generalisatie van den cosinusregel. 

In de volgende beschouwingen worden de formules eenvoudigheidshalve 
uitgeschreven met ki = 1 {i}. 

admetty—\ 9: 

In de Q-meetkunde van het platte vlak wordt voor een in C Q-recht- 
hoekigen driehoek ABC door de zijden van den driehoek en de poollijnen 
van de hoekpunten A en B het vlak verdeeld in één vijfhoek, vijf vierhoeken 
en vijf drichoeken. De relatie van NEPER voor de 2-meetkunde leest men 
hieruit af (fig. 2): In de betrekkingen tusschen zijden en hoeken van een 
Q2-rechthoekigen driehoek kan men de volgende permutaties uitvoeren van 


p—a—b—a—c (Il) 
8b c—6=— 8 Ll} 
b—a—ce—p—a {IV} 
a—c—fp—a—b (V), 
waarbij de complementvorming aangeduid wordt door overstreeping. 
De fundamenteele betrekking is, zooals bekend, 


+ cosc—=cosacos b, 


204 


welke door quadrateeren omgevormd kan worden tot 
sin? c= sin? a + sin? b—sin? a sin? b = sin? a + sin? b—4 sin? V 
Pythagoras” 
Voor een willekeurigen driehoek ontstaat 


cosc—cosacosb-+ sina sin b cos Co 


waaruit door quadrateeren volgt: 
(cos c—sin a sin b cos C)? = cos? a cos’ b 
sin? c= sin? a + sin? b—2 sin asin bcos Ccosc—4 sin? B 
,,Cosinusregel’’ 


Fig. 2. 


Het opnieuw optreden van c in het rechterlid vindt zijn oorzaak in het 
feit, dat voor n = 3 de ,,ribben” tevens ,,zij-ruimten’’ van het simplex zijn. 

Aig; beef 

Zij an de ,,top” van het simplex, i de overstaande zijruimte van ai, Ai 
de projectie van Yi op Wn, ai de afstand van aj tot het voetpunt L der 
hoogtelijn h uit an, pi de hoogtelijn uit an in Wi, qi de hoogtelijn in Ai uit L. 

Volgens het additietheorema der volumina geldt dan 


Mi . . 

i sin I; sin qi 

sin 1, = S cos a; sin Aj = S'cos aj sthsar tS = 
i i sin pi 


cos (a;, an) tg gi CosSqi__ ysin MW; cos (aj, an) cos (li, An) 


== isin 2 ; : 
y oi PCOStR typi cospi i cos* h 


of 


sin? U,—(n— 1) sin? B= Ysin AU; sin Wy cos (ai, an) cos (2l;, 2,). 
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Sommeert men de hiermede analoge formules voor %;, Us, ... Un _; dan 
ontstaat 


ae 


! 
> sin? U;—(n—13 B= 
i213 


1—1 
=2 2 sin Yl; sin WU, cos (aj, ax) cos (i, Ux) + sin? Ay —(n —1)? sin? B 
(i,=1 
of tenslotte 
n-1 n-I 
sin? X= J sin?U;,-2 sin WU; sin U;,cos(a;, ax) cos(2l;, WU.)—(n—1)?(n—2) sin? B. 


at (ot 
eee 


,,Gegeneraliseerde cosinusregel”’ 
Voor het geval, dat de ribben aan één hoekpunt, an, alle onderling Q- 
orthogonaal zijn volgt 
3 nl 
sin? U,= J sin? X;—(n—2) (n—1)? sin? B 
i=1 


, Pythagoras” 


waarbij men desgewenscht sin B nog in %; kan uitdrukken volgens 


n—l 
(n— 2)!" IT sin U; = {(n—1)! sin Bhr-2, 


i=] 


Mathematics, 


Over de benadering van , in de Aegyptische meetkunde. 
By E. M. Bruins. (Communicated by Prof. L. E. J. BROUWER.) 


(Communicated at the meeting of October 27, 1945.) 


§ 1. In het onderstaande trachten wij aan te toonen, dat de in de 
Aegyptische wiskunde optredende benadering = = langs theoretischen 


weg door de Aegyptenaren is verkregen. Om tot deze slotsom te kunnen 
komen, wijzen wij met STRUVE !) allereerst op de consequente wijze, waar- 
mede de terminologie werd toegepast en op de wijze, waarop oplosbare ver- 
gelijkingen van het type ax? = b werden behandeld om hieruit de quadra- 
tuur van den cirkel te verkrijgen. 


1. De Aegyptenaren kenden het begrip quadrateeren en eveneens den 
quadraatwortel. Terwijl voor de aanduiding der vermenigvuldiging de term 
sp = maal gebruikt wordt en in het bijzonder voor tweemaal nemen = ver- 
dubbelen de term £35 in gebruik is, leest men voor quadrateeren: ir-hr-k x 
msn — reken jij met x als voorbijloopende = terwijl voorbijgeschoven 
wordt, hetgeen op een zuiver meetkundigen oorsprong der uitdrukking wijst. 
Hiermede overeenkomende wordt de quadraatwortel aangeduid met knb-t, 
de hoek, de zijde van het quadraat (zie fig. 1). Een aanwijzing voor de 


i-t xmsn knb-t 
Fig. 1. 


consequentie, waarmede de terminologie wordt toegepast vindt men 
(STRUVE) in de beroemde opgave over de berekening van het volume van 
een afgeknotte pyramide, waarin men bij de berekening der termen van 
a2 +ab+b2 voor a—4 en b=2 leest [in den papyrus van Moskou, 
kolom XXVII 4, 5, 6]: 


4. ir-hr-k 4 pnmsnhpr16  Bereken het quadraat van deze 4. Er komt 16. 
5. ir-hr-k k3b-k 4 hpr 8 Bereken en verdubbel 4. Er komt 8. 
6. ir-hr-k 2 pn m sn hpr 4 Bereken het quadraat van deze 2. Er komt 4. 


Hieruit ziet men, dat 2 maal 4 als ,,verdubbelen” wordt omschreven, 
terwijl 2? niet als 2 +2 of 2 maal 2 = ,,2 verdubbelen” wordt aangewezen. 


1) W. STRUVE, Quellen und Studien A1, pag. 135. 
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In verband hiermede moet er ons inziens groote nadruk vallen op het 
feit, dat de berekening van de oppervlakte van den cirkel C niet als een 
fractie van het omgeschreven quadraat V : 64/81 V, dat is (2/3 + 1/9 + 
1/81) V doch als oppervlakte van een vierkant met zijde 8/9 d, als d den 
diameter voorstelt, wordt berekend. 


2. Hoe de vergelijking ax2 = b opgelost werd kan onder meer blijken 
uit kolom VIII, IX, XXXIII—XXXIV uit den papyrus van Moskou, waar- 
van wij duidelijkheidshalve kolom IX citeeren. 


tp nir-t spd-t 
mi dd nk spd-t nt 3ht 20 idb n 23. 
ir-hr-k k3b-k 3ht hpr-hr 40 ir sp 24. 
hpc-hr 100ir knb hpr-hr 10 njs w' hne 24. 
hpr-r-hr im pw 1/3 1/15 ér 1/3 1/15 n 10 hpr-hr 4. 
10 pw n3wn4m shw. 


Vertaald: 


Methode ter berekening van een rechthoekigen driehoek. 

Als aan je gezegd wordt een rechthoekigen driehoek met oppervlakte 20 
en verhouding der rechthoekszijden van 23. 

Verdubbel j ij de oppervlakte. Er komt 40. Reken 24 maal. 

Er komt 100. Bereken de wortel. Er komt 10. Roep 1 voor 24 (= deel 1 
door 24). 

Er komt daar dit: 2/5. Bereken 2/5 van 10. Er komt 4. 

10 is het als lengte voor 4 als breedte. 


In moderne symbolen: 

Opgave: x = 24y 4xy = 40. 

Oplossing: 2.20=40=xy 2hxy=x2=21.40—100 x= 10. 
Ph 10 ig 2h 2/5 2/5 hy — yp = 2/510. 4, 


De vergelijking y = ax = b wordt dus opgelost door beide leden der 


vergelijking te vermenigvuldigen met 1/a, terwijl als het ware ay? = 
opgelost wordt door a. ay 2 = (ay)2 = ab enz. 


3. Bedenkt men nu verder, dat de bewerkingen voor de eenvoudige 
oppervlakteberekeningen vaak worden gemotiveerd met ,,om er een recht- 
hoek van te maken” dan ligt het voor de hand, dat de berekening van de 
oppervlakte van den cirkel geleid heeft tot de vraag naar zijn hoek”’, naar 
de zijde van het vierkant met dezelfde oppervlakte. 

De figuur uit den papyrus RHIND R. 48 levert aanwijzing voor de identi- 
ficatie van den cirkel met den achthoek ontstaan door de hoeken van een 
omgeschreven vierkant op 1/3 af te knotten (zie fig. 2). Hieruit volgt de 
~ relatie 
oO ey, 
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Fig. 2. 


onmiddellijk en dus als d de zijde van het quadraat om den cirkel en x de 
zijde van het quadraat met gelijke oppervlakte is 


9 x2 = 7 d? 
waaruit 
9. 9x2 = (9x)2 = 9.7d2 = 63 d2 ~ (8d)? 
dus . 
9x = 8d x = d—1/9d 
en 


It ee Ot 
4 hip ek 
onmiddellijk volgt, terwijl 


co-$)-8(e-b) 


Nader onderzoek der methode van moderner standpunt. 


$2, 
ie 


Verdeelt men het omgeschreven quadraat in vier deelvierkanten door 
halveering der zijden, dan verkrijgt men (zie fig. 2) onmiddellijk 


47> GS 2 
in deelvierkanten uitgedrukt, dus a ~ 3; * — 0,75. 


Nu levert de ,,quadratuur” van den cirkel 


4 x? == Sale 
waaruit allereerst de, te verwerpen, oplossing x = d = 1 volgt en verder 
4 maal: 16x? = 12d? 
9 maalie 36,02 seweide 
16 maal: 64 x2 = 48d? ~ (7d)? Sx se./ ot 
aay 


rar 0,765. 


eS 
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2. De verdeeling in drie gelijke deelen der zijden van het omgeschreven 
vierkant levert, zooals boven reeds werd aangegeven 


9 x4 7 d2 


Tj Oe 

i Aiea 0,790, 
a = 3,16 tegenover 1/4 — 7/9, x= 3,11 uit de directe vergelijking der 
oppervlakten. 


waarvan de ,,eerste oplossing” is x —9, d=8 met 


De kettingbreuk \% eas (Ocal ak elec soak acl ss t 


met de naderende breuken 


doet zien, dat de methode bij halveering der zijde de eerste twee naderende 
breuken oplevert, terwijl de deeling in drieén de derde breuk doet vinden. 
Voor de oppervlakte als deel van het omgeschreven vierkant volgt evenzoo 


7 


ea E OM Cyn Pilate 

B= 10:1,3,1.13 
ie oA th 
bee eR Ie 


waarvan dus de tweede en vierde breuk uit de figuur onmiddellijk afgelezen 
worden. 


Opmerking: De hierboven aangegeven afleiding van de berekening van 
de oppervlakte van den cirkel, doet vermoeden, dat de formule voor het 
volume van een pyramide eveneens door ,,berekening’”’ zal zijn verkregen. 
Door de eenvoudige breuk 1/3, die door, schatting eveneens te verklaren is, 
kan hiervoor niet een dergelijke aanwijzing worden verkregen als voor de 
oppervlakte van den cirkel. Echter, gebruik makende van het gegeven, dat 
het begrip ,,fractie’’ en (zelfs) het begrip ,,verhouding” in de papyri ge- 
vonden worden, kan men, uitgaande van de formule voor de afgeknotte 
pyramide 


VEU/Sh (ata ab ee) 


voor een afgeknotte pyramide met quadratisch grondvlak met zijde a en een 
boven-vlak met zijde b, die, zooals NEUGEBAUER 2) aangegeven heeft, door 
verdeeling uit de formule voor den inhoud van een pyramide met quadra- 
tisch grondvlak gemakkelijk te verkrijgen is, 66k deze formule zelf 
verkrijgen. 


2) O, NEUGEBAUER, Vorlesungen iiber vorgr. Math. etc., pag. 128. 
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Allereerst ziet men in figuur 3 de verdeeling aangegeven door 
NEUGEBAUER voor het geval, dat één der opstaande ribben vertikaal staat: 
V = bth+2.46(a—b)h +t h(a—b)2 = th (a2 + ab B?), 


terwijl wij voor de afgeknotte regelmatige pyramide tot dezelfde alge- 
braische uitdrukking komen 


V = beat+4.4.4(a—b) bh + 4.4 (a—b)?2.4h= fh (a2? + ab + B2). 


Nu vindt men evenzoo, uit de splitsing voor de pyramide met vertikale 
opstaande ribbe, door deze te beschouwen als fractie van het blok met 


dezelfde ribben aan den orthogonalen driebeen én af te knotten op de halve 
hoogte; als J, de fractie x van het Blok B, met ribben a, 5, c door de 
pyramide geleverd voorstelt en Jz, de pyramide met ribben 2a, 2b, 2c, 
dezelfde fractie van het blok B, = 8 B, is 


Dus voor x de vergelijking 


2 Hed KES KS Seles ICY, 


Mathematics. — On the absolute convergence of Fourier series. By A. C. 
ZAANEN. (Communicated by Prof. W. VAN DER WOUDE.) 


(Communicated at the meeting of October 27, 1945.) 


S. BERNSTEIN!) has proved that if the real, periodic function f(x) 
(period 27) satisfies a Lipschitz-condition of order a, where a> 4, then 
the Fourier series of f(x) converges absolutely. For a = 4 this is no longer 
true. O. SzAsz 2) generalized this theorem by considering the series 


> (lanl? + [bn/4), A ipte, e syd 1) 


where an and bn are the Fourier coefficients of f(x), and showing that if 
{(x) satisfies a Lipschitz-condition of order a(0<a=1), the series (1) 
converges for every Bp > 2/(2a + 1), but not necessarily for B = 2/(2a + 1). 
Recently L. NEDER 3) made the following addition to BERNSTEIN’s Theorem: 
If, for h > 0, 

l, (h) = log (e + h7”), 

I, (h) = log log (e* + h~”), 


eLCa 


and if, for a certain «> 0, 


-, Chik 
SE at ill ara AL) ean ae 


then the Fourier series of f(x) converges absolutely. 
We shall prove a similar addition to SzAsz’s Theorem, 


Theorem1. [FO<a=1,2>0,h>0, and 


EF i 
|F(x + h) — F(x)|< Soar ce ce) 
[0 (h) ly (h).. Ue (h)'¥*] ? 
then the series (1) converges also for B = 2/(2a + 1). 


Proof. We shall give the proof for k = 2. If 


fe 2] 
(x)~ tao + » (ancosnx + by sin nx), 
: n=1 


1) S. BERNSTEIN, Sur la convergence absolue des séries trigonométriques, C.R. de 
l'Acad de Sc. de Paris 158 (1914), 1661—1664. 

2) ©. SzAsz, Uber den Konvergenzexponent der Fourierschen Reihen. Miinchener 
Sitzungsberichte (1922), 135—150. 

8) L. NEDER, Ein Satz iiber die absolute Konvergenz der Fourier-Reihe, Math. Zeit- 
schrift 49 (1944), 644—646. 
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then 
f(x + h)—f(x—h) ~2 > ba (x) sin nh, 
n=1 
where 
bn (x) = ba cos nx — an sin nx, 
so that 
2a 
- if [F(x + A) —Flxe— AP dx= 4.5 02 sin? nh, 
=1 
. n 
where 


e, =a, 1 by 


From (2) it follows now that 


C, h - 
2h) 1, (2h)'+2]24+1* 


a | (le +h —Fle—nPde <p 


so that, taking h = 2/2N, 
N mn oP Nr 


ek 7, sin? IN Ge nm \it2 j2att * 


Let now N = 2’, where » is an integer, > 9 > (log 2)-? + 3. Then 


l; (7 =log (« ae | > log 2’-? = (y—2) log 2, 


L (a =log log (e + = > log log 2’-? =log (x»-2) + loglog 2 > 4 log (»—2), 


hence 
z C 2-200 
ay Opes 3 
n=?—141 aye [(v—2) log! +? (y—2)]?2+!” 


and from this, by HOLDER’s inequality 
26 Sey a 


with B = 2/(2a + 1), so that 1— B/2 = 2a/(2a + 1), 


2a 
» C22 = a 
p< 4 _ Q2atl — 4 , 
2, tS 0D log" 02) (2) log*¥* 62) 
ms 


als 


This shows finally that 


) oo Be C) ] 
2 — p< Ce : 
ieee = a, Soap pt Jas (v—2) log!*# (v—2) SE 


The series ¥ 9? converges therefore, and, since | an |®, and also | bn |, 
does not exceed on, the same is true of the series 


2 (lanl? + [bal 


It may be asked whether there exist functions f (x), satisfying a condition 


of the form (2), without belonging to a Lipschitz-class of order a’ > a. We 
shall show this to be the case, 


Theorem 2. If 


Gee Thiet 6. i d=14+y(1 +8), 
the function 


co inlogn 
3 inx 


flxj= $e" 
satisfies the condition 
CG he 
(ibaa h)—f(x)|S Th Aye’ 


while, for a’ >a, f(x) does not belong to the Lipschitz-class of order a’. 


The real and imaginary components of f(x) may therefore serve as 
illustrations to Theorem 1. 


Proof. Writing 


” 
sy (x) == ef tlogn einx 
n=1 


it may be proved 4) that 
Sy (x) = O(v*h) and s, (x)= —— tS 


uniformly in x. Furthermore 


co 


id x 1 of wide 1 dy N- 

1. Seb hn eee Joe (} (ot elt 
{ adc i) ae ne 10g? ne | y’ O log?! ) (3) 
N N 


log N 
and 
N N d ia N 
rms = Pak Pen | ee be f 14 
lage | x log? x = if ae a Veo mM 
2 2 log 2 


4) See e.g. A. ZYGMUND, Trigonometrical Series, Warsaw (1935), 5. 32. 
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Introducing the difference Ag(v) = 9(”) —g(v + 1), we find now by 
ABEL’s transformation 


f(x h)—Fla)= 2» {s-(x+h)—s, (x)} Av log? = oS pao! 


y=1 v=1 v=N+1 


where N = Est Since, by the mean-value theorem, 


A y-’ log? vy = O (px log~ »), and s, (x) = O (v'),° 
the terms in Q are 
O (eT log 9) =O (vr log~ »), 


so that, on account of (3), 


e N-* he he C, he 
re 5 Us =. ae ray } 
|Q) = 2 =O (gn) =O (; Gat =O E nel Th (Aye 
Since s’y(x) = O(rv’:), we find by the mean-value theorem that 


sy(x +h) —sy(x) = O(hy'); the terms in P are therefore 


O (hot) A 7 log? » = O (hytt} log~? v) = O (hv log~ »); 


hence, on account of (4), 


eed Ni 2) ee h% C, h* 
babe A aoc! (" aN) ae (7 a) Sayey 


Finally 


Fle +A) —FSIPIFIQS prggemp 


If, for any a’ >a, f(x) would belong to the Lipschitz-class of order a’, 
we should have, by SzAsz’s Theorem for the real component of f(x), 
do? <o for every p satisfying 

2\(2a’ +1)<p<2f(2at+l)b=y. 


However, if p<y7!, the series J’? diverges, since 
l p 
2 (aoa 


G. H. Harpy 5) has shown that if f(x) satisfies a Lipschitz-condition 
of order 2(0<ca <1), then 


diverges. 


les] 3-1 
2 n--2 On 
n=1 


5) G, H. HARDY, WEIERSTRASS's non-differentiable function,Tr. of the Am. Math. 
Soc. 17 (1916), 301—325. 
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converges for B <a. We shall prove the following addition: 
Theorem 3. IF O0<a<1,e>0,h>0O, and 


OW ig 
fe + h)—F (x)= L, (h) 1, (h)... ik (A)i+: her ge ha (5) 


« . 
then the series 3’ n*—} on converges. 
ba! 


Proof. We shall again give the proof for k = 2. In the same way as in 
Theorem 1 we find 


. : eS: Ce 2-200 
eee (OZ lag— 2) 


and from this, by SCHWARZ's inequality, 


2” "Ie C, 2”G-#) 
Stoo Ze = 4 
cers es (222) oe (v— 2) log!t? (vy — 2) 
so that 
2” Cc 
a—} eG 5 
ae. Beret (vy —2) log!** (y—2) ’ 


and finally 


22) fee] 
a Pog Sy 


n=2o-1 41 r= 
Remark. It is not difficult to prove that the function 


co einlogn 


f(x)= 2 


Lt St SS Re 5 
n=1 n’ (log n)?*? , 


where y = ee} > 0, satisfies a condition of the form (5), without 


belonging to a Lipschitz-class of order a’ > a. 


Correction, added after reading the proof-sheets. The results of (3) and (4) can be 
improved, since in both the right sides 6—1 may be replaced by 0. For (3) this is trivial, 
and for (4) it follows from the splitting up of the integral into two parts, one from 2 to 
N'/2 and the other from N'/z to N. The first integral is then 


O (Ni('-*)) = O (N'-* log-? N) 
and the second does not exceed 


log-? N': O (N!~*) = O (N!-“ log~* N). 


These results enable us to replace, in the announcement of Theorem 2, 5 = 1 + i( t-e) 
by d = y (1 + «). For the same reason we may replace, in the last remark, 2 +¢ by Ite, 


Mathematics. — Sur quelques propriétés extrémales du domaine de. 
Koese. By H. BOLDER. (Communicated by Prof. W. VAN DER 
WOuvuDE). 


(Communicated at the meeting of October 27, 1945.) 


§ 1. Notations, définitions et conventions. 


_ Indiquons par 


Q 


domaine K : 


ar etce 


a et B 


o(p, G) 


@ (p, 9) 


: un domaine ouvert simple et simplement connexe dans le 


plan d’une variable complexe, contenant dans son intérieur 
le point 0, et non le point o; 


: la frontiére de Q; 
: la valeur en q de la fonction de GREEN de 2 avec péle 


en p; 


: la dérivée normale en q, vers l'intérieur, donc = 0; 


: la valeur définie par le développement G(p,p+h)= 


log |h|-? + g (p) + O(A), h petit: 

domaine de KOEBE, c'est 4 dire un 2, dont »' se compose 
de tous les points re'?, ou @ est constant, et r>d>0, 
d constant; 


: des entités analogues aux précédentes, dont nous convenons, 


qu’elles seront réservées aux domaines K dans le plan de w; 


: les deux parties de l'axe de symmétrie de l'intérieur d’un 


domaine K, séparées par zéro. a sera la partie entre zéro 
et >”, 6 la partie infinie au cdté oppose. 

Zéro lui-méme n’appartiendra a aucune des deux classes 
a et B; 


: l'ensemble de points z de @ pour lesquels G(p, z)=G, 


G constant > 0. C’est donc une courbe de niveau de la 
fonction de GREEN; 


: 'exemplaire des trajectoires orthogonales des o(p, G), G 


variable, qui passe par q. 


§ 2. Introduction. 
Parmi la classe des 2 ayants la méme valeur de g(0) le domaine K 
se distingue par quelques propriétés extrémales. 


I: la plus petite distance de 0 a % est minimale. C'est donc une 
estimation se rapportant aux frontiéres des 2. Les autres théorémes se 


rapporteront 


aux positions et densités des courbes de niveau de leurs 


fonctions de GREEN. 
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Soient: 
Q* un domaine K dans le plan de w, a un point de son a, et b un 
point de son #, telle, que 


EAA UREY men C0) (Uh hag © Bier Oar 


2 un domaine dans le plan de z, pour lequel 
g (0) =g* (0), et t un point de 2 pour lequel 


G (0, ) = G* (0, a) = G* (0, 5) =G. 


Alors nous avons les inégalités: 


II: |a|<|t| 

Il; |6| EB (0, = <|t| aera = 
On b On ' 

LV caf 8) 2} 6 


aG* (0; w)}  faG 0,2) 
eee Cees | 
Tle te vera ee a 
0G* (0, w) 0G (0, z) 
vin | a a =| ay Scecel 


C'est par ces formules que s'expriment en termes de la fonction de 
GREEN des inégalités classiques sur les fonctions de la forme 


f(z) =z+taz74+.. 


holomorphes et univalentes (simples) pour |z| < 1. 

Dans un article précédent'), j'ai montré, 4 propos d’une suggestion de 
M. A. F. MonnA”), que le théoréme de KOEBE (I} se démontre par un 
balayage, tout comme le théoréme de CARLEMAN—MILLOUx, dans la 
solution élégante de M. M. BRELOT ?). 

Dans l'article présent les formules II—VII seront développées de I, 
suivant une méthode connue, p.e. chez M. R. NEVANLINNA*). Les for- 
mules II—VII correspondent aux formules 28—32 du passage cité. 


§ 3. Lemmes. 

Lemme A. Soit un Q, Sennen conformément sur un Q), de 
maniére que les zéros se correspondent. Si l'on réduit Q; et Qy a des 
parties 92; et Qj, qui se correspondent dans la représentation, et qui 
contiennent les zéros, leurs g (0) décroitront d'une méme quantité. 

Démonstration. Si 2; correspond a 27, Q; A Qy, et zy; az); nous 
avons: 


G; (0, z1) = Gr (0, zm) et Gi (0, 21) = Gir (0, zn), 
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donc 
G_(0, 27) — Gi (0, z7) = Grr (0, zm) — Grr (0, zn), 
ou 
[log | zr|-! + gr (0) + O (z1)] — [log | zur|-! + gr 0) + O (z)] = 
= [log | z1|-! + gi (0) + O (z1)] —[log | zur |- + gir (0) + O (zn). 
En faisant tendre z;, et donc zy vers 0 nous obtenons: 
gt (0) — gr (0) = gir (0) — gu (0). 


Nous en utiliserons le cas particulier: 

Si l'on retranche d'un 2 la partie d'une e(0,q) entre x et un certain 
niveau G de la fonction G(0,w), son g(0) décroitra d'une quantité, qui 
ne dépend que de G. 


Lemme B. Soient p; et q: deux points intérieurs de 27, et py et qu 
deux points intérieurs de 2y, et soit Gy(pr, q:) = Gu (pu. qu), les 


expressions 
0G (p, w) 
g(q) +10g (SFE) 


seront égales pour | et Il. 


Démonstration. Choisissons, pour I et II, un point r sur o(p, q) 
entre p et q, dans le voisinage de q, et de maniére que 


G1 (pr ci) = Gu (pu, tn). 


Nous pouvons représenter 22; sur (27; de maniére que p; corresponde 
a pu, et qra qu. Alors r; correspondra 4a ry. 
Nous avons donc 
Gr (qn 01) = Gu (qin ti). 


Désignant |qr—rz| par hy, et |qu—rz| par hy, hy et hy petits, nous 
avons, pour | et Il 


[Gp )—-G eg :h= (SP) 6 
q 
ou 
log [G (p, r)— G (p, q)] —log h = log Gera ear 
q 
et 


G (q, tr) =log h + g (q) + &. 
En additionnant nous éliminons h, et obtenons 


log [ Glew kskoaallviesG oeeton lames A deh eda aale 
q 


Ces expressions sont égales pour I et II. ; 
La considération, que les « sont arbitraires termine la démonstration. 
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Remarque. Considérant un cas particulier, p.e. pour 2 le cercle 
z|<l, on obtient facilement la forme explicite 


0G (p, 


9 (a) + log ( = 


a = log (e@'7. 9 — e—Gp, 9), 
q 
Avant d’étre en état de déduire les théorémes II—VII, il nous faudra 
disposer d'une forme plus générale de I. 
Par le balayage') il parut sous la forme: 
Parmi les 2, pour lesquels les plus petites distances de 0 a S sont 
égales, le domaine K a la plus grande valeur de g (0). 
Songeant, que par une homotéthie avec centre 0 et dilatation p la 
valeur de g(0) croisse de logp, nous pouvons formuler I comme suit: 
Parmi l'ensemble des 2 les domaines K ont la plus petite valeur de 
log d—g/(0), ot d désigne la plus petite distance de 0 A > 


§ 4. Démonstration des théorémes. 


Il. Ajoutons dans le plan de w a 3” d'un la partie de a entre 
a et 2", et dans le plan de z A S'd’un 2 la partie de o(0, ft) entre ¢ 
etiDy. 

Les domaines restants s’appellerons 92°’ et 2’. 

Q*” étant aussi un domaine K, nous savons de I 


log | a|—g*’ (0) < log | t| —g’ (0), 


et du lemme A 


En soustrayant nous obtenons 
log | a| —g* (0) < log | t|—g (0), 
et en vertu de la supposition g*(0)=g/(0) nous en tirons 
|a|<|¢l. 


IJ. Dans * nous prenons pour centre b, et dans 2 pour centre f¢. 
Alors nous avons 


is" (b, O)a= G (f, OF 
et II se présente sous la forme 
log | b| —g* (6) < log | t| —g (4). 


Nous savons de lemme B 
A: dG* (0, w)’ 0G (0, z) 
9° (b) + log é on), =9 0 + 109 eae 


L’addition de ces relations termine la démonstration. 
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IV. Soit w un point de f entre 0 et b de 2*, et z dans 2 le point 
correspondant sur @(0,t), donc 


G0, @) = G(O0rz); 
Indiquons par I[(z) la longueur d’arc de la partie de 0 (0, t) de 0 4 z, 
et posons s(w)=|w]. 


En employant /(z) =|z| nous savons de III 


Pepe) Snes 


Songeant, que dans 2* et 2 nous avons 


nous pouvons écrire cette relation dans la forme 


0G* (0, 
ose arte et fC pore a 


0G (0, z) 
aes wate 


s (w) 


Considérons s(w) et /(z) sur f et @ (0, t) comme fonctions de la vari- 


able indépendante G = G*(0, w) = G (0, z). 


Cela conduit a la relation 


Ss 1 ds dl 
ds ~ dl’ ™ dG~ dG 
dG dG Ss 1 


Intégrons de Gy a G, Gp étant une valeur grande: 
log s—log s9 = log I—log Ip. 
En soustrayant de cette relation 
log sy! + g* (0) + =log ly! +9 (0) +¢, 
ce gue nous obtenons en développant 
G* (0, w) = G (0, z), 
nous éliminons sp et Jo, donc 
log s—g" (0)—&* > log I—g (0)—«. 
Les «* et € sont arbitraires, donc 
log s—g" i > log l— g (0). 
Songeant que s(w)= Nz 


she (0) ok 


et pour G=G‘* (0, b) = G(0, £) l’inégalité demandée. 


» nous avons 


Zzk 


V. Crest une conséquence immédiate de III et IV. 
VI. Dans 2 nous prenons pour centre a, et dans Q pour centre f. 
Alors nous avons G*(a, 0)= G(t, 0), et IV se présente sous la forme 


log | a | —g* (a) = log | t|—g (2). 
Nous savons de lemme B 


ol) + 10g (9S) — 99 lg (250-2) 


L’addition de ces relations termine la démonstration. 
VII. C'est une conséquence immédiate de II et VI. 


§ 5. Pour terminer nous remarquons : 


Nous savons que dans I c’est exclusivement le domaine K pour lequel 
la borne est atteinte. Alors nous pouvons facilement controler, que l’égalité 
dans aucune des formules II—VII ne se présente, que si 2 soit aussi un 
domaine K. 
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Mathematics. — Over de bepaaldheid der oplossingen van A*u = 0. By 
H. BREMEKAMP. (Communicated by Prof. W. VAN DER WOUDE.) 


(Communicated at the meeting of October 27, 1945.) 


In Band II, 1, 1 der Encyclopadie der Mathematischen Wissenschaften 
deelt SOMMERFELD zonder bewijs en zonder litteratuurverwijzing de vol- 
gende stelling mee. 

De functie u is in het gebied binnen een gesloten kromme ondubbel- 
zinnig bepaald, als zij in ieder punt van dat gebied voldoet aan 


Ax we 065) cl atals he See 
en als aan den rand van het gebied 


One OF uf ou 


u Slope, 
es SME ie 0 nk-} 


voorgeschreven waarden aannemen.” 


§ 1. Wi stellen ons voor, in het volgende een bewijs van die stelling 
te geven. Het is duidelijk, dat het daartoe voldoende zal zijn, te bewijzen, 
dat u = 0 de eenige oplossing is, die in het geheele gebied binnen de 
beschouwde kromme aan (1) voldoet en waarbij op die kromme 


_t_%u_ |) Wa, 
A Onepanle) oO ree 


Wij voeren de voor de hand liggende beperking in tot functies, die in 
het beschouwde gebied met inbegrip van den rand doorloopende partieele 
afgeleiden tot die van de 2k orde hebben. Ook zullen wij er niet naar 
streven, de voorwaarden, die wij aan de gegeven kromme opleggen, zoo 
ruim mogelijk te houden. Wij denken ons die kromme van dien aard, dat 
ze kan worden voorgesteld door x = y(t), y = go(t), aSt <b, waarbij 
de functies p(t) en pyo(t) in het geheele beschouwde interval doorloopende 
afgeleiden hebben, waarbij in geen punt tegelijk gy’ (t) = 0 en a(t) = 9, 
waarbij verder y,(a) = #1 (5), po(a) = qe (b), terwijl er geen paar waar~ 
den a en f te vinden is, voldoende aanaSa<fs b, zoodanig, dat te- 
gelijk g(a) = yi(B) en pola) = go(B). (Uit deze onderstellingen volgt, 
dat de kromme gesloten is, geen dubbelpunt heeft en in ieder punt een 
ondubbelzinnig bepaalde raaklijn heeft.) Wij kunnen dan als parameter 
ook de booglengte s kiezen en stellen - 


x wy (5); y = Y2(s), 0O=s=L. 
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Voor de functies wy, en yw» gelden dan de zelfde eigenschappen als voor 
(1 eM Py (met vervanging van a en b door 0 en L). 


Wij hebben dan 


0 0 Ot oes On 4 |. ; : 
vepad wi +3 ag Pie TPA cera 
Is nu overal aan de kromme u — 0, dus ook oe oO, en ce = 0, dan leiden 
: Ou Cis 
we daaruit af, dat ook — —0en — — 0. 
Ox oy 
Daaruit volgt dan weer in elk punt der kromme 
in eo sg 
Ox 0s 0x2 v1 +e a ek 
en 
Ou 07 u 
Seah eee: +5 sive =O. 
Voegen we hierbij 
Spe ee Oe ee 0? u ' 
Sa = 9a YE ae ag BETS saveno 


dan hebben we drie homogene vergelijkingen, waarbij de determinant van 
het stelsel de waarde 1 heeft, zoodat wij kunnen besluiten, dat in ieder 
punt der kromme 


CMO Oe Tea Oe 

Caen ee Oe Ore nd y 
Door de afgeleiden van deze functies naar s in afgeleiden van wu naar x 
en y uit te drukken en aan de vergelijkingen, die ontstaan door deze gelijk 


3 
nul te stellen, toe te voegen de vergelijking, die men verkrijgt door we == 1Q 


On 


3 
in de afgeleiden os enz. uit te drukken, vindt men vier homogene verge- 
lijkingen met determinant —1, waaruit men kan besluiten, dat de vier 
partieele afgeleiden van de derde orde in elk punt der kromme nul zijn en 
zoo vervolgens tot die van de (k—1)4¢ orde (inclusief). Hieruit volgt 

k-1 
ey 


natuurlijk, dat aan den rand ook Au, u nul zijn. 


Wij stellen nu 
Au=u,Au=Aw=n,....Atu=A 4 =A™ y=... un, ) 
eet, 2,00. 5k—1) 5 
Dan is 


A UK-} z=) Fa! oe roe ah Oy al Nar nd VR a) (3) 


one 


en aan den rand, 


voor k even, k=2m, a=0,=>i2—- 2) Uk 
Oo Ue ae OB mio: 

On On On (4) 
voor k oneven,k=2m+1, u=u,=u=....um=0, 
Ot Os ia pe EG 
One One 2-180 a 


Wij passen nu het theorema van GREEN 


fu MVE vAujde=( (UZ, -V 5, ) 4s 


toe voor de gegeven kromme en voor U = u, V = ur-1. Daarbij veronder- 
stellen we, dat de afgeleiden der gevraagde functie u tot die van de 2k* 
orde (dat zijn die welke in de vergelijking (1) voorkomen), in het geheele 
gebied binnen de kromme doorloopend zijn. Wij vinden 


[1 hudo=0. 


= 


[Seem doo. Se ee ee 
Nu is 


fl dtr mr dado f(a 3 — UK-2 37 )ds=9 


volgens (4). 
Uit (6) volgt dus 


Dus, volgens (2) 


[m2 dudo=0, 


wat wij weer met behulp van (2) herleiden. Wij vinden dan op de zelfde 
manier achtereenvolgens 


fusdudo= [ua dmdo=....=0 


Voor k = 2m, komen we zoo tot 


[um Luna d o= 0, 
J u? do=0, 


waaruit we besluiten, dat overal binnen de kromme um = 0, dus Aum_, = 0, 


dus 
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en daar aan den rand um_1 = 0, ook overal binnen de kromme um_i = 0, 
dus Aum_2 = 0, zoo doorgaande komen we tot u = 0 overal binnen de 
kromme. 

Voor k = 2m + 1 voeren de voorgaande herleidingen tot 


| um Land e220, 


.& 


waaruit in verband met (4) 
i 0um 2 (° Um 2 ee! 
Silaz) + (35) jae" 


sy ; 3 u 
Hieruit besluiten we, dat overal binnen de kromme dum == 0"en Oum 


Ox Oy 


dus um in het geheele gebied constant en daar het aan den rand nul is, is 
het overal nul. De rest van het bewijs gaat weer evenals in het vorige 


==); 


geval. 


§ 2. Wij zullen nu de analoge stelling bewijzen voor het geval, dat A 
wordt opgevat als een symbool in drie onafhankelijk veranderlijken. 
Daarbij beschouwen we een oppervlak, dat kan worden voorgesteld door 


x= 9, (s; t), y = 92(s, t), x= 93 (s, t), ay SsH hy, agSt=bd, 


waarbij de functies 1, 2, ~3 in het geheele beschouwde gebied door- 
.loopende partieele afgeleiden hebben, waarbij in geen punt tegelijk 


waarbij verder Voor iedere t¢ uit het beschouwde interval 
P1 (a1, t) = 91 (by, f), P2 (ar, t) = F2 (bif) en H3 (ar. ) = Ys (dy, t) 
en voor iedere s uit het beschouwde interval 
Pj (S, a2) = HY (s, 52), Y2 (S, a2) = Y2 (s, b2) en | (S, a3) = $3 (S, 5s), 

terwijl er geen waardenparen ay, f; en ap, Bo, voldoende aan 
a =a, < py =), en gQHa< fp, =D, 

te vinden zijn zoodanig, dat te gelijk 

Pr (y+ 42) = Hy (Bry Po), P2 (41, 42) = Pr (Br Bo) em 3 (4, G2) = 3 (Fr, Po). 


Het oppervlak is dus gesloten, zonder dubbelpunt en heeft in ieder punt 
een ondubbelzinnig bepaald raakvlak. 

Wij willen nu vooreerst bewijzen, dat als een functie u overal op het 
oppervlak nul is en bovendien overal op het oppervlak oe = 0, dan zijn 


15 


226 


van die functie in ieder punt van het oppervlak alle eerste afgeleiden gelijk 


2 
aan nul; is bovendien in ieder punt oe = 0, dan zijn ook alle tweede 
afgeleiden gelijk nul enz. 
Daar overal aan het oppervlak u = 0, is ook a ven ee = 0. Daar- 
uit volgt: 
dudx , Oudy dudz_4 
00:0; 5)" Dig Ose Orzs0rs tre 
en 
Oude sCnOe dudz_ 4 
Ox Ot x bOy Oia, 210 Fin 
dus 
Ou Ou Ou 
OXWse NOU ieee Ls 
SA, 


Cree 


‘ \ / 


De voorwaarde ou = 0 geeft 


sey ame ace eee 
Dea Meeicalee i=: 


waaruit 2, = 0 en dus alle eerste partieele afgeleiden van u gelijk nul. 


dus 


Daar oe overal op het oppervlak de waarde nul heeft is ook 
6 


0 /du\ __ 0; (Owe 


hetgeen geeft 


O°m Ox hai 078 Oye i sO we O2 Te 
x70 Oxdy0s Oxd2ds ~~ 


en 


070 -0x | | 0°u.y jee eee 


Ox? dt | Oxdy dt | Oxdzdt 
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dus 
0?u 07u 07u 
Dito is Ox0Yy ON0Z aie: 
yz ore) eee 
S£ “Sik SHED) 
evenzoo 
07u 07u 07u 
O20 GF pa Fs oe O02 
cia ea ie 
ES Ab SAE sft 
en 
07u Ou 07u 
Oxdz Oydz OES dee . 
Saale Cala 
SE, A} fs Shey) 
waaruit 
At to ey | 
( 4 iy *) te A 3 
Sue al Sata 
dus 


07u 
De voorwaarde — = 0 geeft 


on 
07u pe “\: 07u (! 4 (: o 07u iE ba Cc y 
we 2 2 F 
0x? \ st + axdy \ 5 ¢ as; 0xdz ra alee 
fale Ou /z 4 iis A 07u (x #\' = 
pe Bae 2 —s ==) 
+ ee (ee * ae t)\st aes ee 


AR ABA A Herts 


dus 


waaruit 4, = 0 en dus alle tweede afgeleiden van u aan het oppervlak 
gelijk aan nul. 


3 
Op de zelfde manier geeft de voorwaarde ae = 0 aan het oppervlak 


On? 


Z f \2 2 )3 Ou z\3 
4 BA zx\?, (xy (=o, a SO tg i 
(Re +) Abate ‘pin Pritam 
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dus 4g = 0, waaruit weer volgt, dat aan het oppervlak alle partieele 
afgeleiden van de derde orde gelijk nul zijn, enz. 
Het bewijs, dat u = 0 de eenige oplossing is van A*u = 0, waarbij in 
ieder punt van het oppervlak 
Ou 07u Ora 


u > 4 DL) 


On On? 


verloopt nu geheel als het vorige. Men heeft eenvoudig in de formules (5) 
en volgende de oppervlakte-integralen door ruimte-integralen en. de inte- 
gralen over de randkromme door integralen over het grensoppervlak te 
vervangen. 

De uitbreiding tot het geval, dat Au een symbool voorstelt in n onaf- 
hankelijk veranderlijken geschiedt nu op de zelfde wijze. 


Mathematics. —  FEigenschappen der oplossingen van A* =0. By 
H. BREMEKAMP. (Communicated by Prof. W. VAN DER WoUuDE.) 


(Communicated at the meeting of October 27, 1945.) 


§ 1. Wij willen bewijzen, dat, als in zeker gebied Au = 0, waarbij A 
den operator van LAPLACE in twee onafhankelijk veranderlijken voorstelt en 
u een functie is, waarvan de partiéele afgeleiden tot en met die van- de 
2kde orde bestaan, dan is in hetzelfde gebied A*r2*-2 u = 0, waarbij r 
den afstand voorstelt tot een willekeurig punt, dat wij als oorsprong van 
coérdinaten kiezen. 

Wij beginnen met een paar hulpstellingen. 


I. Als Au = 0, is ook jae 0. 


or 
Bewijs. 
udu, Ou 
” Or axa ag.” 
Ou dA u 07u Ou dAu 07u 
Sat Sr eoe ee oe nO ag 8 ag? ay 
dus eee Sa Ay dus als Poe OWN ee = 6 
or Ox Oy or 


Il. Arku= et Aut 4 kee 4 4g hay, 


Bewijs. De betrekking geldt voor k — 1, immers 


= 1507s) =, se ue + 4x ee + 2u 
dus 
55 (eu) =e os +4 se +2u 
Evenzoo 
ola) =O 5S + ye +2 
dus 


Aru=PAut4eo + 4u.. Seber ey atl) 


2300s 


Als ze geldt voor zeker natuurlijk getal k, dan is (volgens de laatste 
formule) 


A Pet uae A hat 4e8 (hu) +4 
Ou x+y OW 2k 2k 


S07 Aap 4 eb) rE 4 4 eb ha 


De betrekking geldt dan dus ook voor k + 1. 

De hoofdstelling bewijzen we nu ook door volledige inductie. Gegeven 
zij Au = 0 en wij nemen aan, dat bewezen is, dat dan A*r?*~? u = 0, dan 
is, met toepassing van hulpstelling II 


By pe AEN) ae G =) + 4k? NK p23 y, 


Nu is A roe = 0 volgens hulpstelling I, dus volgens het bij de volledige 
Ou 


inductie onderstelde A*r2*-2 Be =0 en ook A*r2*¥-2u=0, dus 
r 


A*+1r2k y — 0, waarmee de bovengenoemde stelling bewezen is. 


§ 2. Wi zullen nu verder bewijzen, dat iedere oplossing der ver- 
gelijking A* u = 0 kan gebracht worden in de gedaante 


a = r2k-2 yy te pPk—-4 yy, + k-6 +2... Peet ori, - (2) 


waarbij uo, uy4,...- ukx— , harmonische functies zijn. 

Deze stelling geldt voor k = 1. Om tot een bewijs door volledige inductie 
te geraken, is het voldoende te bewijzen, dat, als A*+1u —0, er twee 
functies up en v te vinden zijn zoo, dat 


emt ok Ae at eee SPS! 


met Aug = 0 en A*v = 0. Dan moet dus A*r2* uy = A*u = a, waarbij a 
een gegeven functie is zoodanig, dat Aa = 0. 

Wij bewijzen nu vooreerst: als Aw=—0, geldt voor een willekeurig 
natuurlijk getal h: 


0 0 0 | 
Ae hy oes 2h ee = bet 
N\A ph y—h!2 (-5,+*) (rset 1)... (eg +1) e- (4) 


Deze betrekking geldt volgens hulpstelling II voor h = 1. Geldt ze voor 
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een natuurlijk getal h, dan hebben we ook, onder toepassing van die zelfde 
stelling 


A\At1 p2ht2 gm — Ah JV p2ht2 @ = 


= ANY 2 Ag + 4(h + 1) E+ Ath + Pe = 


=4(h+1) Af 2h G3 +(h + 1) At 2h ot 


en dus door toepassing der formule, die bij de volledige inductie als bewezen 


is aangenomen, daar volgens hulpstelling I ook Ar a 0, 


Or 


Vas hgh eel 0 fC) 
+1 p2h+2 y— 122n+2)( 2 As ie ie Aneips 
A\Atl p2ht2 p—(h+1)] 22+ rath) (r5, +A 1] (eget! \r@ 


+(h+1)(r2 +h) (eS +t el, 


dus 


Att FMA = (h+ 1120+ 2+ +1) (eat h) ae (r5,+1)o. 


De betrekking geldt dan dus ook voor h + 1. 
De toepassing op ons geval geeft 


Ak 2k uy = k 12? (-2 +k) (ro +k-1).... (pS +1) w=a. (5) 


\ 


Wij kunnen deze differentiaalvergelijking in den vorm brengen 


of 1 
ark (r* Uo) = k 122k AN ot Ooo Je Ws) Ne kD (6) 


Hieraan voldoet 


bi Ok OK-1 23 22 
l . . . . 
t= gro et | 40 | dor | teres { d 02 { ad 0. 
0 0 0 0 0 


Door verandering der integratievolgorde herleiden wij dat tot 
se 
ion 1 ; k- 
= ETE TBE | te) 1d 0): ra ae eee (7) 
0 


Wij willen nu bewijzen, dat voor de zoo bepaalde uy geldt Auy = 0, 
verder volgt uit de manier, waarop uy verkregen is, dat A*r?* uy = a, 
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zoodat, als wij stellen v = u—r?2uo, inderdaad A*v = 0. Voor het bewijs, 
dat Auy = 0 speelt een constante factor geen rol. We beschouwen daarom 


r 


as x | a(r—o)k"'do, 
en berekenen Au met behulp van poolcoérdinaten. Wij vinden 


Ou k 


ek pki 


ieee donk fa (ado: 


r 


os nist 2 hike att : 
ue 5P foe gig BS ae oh der 
0 


aa realm Jal-ofrde. 


= rk ae eat 


Rs ; OLay 07a aoe 0 / da’ 
Daar A a=0, is So = —( Set? 96) = 2802 30) 


Bf ro) Sik o?—r 0) 9 exp fit 2) (r—o)k> (ko? — r@) + 


+ (r—g)*-? (2k ep—r)} a do = +f — k? 0? +(3 k—1) c @ — £7} (r—o)k¥ Fado. 
0 


Dus 


1 Ou Ores 
Au=G+s ae bao 


= area { (0)? at (0h) 2 1) (ee) + (6-1) (2) 


— k? 0? + (3 k—1) r o—r*} de, 
Aha =v 


233 


Deze stellingen openen een weg voor het bewijs van het bestaan van een 
oplossing der vergelijking A*‘u—=0 in het gebied binnen een gesloten 
kromme, die met haar k—1 eerste normale afgeleiden aan die kromme 
gegeven waarden aanneemt, door deze zaak terug te brengen tot het bewijs 
van het bestaan van een stelsel van k functies, die in het gebied binnen die 
kromme harmonisch zijn, en continue particele afgeleiden hebben tot 
inclusief die van de 2kde orde, terwijl aan de kromme voldaan wordt aan 
k lineaire betrekkingen tusschen die functies en haar k—1 eerste normale 
afgeleiden. 


§ 3. Om de analoge stellingen te bewijzen, voor het geval, dat het 
symbool A den operator van LAPLACE in drie onafhankelijk veranderlijken 
voorstelt, hebben we in het vorige slechts weinig te veranderen. 


Hulpstelling I: Als Au = 0, is ook Arse 0, blijft gelden. 


Hulpstelling II luidt nu: 
Artur Aut the kek + ee, 75 (8) 
Om die te bewijzen, hebben we 


2 2 
OF (ety) = 2 55 4 SE + Ou, 


dus 

0? 07u ou 

a2 (a) = at t*5 xT eu. 
Evenzoo 

OP 2) — 2 ot Ou | 

ay 3 (cr? u) =r ac et oe 1 2u, 
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an Nes Ps Oe +42 ot + 2u 
dus 


A (c7a)= Phat are = +6u 


De betrekking (8) geldt dus voor k = 1. Geldt ze voor een natuurlijk 
getal k, dan is 


Ar2k+2 gr? (r?ku)= 2? +2? Aut 4k 2k) st 2k (2k+1) c7* u+ 4 eens + 


+8kr*a+6r*u = p2k+2 A u+4 (k+1) pares oF Sous (2k-+2) (2k-+3) 27* u 


en geldt de betrekking (8) dus ook voor k + 1; daaruit volgt, dat ze voor 
ieder natuurlijk getal geldt. 
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Om nu te bewijzen, dat, als Au = 0, ook A*r2*-2 u = 0, merken we op, 
dat als Au = 0, ook Ar 


L\ kr2k-2 yy = 0, 


Ou 


Or 


= 0 en wij hebben, bewezen aannemende, dat 


AEH 77 wes XE (= Aut 4k ek ou +2k(2k-+1) r2*— «| = 


4k AF r2k-2 ae Zk(2R+ DAT Sa 0, 
waaruit volgt, dat de betrekking voor ieder natuurlijk getal k geldt. 


§ 4. Verder bewijzen we, dat ook nu, als A*+1u = 0, er twee functies 
uy en v te vinden zijn zoo, dat 


ao t7 ay Oe Pee Le 


en dat Aug = 0 en A*kv = 0. 
Dan voldoet dus up aan 


AF 2 uy =a, 


waarbij a = A*‘u en, dus Aa = 0, 
Nu geldt, als Aq = 0, voor een natuurlijk getal h 


AM tp ho (202 +2h-+1) 2r24+2h—-1).... 
! Or Or i 


(22 +3)e. (10) 


\ / 


Immers volgens het bovenstaande geldt deze betrekking voor h = 1; 
geldt ze voor een natuurlijk getal h, dan is 


\B+ p2A42 gy — /\h /\ p2h4+2 gy — 


Sat Sen Ag +4 tht yee + (2h+2)(2h+3) 2 9 | = 
= 4(h+1) Ate G3 + (2h+2) (2h +3) At?" p = 
Hos Q | @ a 
ni2ma(h+i)(2rg +2h+1) (275, +21)... (25 +3) rae 
+(Oh+2)(2h+3)(2e2 +2441 (27243) ie 
ers, Joel +3) e 


(haesl)s 26) (2-5 +243] (2-2 +2441) aie (2°5,+3) y 


en (10) geldt dus ook voor h + 1. 
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Wij vinden dus 
ok £ tok 0 ime . 
AP og =k 12 | 2r— +2k +1) | 2r— +2k—1).... 
Or. Or 
fas ng) 
(265,43) o=a (11) 


Deze differentiaalvergelijking brengen we in den vorm 


1 


1 
— k+d = ——— ‘} 
ark (r**3 uo) KI DE ar’. 
Daaraan voldoet 


' &k £2 


1 ; = 
to= cpp | dee { dees. faetde = 
0 6 


0 


1 n 
= kM) [2k oH { ee eae! 
‘ 


Wij hebben te bewijzen, dat ook nu voor de zoo bepaalde functie uo uit 
Aa=0 volgt Auy = 0. Bij dit bewijs speelt een constante factor weer 
geen rol. We beschouwen dus 


r 


| 1 
w= eq { cetle—ol'de ss se + (12) 


0 


en berekenen Au met behulp van bolcoérdinaten (r, p, 0). Wij vinden: 


1 a - r 
r2 ot S38 al a 0! (r—o)k¥-'do+ mats ao! (r—o)*-? de, 
su 
j \ 7 Aa aS ‘ ck .< r 
2 (eRe) Mal! [aee—or de # NEI fee —orraet 
\ od 


r 


+ ena Mace { ao! (r—o) 3 dg, 


aoe (* 4 We Ea 


wes a (s Qa\, 1 Ma) 
gg Day hee Sd bee Se Oa at Ste 
“4 zi |e (r—e) (sin p Op vale a) 5 int oo? ake 
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Daar Aa = 0, kunnen we voor de laatste integraal schrijven 


Lal ti x19 [2 Oa 
ze (r—e) Ba (2 53) de 
0 


en door achtereenvolgend partieel integreeren herleiden we dat tot 


Lh § am As 0a 
seat [ Hee 0k — (1) 0 (e044 @? de = 


0 


1 r ‘ 
— grag | belo) —3(kN) ooo) 2+ hI) 2) one-one. 
0 


Wij vinden dus 


? Aus ay, { aol 1 4) (eo)? — (k=) (2k—1) (ee) + 


+ (k—1) (k—2) r?}doe= 


0 


Door de gevonden uitdrukking voor uy nu in (9) in te voeren komt de 
willekeurige oplossing u van A*+1u—0 dus in den vorm 


u = r** ay + v, 
waarbij Auy =0 en A*v =0, Voor v kan dan weer geschreven worden 
va rk ay, + 1, 


waarbij Au; —0 en A*-1v, = 0 enz. 
Hiermee is bewezen, dat ook voor dit geval iedere oplossing van 
A.*u=0 kan gebracht worden in den vorm 


ua r2k-2 yy + r2k#-4 yy, + rk yy +... +r? up_2 + og. 


De uitbreiding tot het geval, dat A een symbool in n onafhankelijk ver- 
anderlijken voorstelt brengt geen principieele moeilijkheden mee. Ook in 
deze gevallen openen de bewezen stellingen een weg voor het bewijs der 
overeenkomstige existentietheorema’s. : 


Mathematics. — Topological classification of all closed countable and 
continuous classification of all countable pointsets. By J. DE Groot. 
(Communicated by Prof, J. G. vAN DER CorPuT). 


(Communicated at the meeting of October 27, 1945.) 


Dedicated to the late Prof. Dr. G. SCHAAKE. 
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1. 1. The problem of determining the existence or not-existence of a 
homoeomorphism between two spaces (pointsets) is often called the chief 
problem of topology. In other words one has to enumerate, if possible, al] 
classes of not-homoeomorphic sets. In this generality the problem is by no 
means solved. Only for special families of sets 1) a solution is known. We 
are giving some instances. The closed surfaces (closed 2-dimensional 
manifolds) have been completely classified topologically (compare for 
instance SEIFERT—THRELFALL, Lehrbuch der Topologie,. Chpt. VI), for the 
closed 3-dimensional manifolds however the problem is as yet unsolved. 
For the perfect (i.e. compact, dense in themselves) O0-dimensianal sets the 
problem has been solved, for every two sets of that kind are homoeomorphic 
as both are homoeomorphic with the discontinuum D of CANTOR (Theorem 
of BROUWER); for the countable sets the problem of homoeomorphism has 
not been solved, and so of course not for the 0-dimensional sets in general. 


Only a theorem of SIERPINSKI is known, saying that every two countable 
sets, dense in themselves, are homoeomorphic. 

We shall first solve the problem of homoeomorphism for compact 
countable sets (1.2.—1.6.). After that a generalisation will prove 
possible for the more general class of microcompact countable sets and 
therefore especially for the closed countable sets. 


1. 2. We consider an arbitrary compact countable set A as a subset 
of an n-dimensional Euclidian space Ra (or as a subset of the Hilbert 
space R.). Moreover it is possible to consider A as a subset of the 
discontinuum D, as every countable set is homoeomorphic with a subset 
of D (Theorem of SIERPINSKI). Among all possible subsets of D which 


together form a family with potency 2%2), there are N (different) 
compact sets. So D too contains at most N compact countable subsets. 
The family of sets containing one point of D already gives & different 
compact countable sets. So D has exactly & compact countable subsets. 


1) A set of sets is called a family or a system. 
2) No is the potency of the set of natural numbers, y that of the set of real numbers. 
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We now have to decide how many and which of these subsets are really 
topologically different. We shall find No topologically different compact 
countable sets and so of course just as many topological invariants. 


1. 3. Let A be an arbitrary compact countable set. By taking the set 
Ip of all isolated points out of A we have the set of all limit-points of A, 
the first derived set A,, left. By taking out of A, the set of isolated points 
1, one has the second derived set Ay left. This process is continued. It 
appears that all derived sets are compact. It is not possible that a certain 
(compact) derived set A; is dense in itself; for every compact set, dense in 
itself, is homoeomorphic with the discontinuum D, contradictory to the 
countability of A. Only the following two possibilities may offer themselves: 
10, after a finite number of steps one finds a vacuous derived set An, or 
20. not one of the derived sets Ai (i being an arbitrary natural number) is 
vacuous. In the second case we determine the intersection of the compact 
sets A = Ap, Aj, Ao, Ag, -.. and thus achieve an apparently compact set 


A» — II Ai, the w-th derived set. Of A. we consider the derived set 
i=0 

Aw; and this process is continued in the same way along the transfinite 
sequence of ordinal numbers. Always Aa = Ja + Aa+1 for any ordinal 
number a, where Ia is the set of isolated points of Aa. This process will end 
after an at most countable number of steps (as A is countable), in other 
words, there is first ordinal number « so that Au = 0. Here we have a 
special case of the well-known theorem of CANTOR-BENDIXSON. As u 
belongs to the first or second class of numbers, i.e. to the (well-ordered) 
set of all ordinal numbers fixing a countable potency, we may, supposing 
that w, is the first ordinal number of the third class of numbers (therefore 
the first ordinal number of potency X,), denote the well-ordered family of 
derived sets by 


A= A)DA,;DA?D... AsDAuy1..-Av2D..-Acd...Ap=0 |o; (1) 


A set Ag therefore is formed in one of the following ways: 1°. by removing 
the isolated points from Az_y, 2°. if 6 has no immediately preceding ordinal 


number — if f is limes-number — by taking the intersection IT Ay. We 
y<p 


further remark that for every considered ordinal number a: Iq = Aa, in 
other words the set of limit-points of Ja is exactly Agi. 

We may sharpen the theorem of CANTOR-BENDIXSON a little, as we are 
considering compact sets. Should be limes-number it would be possible 
to find a sequence of ordinal numbers 7, 72, 7’3..--- with lim yi = wu. This 

i oo 
implies i: 


I A,, = A, =0. 
i 


On the other hand this intersection can not be vacuous as the Ay, are 
compact sets. Then « is not a limes-number and has a predecessor. So 
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there is a last not-vacuous derived set A; (A +1 = us) and we may write 
(1) as 


Mi Aged Aj, Agi, An «5, Aa > >.-Ar 2 Aims s0 |o,. (1 


Ai then must be finite and consists of, say | points. So we have the 
following result: for every compact countable set A a ‘‘last” set Az may be 
found, consisting of J points. Thus to each A belongs a pair of numbers 
(4, 1), where 2 is an ordinal number <«@, and / a natural number. (/, 1) we 
call the degree of A. Conversely it is clear (with the assistance of a 
construction by means of transfinite induction) that for every pair of 
numbers (2, /) of that kind there may be found a compact countable A, 
having (A, 1) for degree. 

We now contend that those ordinal numbers (/, /) give exactly all 
possible topologically different compact countable sets. 


Theorem I. Two compact countable sets A and B may be mapped topo- 
logically on each other only if the degree (1,1) of A is the same as that of 
B. To each degree (i, 1) where ) is an arbitrary ordinal number of the first 
or second class of numbers and | is an arbitrary natural number, there 
belongs (topologically spoken) just one not-vacuous compact countable 
set A. Thus all topological invariants of the (family of) compact countable 
sets are known 3). 

In 1. 4., 1.5. and 1. 6. this theorem will be proved. 


1. 4. It is desirable to give some lemmas and notions. | 

The degree (A, /) is greater (by definition) than the degree (ju, m) if 
A> ord = yw and 1>m. In the same way we define = and <. 

By the degree of an arbitrary point p in A we mean the highest ordinal 
number a for which p still belongs to Aa. Apparently there is indeed such 
a highest ordinal number a. It is evident that all points with degree a in A 
together form exactly the set Ja. If p has degree a and q has degree f the 
degree of p is greater than, equal to or smaller than that of q if a>, 
a= B, a<f respectively. Apparently, if A has degree (4, 1) and p has 
degree a in A, then a <2. Further the following simple lemmas hold true, 
which we shall mention without proofs. 

Lemma I, The degree of a compact subset D CA is smaller than or 
equal to that of A. 

Lemma II. If a poim pCA has degree a there may be found a 
(compact) neighbourhood U = U (p/A) of p in A so that the set LU has 
degree (a, 1). 


%) The ordinal numbers (/,/) are topological invariants. The property ‘‘to be of 
degree (1,1) or of degree (2,1) also is a topological invariant (denoted by (1,1) + 
(2, 1)). This topological invariant however follows trivially from the given system of 
invariants, It is easy to prove that indeed every topological invariant of the family in 
question is equivalent with a “sum of well-chosen numbers of degree’. 
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Lemma III. If D is a part-set of A (i.e. an in A both open and closed 
set) then a point of D has the same degree in D as in A. 

Lemma IV. Ifa point p has degree a in A, then in every neighbourhood 
of p there are points with degree <a but for the rest arbitrary. Further 
there may be found a sufficiently small neighbourhood LU (p) of p so that 
all points of that neighbourhood have a degree a 


1. 5. In this number we shall prove that, if the compact countable 
sets A and B both have the degree (J, 1), there exists a topological mapping 
of A on B. 

This is proved by means of transfinite induction to (4,1) where we 
suppose all possible values of (4, /) arranged according to size in a well- 
ordered sequence. 

If A and B both have the degree (0, 1), in other words if A and B both 
consist of 1 points, then every one-to-one mapping of A on B is a topological 
mapping. Now let us consider the case where A and B have the degree 
(2, 1), while the theorem is proved for all compact countable sets with 
degree < (A, 1). Both in A and in B one may find one point, say a and b, 
with degree 2. Choose a system of neighbourhoods U,, Us, ... of a 
consisting of part-sets with Ui DUj41. We put Ry = A—U,. The degree 
(01,71) of Ry is less than (4,1). Using the lemmas mentioned above one 
easily sees that there may be found a part-set Vj = V, (6) of b in B so 
that S; = B— V, has a degree (04, s1) > (01, t1). Further we may 
certainly find in UW, s; points with degree 01 and therefore also (sufficiently 
small) part-neighbourhoods of those s; points, each having the degree 
(o,, 1). The sum of R,; and of a well-chosen number of these sy part- 
neighbourhoods together form a part-set Ri with degree (04, s1) 4). 
According to the supposed induction Ri may be. mapped topologically 
on Sj. 

We now proceed to the second step. Evidently there exists a sufficiently 
great value i so that Ui has no point in common with Ri, Put 

R,=A—U;—R:. 

Let the degree of this part-set Ry be (09, rz). It is possible to find 
a part-neighbourhood V2 = V2 (b) within V, so that the degree of 
Sy = Vi— Vz has a value (62, so) > (@2, ro). Within Ui we may find 
at least sy points each with degree oy and therefore just as many part- 
neighbourhoods of those points with degree (62, 1). Ro and the sum of a 
number of those sy part-neighbourhoods form a set Ri with degree (do, Se). 
We map R» topologically on Sp. 

We now proceed to the third step. It is possible to find a sufficiently 
great k >i so that Ux has no point in common with Rj. Put 


R3= U;--U,—Ui; - R>. 


4) If of > 01 we take all sy part-neighbourhoods. If 01 = @1 we take only si—ri 
arbitrary part-neighbourhoods. 
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Construct a part-neighbourhood Vz — V3 (6b) within V. so that 
Ss = Vo— Vz has a degree (03, s3) > (03, 63), where (3, rg) is the 
degree of Rs. In the above mentioned way we construct an R; which is 
mapped topologically on S3. 

This process is continued ad infinitum, while we take care that the 
part-neighbourhoods V,, Vz, V3, ... have b as intersection, in other words 
form a system of neighbourhoods of b. Then, when we map a on BO this 
mapping together with the constructed mappings of R; on Si gives a 
mapping of A on B which is evidently topological. 

Finally let us suppose the case that A and B have the degree (A, /) with 
1>1 while the theorem has already been proved for the degree (/,1). 
In A are exactly / points with degree 2. Determine for /—1 of those points 
disjunct part-neighbourhoods W,, Wo, .... Wi, which moreover don't 
contain the ee of the / points. To the /-th point we add the part-neigh- 


bourhood A — = W;. Construct in the same way for B the part-sets 


eae a, vos es, Z1. The part-sets Wi and Z; apparently all have the 
degree (A, 1) and we may therefore map each Wi topologically on Zi. 
These mappings together give a topological mapping of A on B5). 


1. 6. Theorem I will be proved completely if we can show that a 
compact countable set A with degree (2, /) may not be mapped topologically 
on a (compact countable) set B of different degree. 

Let ¢(A) = B be a topological mapping of A on B. Then the isolated 
points ig of A will necessarily be mapped on the isolated points ko of B: 
t (Io) = Ko, so t(A;) = By. In general t(Aa) = Ba for a derived set 
A. of A holds true. For, supposing this has already been proved for all 
ordinal numbers f with B <a, we may prove it for a as follows. If a is not 
a limes-number then 


t(Ae—1)= Ba—1 and t(In.—1) = Ke—1, 80 t(Aa) = Bz. 


If a is a limes-number then 
Anos I Ag 
B<a 


and 
t(A.) = t(TT As)= UW t(A gard Bae Be 
B<a ee 
From t(Aa) = Ba follows in particular: ¢(A,) = Bi, in other words 
B; is not vacuous and consists of exactly / points. In other words B has 
degree (A, ), g.e.d. 


5) Thanks to the kind criticism of HANS FREUDENTHAL I was able to shorten the 
proof of 1.5., which was at first far too long, considerably. He moreover sent me a 
somewhat shorter proof. By making use of some simple properties of the ordinal numbers 
one may prove (also by transfinite induction) that every A of degree (4, 1) is homoeo- 
morphic with the well-ordered set 4 .1-+ 1. 

16 


Vm #2 


Remark. With a topological mapping of A on B the degree of a point 
is invariant. ; 


1. 7. In this number let A be a not necessarily compact but only a 
microcompact countable set. We now consider in the transfinite sequence 
of the derived sets of the microcompact set A the first ordinal number yu for 
which Au is compact; Ap is allowed to be vacuous. Let (/, 1) be the degree 
of Au. We define (u, 4, 1) as the degree of A. For a compact A = Ao 
evidently 4 —O so that the above defined (A, 1) now is denoted by 
(0, 2, 1). If each not-vacuous Aa is not compact the degree of A is evidently 
(u, 0, 0), while the degree of the vacuous set is (0, 0, 0). 

Now the following theorem holds true: 


Theorem II. The degrees (wu41) (OS uti<a,; 1=0,1,2,...; 
if 1=0 then 1 =0) determine precisely all topological invariants of the 
family of the microcompact countable sets, in other words a microcompact 
countable set may be mapped topologically only on a set having the same 
degree. In this way in particular all closed countable subsets of an 
n-dimensional Euclidian space have been classified. 

The Theorem will be proved in 1. 8.—1. 9. 


1. 8. If the microcompact set A is not compact A may be compact- 
ified by one point P, in other words it is possible to find a set, homoe- 
omorphic with A, which we also denote by A, and a point P so that A+ P 
is a compact countable set. Further this new space A + P is completely 
determined by A in topological respect, in other words if we first 
compactify A by a point PtoA + Pand afterwards a set A’ homoeomorphic 
with A by a point P’ to A’ + P’, then A + P may be mapped topologically 
on A’ + P’, where P is mapped on P’. This follows from a simple theorem 
concerning topological extension (comp. J. DE GROOT, Proc. Kon. Ned. 
Ak. v. Wet. 44 (1941), p. 933): every topological mapping of a separable 
space A (i.e. a normal space with countable base 6)) on a separable space 
A’ may be extended to a topological mapping of A + P on A’ + P”, if 
A—A+Pand A’ =A’ + P’ are compact separable spaces. Every (not 
compact) microcompact countable set A therefore completely determines 
the compact countable set A + P. 

Concerning the degree (wu, 4, 1) of A the following principally different 
possibilities may offer themselves: 

19. 1=0. The degree of A then is (wu, 0, 0) and that of A+P 
necessarily (0, «, 1). 

20. 1=40. The degree of A then is (u, 4, 1) (140) and that of 
A+P necessarily (0, w+, 1) if A540 or (0, utd, 141) if 4=—0. 

It is easy to see that for each degree (wu, A, 1) there is a microcompact A 
with (u, 4, 1) as degree. 


6) The theorem holds also true for more general, not necessarily metrical spaces. 
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1. 9. If A and B both have degree (u, /, 1) then A may be mapped 
topologically on B. For, in case 19 A= A + P may be mapped topologically 
on the compactified B = B+ Q as both have degree (0, u, 1). According 
to the remark in 1. 6. P is mapped on Q, which implies that A is mapped 
topologically on B. If 2° is the case we divide A into the two disjunct 
part-sets A, and Ay, so that A, contains point P and has degree (0, bu, 1) 
(the degree of P in A+ P is always «), while Ay has degree (0, w+, 1). 
In the same way we may divide B into B, and By, where B, will contain 
point Q. According to Theorem I we may map A, topologically on jap 
where P is mapped on Q and Ag (topologically) on By. Then therefore A 
is mapped topologically on B. 

Finally we have to prove that the topological image B of A has the same 
degree (u, 2, 1) as A. Let t(A) = B. We construct A= A+P and 
B= B+Q. When we map P on Q this mapping together with t gives a 
topological mapping of A on B. According to the remark in 1.6. P and Q 


in A and B have the same degree while A and B have the same degree 
according to Theorem I. This immediately shows what we had to prove. 


1. 10. The method developed above cannot be used in this shape to 
determine the topological classification for more general classes of 
countable sets, but by making a few modifications it is possible to obtain 
some still more general results. I did not, however, achieve much in this 
way and shall therefore refrain from mentioning the results. In this number 
we shall only show that the family of all countable sets, and even the 
family of the countable sets having a vacuous nucleus, dense in itself, 
contain N topologically different sets (and just as many so-called 
independent topological invariants). In an Ra (or in D) there apparently 


exist precisely NNo—y different countable subsets. Among these are, as 
we saw above Ny topologically different microcompact sets, but as we will 
show even §& topologically different (not ricrocompact) countable sets. 


Theorem III. Jt is possible to construct & topologically different coun- 
table sets (all with a vacuous nucleus dense in itself). There exist exactly 
N topologically different countable sets. 


Proof. In 1. 3. we constructed the transfinite sequence of the derived 
sets of a compact countable set A. If A is not compact it is also possible 
to construct the sequence of the derived sets (every derived set being 
closed in A). In doing so however we may meet the complication that a 
certain derived set Aa (and even A = Ay itself) is dense in itself, in other 
words does no longer contain any isolated points. Then the process is 
stopped. Aa then is called the nucleus, dense in itself, of A. If A does not 
contain a nucleus which is dense in itself we eventually find again a first 
vacuous derived set Ad (but « now needs not necessarily have a predecessor). 

Let us consider A = Jy + A, while A has a vacuous nucleus. In a point 
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a,C A, the following two principally different possibilities may offer them- 
selves: 19, ay has a (sufficiently small) compact neighbourhood U(a,/A): 
a, is microcompact in A; 29. a; is not microcompact in A, in other words 
within every neighbourhood UW(a;/A) we may find a sequence of points 
of A without a limit-point in A. But then there even exists a sequence of 
points of J) without a limit-point (in A) within every mentioned U(a,/A) 
(for, the nucleus of A being vacuous, Jy) = A). In case 19. we denote a, by 
a}, in case 2°. by ay. All points of Ip are plus-points. The points of A, 
may contain both plus- and minus-points, where the set of minus-points is 
closed in A as is easily proved. We therefore may divide A; into A+ + Ay, 
Let us now, without entering further into this general case, consider the 
following special case. 

I, = A; — Ay: will consist exclusively of plus-points in Ay = A. Jy will, 
with regard to the set A, consist exclusively of minus-points, [3 will, with 
regard to the set A», consist exclusively of plus-points. Ay will be vacuous. 


Such a set we therefore may denote by +— +. In the same way we may — 


construct sets --——, —+—, etc., where we may find all possible 
combinations. Let us now consider, however, a set where no Aj; (i finite) 
is vacuous; then we’may in the same way find all possible sets 5; 5 03...... 
(6; = +or—), for instance by constructing 6, 59 d3...... as the sum of a 
countable number of sets 6,, 6; do, 6; d9 d3...... etc. which are isolated 
in regard to each other. The potency of all possible different sets 5; do 53... 


is exactly 280 — y, therefore that of the continuum. What remains to be 
proved is that a set A = 6; 69 0g...... may not be mapped topologically 
on a (different) set B= ey e9 3 ....... Suppose there existed a topological 
mapping f(A) = B. Then I is necessarily mapped on Ko (i.e. the set of 
isolated points of B), and so A; on B,. Thus in general t(Aa) = Ba (comp. 


1. 6.; the proof given there holds also true for arbitrary countable sets) ° 


and so also t(/;) = Kj. As 6, 69 03 ...... AMC Ei oata steer are unequal, 
there exists a first index j with 6;  ¢;. Let J; consist of plus-points and K; 
of minus-points with regard to Aj_, and B;_,. As t(Aj_,) = Bj-4, 
a compact neighbourhood U = U (i/Aj;_,) of a point iC]; in Aj_, is 
mapped on a compact neighbourhood t(U) = V of k= t(i) in Bj_, 
which contradicts the fact that k was a minus-point. Therefore there exist 
indeed & topologically different countable sets with vacuous nucleus, 


iL. 


2. 1. In the following we shall determine all possible continuous 
invariants of the family of all countable sets. In other words we shall give 
a continuous classification of the countable sets. By a continuous invariant 
(with regard to a certain family F) is naturally meant a property which, if 
valid for a set A of F, also holds true for all continuous images f(A) 
belonging to F. Trivial continuous invariants, i.e. properties valid for all 


a 
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sets of F, will of course be left out of account. The property “to be coun- 
table” therefore is not a continuous invariant with regard to the family F 
of the countable sets, but the property ‘‘compactness” on the other hand is 
a continuous invariant in F. No continuous invariants for instance are the 
properties “to consist of infinitely many points”, ‘to contain an isolated 
point’, “to be dense in itself”, etc. For a certain continuously invariant 
property a there are (in the family of the countable sets F) a number of 
sets with property a. We denote the family of those sets, which is a subset 
of F, by E(a). Therefore, if a set belongs to E(a), all its continuous images 
also belong to E(a). If E(f)C E(a) (ie. every set of E(f) is a set of 
E(a)), property evidently always implies property a. Notation fp —> a. 

We consider in the first place an arbitrary not compact countable set 
and we shall show that this set may be mapped continuously on every 
countable set. 


Theorem IV. Every not compact countable set A may be mapped 
continuously on every countable set B. 

Proof. We determine a sequence belonging to A of different points 
Che! hee , all isolated in respect to each other and having no limit- 
point belonging to A. As A is not compact it is evidently possible to 
construct such a sequence. Then we construct for every point a, a neigh- 
bourhood U; = U(a,) of a, in A such that not a single pair of neighbour- 
hoods has a point in common, while the diameter [Ui] of U;: be less than 
\4:. Moreover we see to it that every U; is a part-set 

B is countable and consists of the points b,, bo, .... br, .... 

We define 

fU)=b: f(A— Pp U;) = by. 

If B is finite and consists of k points we put bk = by,, —..... It is easy 

to see that f is continuous. 


2. 2. We denote the property of compactness by x and show that for 
an arbitrary continuous invariant a: a—x. According to 2. 1. we have to 
prove E(a) c E(x). Suppose there existed a not compact set A having 
property a. According to Theorem IV then every countable set would have 
property a and then a would be a trivial continuous invariant, which was 
excluded. We have therefore achieved the required contradiction. We 
ascertain that if there exist continuous invariants this implies the property 
of compactness. From now on we therefore have to consider only the 
compact countable sets. We shall prove that these have only the following 
continuous invariants: “the degree is less than (A, /)” (this implies 
compactness, as only for a compact countable set a degree (/, 1) has been 
defined). We denote this property by [</,/]. The continuous invariant 
“to be a finite set’ for instance is determined by [< 1,1]. So we get the 
following continuous classification of the countable sets. 
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Theorem V. In the topology of the countable sets there exist as the 
only continuous invariants the infinitely many properties of compactness 
x and [<4,1]. Between these invariants there apparently is the following 
connection: from [< 4, 1] always follows [< u, m] and x of (um) S (4,1). 

The proof will be given in 2. 3. and 2. 4. 


2. 3. In this number we prove 


Theorem V’. The compact countable set A may be mapped continuously 
on the (compact) countable set B only if the degree of B is less than or 
equal to that of A. 

Proof. Let the degree (a, m) of A be greater than or equal to the degree 
(B, n) of B. We have to map A continuously on B. This is done by means 
of transfinite induction to fp. For f =0, B consists of n points. As A 
consists of more than n points it will certainly be possible to divide A into 
n disjunct closed subsets A;, Ag,...., An. The points of each Ai are 
mapped on the i-th point of B. This is the required continuous mapping of 
A on B. Now let it be possible to construct a continuous mapping of A on 
B for all ordinal numbers < f. In B there are precisely n points by, by, ..., ba 
with degree f. The degree of all other points of B is <<. For each point 
bi(i = 1,2, ...,n) we choose a sequence of (compact) part-neighbourhoods 
uj = Us (bi) (Pa 1522p oon faa ly 2) 0-2) Ob. Gram se ceeetnas: 


ul> Ul, Tut by UL ur =0 (r# 5). 
; 
Further we put 
n . A * 
SS—B— ¥ Ui, St) Ue ae An; {se ipl 
i=t 


The sets S are evidently compact and have a degree <(f, 1). We denote 
the degree of S/ (i= 0,1,..., 0; j= 0, 1, 2, ...) by (of, s/). As 


(a,m) > (f, 7) 


A certainly contains n points a1, ay, ..., an of degree pf. Using the 
lemmas of 1. 4. we may easily prove that it is possible to construct a 
(compact) part-set R° which does not contain a single point ai(i= 1, 2, 

., n) and the degree of which is (08, Tyo, so). the complement-set 
A—R¢ may be divided into n disjunct closed sets VS (P2152) Apeae 
where V! contains ai precisely. For every V! we may construct a part-set 
Ric V} not containing ai, while the degree (go, r') of R} is greater than 
or equal to the degree (a1, s}). After that we put V2= V}— Rj} and 
define in the same way an R? within V3, etc. Because of the supposed 
induction it is now possible to map every R/(i=0,1,...,n; j= 1, 2, Ra 
continuously on the corresponding S/. Further, if we map ai on bi it is 
evident that in this way we have constructed a continuous mapping 


of A on B. 
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There remains to be proved: if the degree (a, m) of A is less than the 
degree (f, n) of B, then it is impossible to map A continuously on B. 
For a= 0A consists of m points and B of more than m points. Therefore 
a continuous mapping of A on B is impossible. Put a > 0. Suppose there 
exists a continuous mapping f with f(A) — B. Consider the set 


Ip = Ap —Ay 


of the isolated points of A. The image f(/)) contains Ky = By —B,, 
for suppose there existed an isolated point p of B not belonging to f(Jo), 
then p also did not belong to f(/o), but f(A) = F(lo) = Fo) = B, so p 
would not belong to B which is incorrect. Now consider a point b, C Bj. 
It is possible to find a sequence of points in Ky converging to b;. These 
points, as we have just shown, possess all inverse images belonging to [p. 
Those inverse images have a limit-point a; C A,. Now a, has to be mapped 
on b, by f. In this way each point of B, has an inverse image belonging to 
Aj, in other words f(A;) > By. So there is a closed and therefore compact 
subset A! of Aj, mapped on B, : f(A!) = By. Should A} be vacuous we 
should have reached a contradiction. If Aj is not vacuous we continue as 
follows. Consider the set A!—A! (A! is the derived set of Aj) and apply 
to this and to B, the same method as we applied to Ay— A, and B. Thus 
we find a compact set A? with A} C A} C A» and f(A2) = Bo. This 
process is continued and thus the following sequence is formed: 


Ag Aly ye ene 
The sets of this sequence are mapped by f on the sets of the sequence 


Be Bios 2 see es 


If one of the sets Ai is vacuous we have already reached a contradiction. 
If none of the A‘ is vacuous the intersection IT Ai= A® is compact and 


l 
not vacuous and apparently f(A”) =Bs,while A? C Aw. With A® and B,,, 
as originally with A and B, the process is continued transfinitely. If we 
find a vacuous A’ with y<a a contradiction will have been reached. If not 
one of the A” is vacuous we find eventually (after a countable number of 
steps) a set Ae which is mapped on Ba (Ba is not vacuous because a Sf). 
Aé as a subset of Aa consists of at most m points. Ba on the other hand 
consists of more than m points as (a, m) <(f,n), in contradiction to 


f(At) = Ba. 


2. 4. Suppose there existed besides the continuous invariants mentioned 
in Theorem V yet another continuous invariant 6. We already proved 
fb —x and so may confine ourselves again to the compact countable sets. 
Consider E(f); if this contains a set with degree (A, /) it also contains 
all sets with degree <(/, 1), according to Theorem V’. We order the 
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degree-numbers (/, 1) according to size in a well-ordered set X. Now two 
possibilities may offer themselves: 19. in X there is a first element (wu, m) 
so that the sets with degree (u, m) don’t belong to E(f); 2°. such an 
element (u, m) may not be found in X, in other words E(f) contains 
exactly all compact countable sets (for every compact countable set has a 
certain degree), or 6 =~. In the first case all sets with degree 2 (u,-m) 
necessarily possess property —f (i.e. 6 does not hold true), for suppose 
there existed a set with degree (v,n)2(u,m) having property f, then 
every set with degree (”, m) also would possess property f. Thus it 
appears that a compact countable set has property f only if its degree is 
<(u, m), but that means: p = [<u, m]. 

As the properties [</,/] and “compactness” according to Theorem V’ 
are continuous invariants and according to the above there exist no other 
continuous invariants, Theorem V has thus been proved. 


The Hague, April 1945. 


Mathematics, — Sur la théorie métrique des approximations diophantiques. 
- By J. F. Koxsma, (Communicated by Prof. J. G. vAN DER CoRPUT.) 


(Communicated at the meeting of October 27, 1945.) 


§ 1. Introduction. 

1. On doit 4a M. A. KHINTCHINE!) le théoréme suivant bien connu 

Théoréme 1. Si p(x) désigne une fonction positive, monotone, non 
croissante du nombre naturel x, alors presque partout 2) sur l’axe réel (des 
nombres 0) linégalité 


[rh Aoipicioci lt heate ty dm Axo naire! 2 at; A) 


n'admet qu'un nombre fini de solutions entiéres x 2 1, y, si la série 
ioe) ’ 
2 Ly OEE ee oe hal oe rs. Ce) 


converge et posséde une infinité de telles solutions, si la série (2) diverge. 

La démonstration de la premiére partie (cas de convergence) est bien 
facile3), La deuxiéme partie (cas de divergence), M. KHINTCHINE la 
démontra de deux maniéres différentes, une fois se basant sur la théorie 
des fractions continues et plus tard sans faire usage de cette théorie +). 
La deuxiéme méthode lui offra la possibilité de considérer au lieu d'une 
seule inégalité (1) le systeme des n= 1 inégalités simultanées 


6, «x — yr |< (p(x))!" ts) Ba 4 a 


Comme j'ai démontré antérieurement 5), utilisant l'idée fondamentale de la 
démonstration de M. KHINTCHINE, il est possible de remplacer ces inéga- 
lités dans le théoréme de M. KHINTCHINE par les inégalités plus générales 


Ov fo (x) — yv | < gy (x) (race IPD c2 94 n) 
pour une catégorie étendue de systémes de n= 1 suites 
Peli tet2yie-s (Vet i 2, Sey hy) 


en remplacant la série (2) par la série 


na 


a P1 (x) 2 (x). - - - Pn (X)- 


x=1 


1) A. KHINTCHINE, Einige Satze iiber Kettenbriiche, mit Anwendungen auf die Theorie 
der Diophantischen Approximationen, Math. Ann, 92, 115—125 (1924). 

A. KHINTCHINE, Zur metrischen Theorie der Diophantischen Approximationen, Math. 
Z. 24, 706—714 (1926). 

2) Dans le sens de LEBESGUE. 

3) Elle se trouve dans la premiére communication 1). 

4) Resp. dans la premiére et dans la deuxiéme communication 1). 

5) J. F. KoKSMA, Contribution a la théorie métrique des approximations diophantiques 
non-linéaires. Proc. Ned. Akad. v. Wetensch., Amsterdam, 45, 176—183, 263—268 (1942). 
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2. Dans le présent mémoire je développerai un théoréme général (le 
théoréme 4), analogue au théoréme 1 (ot dans l’inégalité (1) l’expression 
8 x—y sera remplacée par l’expression plus générale F(x, 0)—y—a(x)), 
mais ne contenant pas celui ci comme cas spécial. Cependant ce théoréme 
permet des applications a des classes bien étendues de fonctions transcen- 
dantes F(x, 0), par exemple a la fonction exponentielle 0*, comme le montre 
le théoréme 2 qui est contenu dans le théoréme 4 comme cas spécial ®). 


Théoréme 2. Soit f(x) une fonction positive du nombre naturel x, telle 
que f(x + 1)—f(x) 24, oa o désigne un nombre positif, indépendant de x. 
Soit x(x) une fonction positive du nombre naturel x, telle que x(x)f(x) 
soit une fonction monotone, non décroissante par rapport a x = xy. Soit 
enfin a un nombre réel donné et ~(x) une fonction positive, monotone, non 
croissante du nombre naturel x. 

Alors presque partout sur 0 = 1 l'inégalité 


— p (x) = x (x) OF — y —a= p(x) 
n'admet qu'un nombre fini de solutions entiéres x=1, y, si la série (2) 
converge, tandis que l'inégalité 
| O< x(x) OF) — y—a <= (x) 
de méme que linégalité 
— p(x)< x(x) 9FM—y—a<0 
posséde une infinité de telles solutions, si (2) diverge. 


Remarques. 1. Il est sousentendu que f(x), x(x), p(x), xo, o et a ne 
dépendent pas de 6. De méme dans ce qui suit les grandeurs considérées ne 
dépendront pas du paramétre 9, si cela n'est pas exprimé explicitement 
dans le texte ou par la notation. 

2. Les conditions du théoréme 2 seront remplies, si l’on y pose 


2 (x)= 1, f (a) eect aed Gaal et donc x(x) 6/) = 6%, 


De méme le théoréme 4 contient comme cas spécial 7) le 


Théoréme 3. Soit f(x) une fonction positive et croissante du nombre 
naturel x, telle que pour tout couple de nombres entiers x 21, k21 
paces) 
> SC (C ne dépendant pasdex,k). . . (3 
>) fletk) P p (3) 
Soit u un nombre réel et p(x) une fonction positive, monotone, non crois- 
sante du nombre naturel x. Alors presque partout sur l’axe réel des nom- 
bres 0, l'inégalité 


— 9 (x)= 6 f(x) —y —a= — (x) 


6) Pour la démonstration, voir le § 2. 
_7) Pour Ja démonstration, voir le § 3. 
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n'admet qu'un nombre fini de solutions entiéres x21, y si la série (2) 
converge, tandis que l'inégalité 
0< 6 f(x) —y—a< (x), 


de méme que linégalité 


— 9 (x) <6 F(x) —y—a <0 


posséde une infinité de telles solutions, si (2) diverge. 


Remarque. La condition (3) sera remplie, si f(x +1) 27 f(x), ow 
t > 1 ne dépend pas de x. 


3. Formulons maintenant le 


Théoréme 4A. Conditions. I. Soient a et b(a<b) des nombres réels 
donnés, x) un nombre naturel donné et F(x,6) pour chaque nombre 0 du 
segment a <@ <b une fonction positive du nombre naturel x 2 xo, telle que 


Pile, OG) ory (Sie OG i «Mes 4) 


et en outre pour chaque nombre naturel x = xg une fonction dérivable par 
rapport a 0, dont la dérivée F, (x, 0) soit positive, monotone, non décrois- 
sante, par rapport 4 0 et pour chaque 6 du segment aS@<Db soit 
monotone, non décroissante par rapport a x 2x9, de sorte que 


Pater 0\— oot ea O, e Ge e (5) 


Enfin soient a(x) et B(x) deux fonctions réelles du nombre naturel x, 
telles que 


eee iat alt). «x Sal Swi dOD 
soit une fonction positive, monotone, non croissante de x. 


II. Supposons que la série (2) converge. 
Assertion. Alors presque partout sur le segment a<@< b Uinégalité 


Pirie Rie ead. we pos ao cf) 


n'admet qu'un nombre fini de solutions entiéres x 2 1, y. 


Théoréme 4B. Conditions. I. Supposons les conditions I du théoréme 
4A remplies, 

II. Supposons que la série (2) diverge. Supposons enfin que pour 
chaque couple de nombres entiers x 2 xo, k 21, on ait 


kK-l Fey (x +i, @) 2 


Xo Fy (x+k, 0) 


C désignant une constante positive, indépendante de x, k, et @. 
Assertion. Alors presque pattout sur le segment aS0@<b UVinégalité 


alx) << F(x, €—)——y< B(x)...» «© + + + > (8) 


posséde une infinité de solutions entiéres x 21, y. 
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Le lecteur peut trouver la preuve du théoréme 4A dans le § 8. 

4. Comme nous démontrerons dans le § 4, le théoréme 4B est contenu 
dans le théoréme 4 B’ suivant, qui concerne une classe de fonctions F(x, 0) 
un peu plus étendue que celle du théoréme 4B, mais par contre contient 
quelques restrictions par rapport a la fonction p(x). 


Théoréme 4B’, I. Supposons les conditions I du théoréme 4A remplies. 
Il. Soit le nombre naturel A(x) une fonction monotone, non décrois- 
sante du nombre naturel x, telle que A(x) > ©, si x > © et telle que 


wo 


=" (A(x) 


x= 


diverge; soient y et 6 deux nombres positifs, indépendants de x tels que 


2Y te Oy. Sew hed. ea le 
et K = K(x) Ul indice = 0 tel que 8) 
K-} K 
a? (A (x+h)) =r < 2 ¢ (A (x+k)) (x2 xm) 2 -. + (10) 


Enfin supposons que pour chaque entier x = x9 tel que K(x) =1, chaque 
entier k sur 1 <k <’K(x) et chaque nombre 0 sur a <0< b, on ait 


Pal Fy (A (x-+i), 8) 
i=o Fy (A (x+k), 0) 
Alors lassertion du théoréme 4B est juste. 


Si l'on pose dans ce théoréme A(x) = x, on voit d’un coup d’oeil qu'il 
entraine le 


4 ot e's 


Théoréme 4B”. I. Supposons les conditions I du théoréme 4A remplies. 
II. Soit la série (2) divergente; soient y et 5 deux nombres positifs, 
indépendants de x, tels que 


ZY AR LL ee ee ae ge ce 
et soit K = K(x) lindice = 0 tel que 8) 
K-1 K 
S p(xeth) So Dey (eth: Gx) 2 Fee aa 
k=0 k=0 
supposons en outre que, si K(x) 2 1, pour chaque entier k sur 1 <k< K(x) 


et fout nombre 0 sura<O0<b 


Kl Fy (x-+i, 0) oe 
i=0 F4(x-+k, 6, a 


— 


M4 


6, 38 Se Xu TO eee 
Alors l'assertion du théoréme 4B est vraie. 


K-1 
8) Pour K = 0, nous posons S =0. 
k=0 
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Remargque. Comme nous démontrerons aisément dans le § 5, non 
seulement le théoréme 4B’ contient le théoréme 4B”, mais a son tour le 
théoréme 4B” contient le théoréme 4B’: c'est a dire que les deux théorémes 
sont équivalents; nous pouvons donc nous restreindre a la démonstration 
du théoréme 4B”, qu'on peut trouver dans le § 9. 


5. Comme application du théoréme 4B’ je démontre dans le § 6 le 


Théoréme 5. Soit w un nombre positif < 1, soit a un nombre réel et 
soit p(x) une fonction positive, monotone, non croissante, telle que la série 


ao 
= 9 ([x'"]) 
diverge, Alors presque partout sur la demie-droite 0 => 1 l'inégalité 
a< 6% —y<a+t o(x) 
de méme que linégalité 
ete x) er Fe yi at 
posséde une infinité de solutions entiéres x = 1, y. 
Remarque. Par exemple on peut poser w(x) = ———. 
Dans ce mémoire [u] désigne l’entier de u. 
6. Dans une communication antérieure, j'ai démontré par une toute 
autre méthode que pour une certaine catégorie de fonctions F(x, 6) 


(a<@0<b; x=—1,2,...) presque partout sur le segment considéré 
as0<b Jinégalité 


a<F(x,6)—y<a+ ue 


de méme que I'inégalité 


posséde une infinité de solutions entiéres x=>1, y, si w(x) désigne une 
fonction croissante quelconque du nombre naturel x et a un nombre réel 
quelconque 9). 

Entre ce résultat et les théorémes du présent article il y a une différence 
essentielle par rapport au choix du nombre a: dans le présent mémoire 
l'ensemble de mesure nulle dépend du choix de a et dans la communication 
citée on peut choisir encore arbitrairement le nombre a aprés avoir fixé le 
nombre @. Mais abstraction faite de ce détail il est clair que pour toute 
fonction F(x,@) ot le théoréme 4B est applicable, ce théoréme présente 
une amélioration considérable. Quant au théoréme 4B’, il y a des cas ot le 


9) J. F. KoKSMA, Metrisches zur Theorie der Diophantischen Approximationen. Proc. 
Kon. Akad. v. Wetensch., Amsterdam, 39, 225—240 (1936). 
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résultat fourni est meilleur que le résultat antérieur cité, mais de méme 
il y a des cas ow le théoréme 4B’ n’améne aucune amélioration. Par 
exemple, le théoréme antérieur vaut dans le cas ou F276) Ora 
x —=1,2,...), mais pour cette fonction le théoréme 4B’ donne un résultat 
fort mauvais. Aussi dans le cas ot F(x,0) = 6*” (@21,x=1,2,...) 
considéré dans le théoréme 5, ce théoréme apporte une amélioration des 
résultats connus, si w > 4, mais non pas, siw <4. 


7. Dans cet article je me suis borné a considérer une seule inégalité (8), 
bien gue la méthode employée permet de considérer des inégalités simul- 
tanées de cette forme. 


§ 2. Démonstration que le théoréme 2 est contenu dans les théorémes 


4A, B. 
Appliquons le théoréme 4A en posant 


1<a<b, x9 =Max { xo. ee 


F (x, 0) =x (x) 64, donc Fy (x, 6) = x (x) F(x) 07", 
a(x) =a—p(x) Bix)=at el) 
et avec 2m(x) au lieu de v(x). Alors la premiere partie du théoréme 2 
(cas de convergence) découle immédiatement du théoréme 4A. 
Pour démontrer la deuxiéme partie, nous posons 
a (x) =a, B (x) =a-+ ¢ (x), resp. a (x) = 4 — » (x), B (x) =a. 
Remarquons que, lorsque x 2 Xo 


k-1 Fi, (x+i, 6) = hob oe (xi) F (td) O-(f (x+K)—F (x+)) 
Xo Fy(x+k, 0) =o #(x-+k) F(x-+h) 


k-1 k 
= Satta Oa ee 
i=0 j=! 1 
’ . 1 
c'est a dire que les conditions du théoréme 4B sont remplies avec C= 1 
a’— 


pour tout segment a<@<b ot 1 <a <b. Dot le théoreéme Le 


§ 3. Démonstration que le théoréme 3 est contenu dans les théorémes 
4A, B. 

Il saute aux yeux que nous pouvons nous restreindre au cas ot 06> 0, 
parce que le cas ot 6 <0 se raméne facilement a celui ci par changement 
de signe dans les inégalités considérées. Appliquons le théoréme 4A en 
posant 0<a<b, 


F (x, 0) = 6 f(x), donc Fy (x, 6) = F(x), 
a(x) =a— p(x), B(x) =a+ ¢ (x) 
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et avec 2m(x) au lieu de w(x). Alors la premiére partie du théoréme 3 
résulte immédiatement du théoréme 4A. 
Pour démontrer la deuxiéme partie, nous posons 
a (x) =a, B (x)= a+ — (x), resp. a (x)= a — @p (x), B(x) =a. 
Remarquons que 


aE | Fy (x+i, aes 
i= 0 Fy (x+k, Olin 


(d’aprés (3)), c'est a dire que les conditions du théoréme 4B sont remplies. 
La deuxiéme assertion du théoréme 3 en est une conséquence immédiate. 


§ 4. Démonstration que le théoréme 4B est contenu dans le théoréme 
4B. 

Posons dans le théoréme 4B’: 

A(x) = Nx, ot N est un nombre entier > 2C, C désignant la constante 
dans le théoréme 4B et en outre y = 4,56 =}. 

Alors (x) étant une Eetoim men orone. non croissante, nous aurons 


M 1 MN+N-1 
2 P(Nx)= 7 > (x)? a, si Mo o&, 
x=1 x=N 


parce que (2) diverge. Ca veut dire que de méme la série 


diverge. Alors K(x) étant désigné par (10), le membre gauche de (11) 
pour 1 <k< K(x) et x=>xpo est égal a 

| KS Fo ((x+i) N, 8) INS" Fi (Nx+j,6) —C —, 

i=o Fy ((x-+k) N,O) N j=, Bu(Nx+Nk, 0)” N ~ ? 


d'aprés les conditions du théoréme 4B. Toutes les conditions du théoréme 
4B’ étant remplies, il en découle que l’assertion du théoréme 4B est juste. 


§ 5. Démonstration que les théorémes 4B’ et 4B” sont équivalents. 

1. Comme nous avons remarqué dans le § 1, le théoréme 4B” résulte du 
théoréme 4B’ immédiatement. 

2. Démontrons que le théoréme 4B” entraine le théoréme 4B’. A cet 
effet nous posons 


F* (x, 0) = F (A(x), 6), a" (x)= a(A (x)), 
B* (x)= B(A (x)), 9" (x)= (A (x)), 


ot F, a, B, p, A désignent les fonctions du théoréme 4B’. Alors les condi- 
tions I du théoréme 4A seront remplies, si l'on y remplace F, a, 8, y par 
F*, a*, B*, p*. En outre les conditions II du théoréme 4B’ entrainent que 
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K(x) suffit a la condition (13), si l'on y remplace la fonction w(x) pat 
p* (x). Envisageons maintenant l’expression 
“S Fa (xti, 0) _ “Sy Fo (4 (x+)), 6) 
i=0 Fy’ (x-+k,6) ‘= Fy(A(x+k), 4) 
d’aprés (11), si 1 Sk < K(x). Cest a dire que (14) sera rempli, si l'on y 
remplace F par F*. 
Ainsi, toutes les conditions du théoréme 4B” étant remplies, ce théoréme 
nous apprend que presque partout sur a <6 <5, l'inégalite 


a" (x) << F* (x, a) — y= P(e), 


IIA 


0) 


c'est a dire 

a (A (x)) < F(A (x), 8) —y < B(A(x)) 
posséde une infinité de solutions entiéres x 2 1, y, mais cela veut dire que 
presque partout sur a <0 <b J'inégalité (8) posséde une infinité de telles 
solutions, 


§ 6. Démonstration que le théoréme 5 est contenu dans le théoréme 
4Bo : 
Appliquons le thébréme 4B’ en posant 1<a< by ae aik; 
F (x, 0) = 6%", donc Fy (x, 0) =x” 6", 
a (x) = a, B (x) = B+ 9 (x), resp. a (x) =a — » (x), B(x) =a. 


Alors les conditions I du théoréme 4A sont remplies. Quant aux condi- 
tions II du théoréme 4B’, nous posons 


1 
A= [Nx] y= h.0=4 


a 


ou N désigne un nombre naturel fixe, tel que aa <4. Alors d’aprés 
ee 


les conditions du théoréme 5 la série 


fos} ao 1 
E p(Als))= Fp (L(Nx)"1) 
x= = 
diverge 10), Si K(x) désigne l'indice défini par (10), nous aurons pour 
Ket et lake K(x) 
' : 2 L 1 i 
el Fy (Ax +i), 6) “Sali (+P? — UN xt)? 1? = S AN (xti—N (x+h)41 


i=0 F5 (A (x-+-k), ay i=0 i=0 
parce qu'on a pour u > 1 
1 1 we aa w—l 
(u o— {p= (el) oe —1h 7 =(u— 1) ys 
v” 


>u—1 am age 


10) Cf, le raissonnement analogue dans le § 4. 
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Alors on a 


'S Fy (A(x-+3), ), A) 
i= o Fy (A(x + k), A) 0) 


k 
SRR NS mya <b 


Toutes les conditions du théoréme 4B’ étant remplies, le théoréme 5 en 


résulte immédiatement. 


§ 7. Quelques remarques sur les théorémes 4A et B”. 


I. Sans nuire a la généralité nous pouvons supposer 
=eal(x)< 1 et o(x)<l1, si. x= 
et donc 
B(x)=a(x)+ p(x)<2 six=X. 


II. Désignons par 6 = (x, y) la fonction inverse de y = 


= F(x, 0) par 


rapport a 0(a<0< 5), Il est clair que ®(x, y) est une fonction croissante 
par rapport a y sur le segment F(x,a) <y < F(x,b) et que Dy(x, y) est 
monotone, non croissante sur ce segment, le nombre x = xp étant supposé 


fixe. 
Remarquons finalement que sur aS x <b 


1 1 


= sae, 0.8 0, 
Fi (x, 6)~ Fy(x, a) * 7 
cest a dire que 


l : 
D. yeu) Fi (x, ® (x, y)) —0,six—- 2 


uniformément en y sur le segment 


fee oe F (x, a) =y= F (x, b). 


Il]. On voit d'un coup d’oeil qu'il suffira de démontrer les théorémes 
4 presque partout sur a’ <@<b’, lorsque a’, b’ désignent deux nombres 
arbitraires, pour lesquels a<a’<b’<b. Supposons ces nombres fixés 
durant le reste de ce mémoire. Alors nous pouvons supposer 


xy =a xy (a’, b’) = Xi, 
assez grand pour qu'on ait pour x 2x, _ 
P) (x, y) << Min (b — b’, a’ — a) sur T(x) 
et en outre 


F (x, a) +2 < F(x, a’)< F(x, a’) +2< F(x, b’)—2 


< F(x, b’) < F(x, b)—2, 


car pour asa” <b” <bona 


F (x, b’’) — F (x, a’) = (6” —a’’) Fy (x, a) > ©, si x >. 
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Les nombres a’ et b’ étant fixés, nous pouvons choisir deux nombres arbi- 
traires A et B pour lesquels a’ <A<B<D’ et supposer 


Xoo te (A,B) x 
assez grand, pour que de plus 
F(x, A) +2 < F(x, B)—2, six= x. 


IV. Dans tous les lemmes suivants (1 — 8) les conditions I du théoréme 
4A sont sousentendues. Les conditions I] du théoréme 4B” ne rentreront 
que dans le lemme 8. 


§ 8. Démonstration du théoréme 4A. © 
1. Démontrons d'abord le 
Lemme 1. Si les conditions | du théoréme 4A sont remplies et a’, b’, x; 
désignent les nombres de la IIl-iéme remarque du § 7, alors afin que les 
nombres entiers x =x,, y et le nombre réel 0 (a’ <0 <b’) satisfassent a 
linégalité (7), il faut que y appartient au segment | 
F (x, a’) — B(x) Sy=F (x, b’)—a(x) . . . . (15) 


et que 0 appartient au segment 


P(x, y)....— p(x) D(x, y +a (x))=A— G(x, y +B (x))=0. (16) 
Démonstration. De (7) et (6) découle 


F(x,A)=y+B(x)—8e(x) 0=9=)), 


d’ou (15) et dou en outre 


G= (x,y + B(x) — 8 @ (x) )=@ 
— 3 y (x) By (x,y + B(x) — 8 

(0< # <8), dot (16). 
2. Soit x =x, un nombre entier, 9 un nombre sur a’ <0 <b’. Afin que 
(7) soit rempli, il faut d’aprés le lemme 1 que (15) et (16) soient remplis. 
Désignons par E’(x) l'ensemble des nombres 6 du segment a’ <0 <0’ 
auxgquels au moins un nombre y correspond tel que (7) soit rempli. Alors 

on a donc 


eit PAx)) 
‘@ (x)) 


m Ei (x) = Sp (x) Py (x, y + a(x)) 
oti le signe de sommation s’étend sur les entiers y appartenants au segment 
(15), c'est 4 dire que 
F (x, 6’) — a (x) 
mB! ()= 9} [P(e bale) dy + 2% (x Fle, aw (a)) 
F (x, a’) —a (x) 
= p (x){b’ — a’ +2 ®, (x, F(x, a’) — 1)} 


= 2 p(x) (b’ —a’), si x= x" (a’, LE x. 
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Considérons maintenant l'ensemble E’ des nombres 6 du segment a’ <0 <b’ 
pour lesquels (7) posséde une infinité de solutions entiéres x 2 1, y. Alors 0 
est contenu dans tous les ensembles 


EAx) sagt! (x+k) (x=1), 


donc dans l'ensemble produit E* des ensembles 
1 Sh 4) Veo td Dod 4 bm Re 


Or, alors l'ensemble E’ pour tout nombre naturel x 2 x} posséde la mesure 
m E! =mE*=mE* (x) =S mE (x +h) 
k=0 
=2(b'—a’) Sp(x +h <s 
k=0 


pour tout nombre positif «, si x 2x}—= xj («) 2x}, en vertu de la con- 


vergence de la série (2). C’est A dire que mE’ = 0. C.f.d. 


§ 9. Démonstration du théoréme 4B”. 


1. Démontrons d’abord quelques lemmes. 


Lemme 2. Si les conditions I du théoréme 4A sont remplies, et a’, b’, x, 
désignent les nombres de la \l-iéme remarque du §7, alors afin que les 
nombres entiers x =>x,, y et le nombre réel 0 (a’ <0<b’) satisfassent 
a l'inégalité (8), il suffit que y + B(x) appartient au segment T(x) et 
qu’en méme temps @ appartient a Uintervalle 


Q (x,y)... — (x) Dy (x, y + B(x))<O— (x,y + B(x))< 0. (17) 
Démonstration. I] suit de (17) 


6 = B(x, y +B (x)) — 9 p(x) By (x,y + B(x)) O<9<I), 
donc 
F (x, 0) = F (x, B(x, y + B(x)))— 3 @ (x) Dy (x, y + B(x)). 
. Fy (x, ® (x, y + B(x)) — 0 @ (x) By (x, y + B(x))) 
(0<#" <i), cest a dire 
Fy (x, (x, y +B (x))) _ 
Fy (x, ® (x,y +B (x))) 
= — 9 (x)=— Be) +a (x), 


0 > F(x, 6)—y — B(x) > — 9 (x) 


d'ou (8). 


Lemme 3. Si, les conditions | du théoréme 4A étant remplies, pour 
x 2x» le nombre y parcourt les nombres entiers du segment 


R(x).... F(x, A) —a(x)=y=F(x, B)— B(x), . . (18) 
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ol Xy, A et B désignent les nombres du Ul-iéme remarque du § 7, alors 
toutes les intervalles Q(x. y) (x étant supposé fixe) définies par (17) sont 
situées dans l'intervalle ASO <B. 


Démonstration. Des relations (17) et (18) nous déduisons 
A < P(x, y +B (x)) = Ox, F(x, B)) =B 
et en outre 
0 > @ (x,y + B(x))— y (x) Dy (xy + B(x) ) =) 
@ (x, F(x, A) + 9 (x)) — 9 (x) ® (x, F(x, A) + p(x), 


comme (x, z) — p(x) B(x, z) est monotone, non, décroissante par 


(19) 


rapport a z. Remarquons que 
F(x, A + ¢ (x) ®y (x, F(x, A) + @ (x))) = 
F (x, A) + 9 (x) By (x, F(x, A) + ¢ (x)). 
Fi (x, A +9 9 (x) ® (x, Fix, A) + 9 (x))) O< 9 <1) 


Pp 
= Fy (x, A + p(x) ®y (x, F(x, A) + 7 (x))) 
=F lx A) 9), Be, Fl Alo) 


Y 
F(x, A 4-0 (x) (x, P(x, A) + @ (2) 
F(x, A+ (x) @)(x, F(x, A) + 1 p(x))) 


(d’aprés le théoréme de la moyenne; 0 < #’ <1) 


—= F(x, A) + p(x) 


= F (x, A) + @ (x) 


en vertu de la monotonie de F), et de @) par rapport a 0, resp. a y. 

Par conséquent il suit de (19) 

0 > P(x, F(x, A+ (x) ®, (x, F(x, A) + p(x))) 
— 9 (x) ®y (x, F(x, A) + 9 (x) =A. 

Lemme 4. Si, les conditions du lemme 2 étant remplies, nous désignons 
par E(x) lUensemble des intervalles Q(x,y) définies par (17), ow y 
parcourt les nombres entiers du segment R(x), défini dans le lemme 3 par 
(18), (x =x»), alors deux intervalles différentes de E(x) n'ont pas de 
points communs. 


Démonstration. Comme les points terminaux a droite D(x, y + p(x)) 
des intervalles Q(x, y) constituent une suite croissante par rapport a y, il 
suffit de démontrer 


D(x, y + B(x) + 1)— B(x, y + B(x)) > @ (x) ®) (x, y + P(x) + UD). 
Or, le membre gauche est égal a 


By (x, y + B(x) + 9) > @ bx) Dy (xy FB (x) + 1) (0< I <I). 
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Lemme 5. Soit « un nombre positif quelconque. Alors il y a un nombre 
%3 = x3 (2, A, B) = xo, tel-que 


_ p(x) yay ae 
m E(x) > ia (B—A), six=x;, 
ou mE(x) désigne la mesure de l'ensemble E(x) du lemme 4. 


Démonstration. I] résulte du lemme 4 


mE(x)\= SS v(x) Py (x, y + B(x)) 
y dans'R (x) 
y entier 


F(x, B) — 8 (x) 
= (x) ®, (x, y + 6 (x) ) dy = 
B(x, A)—a (x) +2 
=y(x)} B— ®(x, F(x, A) + »(x)+ 2)} 
=p (x){ B—-A—3 ®, (x, F(x, A+ 39} 0< %< 1) 
et alors 
= 20) Ba) sixZx5(c. A,B), 

Lemme 6. Soit i, k un couple d’entiers (0 Si<k—1), alors afin que, 
les définitions du lemme 4 étant employées, deux intervalles Q(x + iv) et 
Q(x+k,y), resp. de l'ensemble E(x +i) et de l'ensemble E(x +k) 
(x 2x»), aient un point commun, il faut que 

0+ B(x+i)— P(x i, P(x + hey +B(x+h))|\<y(x+), (20) 

Démonstration. D’aprés le lemme 3 les deux intervalles sont situées 
dans A<0@<B. Considérons la distance 2 de leurs points terminaux 
a droite, c'est a dire 

k= O(xt+hyt+Ple+hkh))—O(xtiivt+pixe+d). . (21) 
Alors 
O(x+ivo+B(x+i))=O(x +h y+ B(e+h))—A 
et donc 
v+P(x+)=F(x +1 O(x+h,y +8 (x +h) —A) 
= F(x+i, ®@(x+khy +B (x+h))+ 
—AFy(x +i, (x-+k, y + B(x+k)) — 0A) 
ot 0O<.# <1. Maintenant distinguons deux cas. 

A. Soit 420. Alors on a 

lu+PB(x+i)—F(x+iO(x+hy+B(x+k))) |= (22 A) 
SlA| Fo(x+i, O(x +k y+ B(x+hk))). 
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B. Soit 4 <0. Alors on a 
lot B(x ti)— F(x +i O(x+hy+Ble+h))) |= 
[4| Fo(x +i, O(xe thy + Beth) +4) = (22 B) 
=|A| Fy(x +i O(x+iv+B(x+i)). 
2. Remarquons que pour !'éxistence d'un point commun aux intervalles 
Q(x +i,v) et Q(x +k,y), il faut en vertu de (17) et de (21) que 
LAl<o(x+h ®(x+hy+B(x+h)), si4=0, . (23A) 
|A|< p(x +i) ®, (x +iivtpi(x+i), sito. . . (23B) 
Distinguons deux cas encore. 
I. Soit 20. Alors nous tirons de (22A) et (23A) 
Ju + B(x +i)— F(x +i O(xt+khy +B(x+h)))| 
ee ee y+ B(x+hk))) — = . 
Il.” Soit-4- 3 0: ee nous tirons de (22B) et (23B) 
jot B(x ti)— Peri O(xetk, y+ B(x+k)))| 


Le COE eses ey eee 
<ele+O peti etetiod Bera) et 
Curd 


Lemme 7. Désignons, les définitions du lemme 4 étant employées, part 
G(x t+ixthk) (x2xo,0<i<k—1) lensemble constitue de toutes ces 
intervalles Q(x + k,y) de E(x +k) qui ont au moins un point commun 
avec au moins une des intervalles Q(x +i,v) de E(x +i). Alors a tout 
nombre positif «’ correspond un indice xy = x4 (e, A, B) 2 x2, tel que pour 
x = x4 on ait 


mGetix th SotetH 2 tap oie Reels | 


“Fi | x +i UAE 1 ” 
+ fee (x-+k, 0) 3 dt Fe kA) 
Démonstration. La fonction F(x +i, O(x +k, y +f (x+k))) est 
une fonction croissante par rapport a y; elle parcourt le segment T(x + i} 
si y+ B(x +k) parcourt T(x + k). Sur l'intervalle 
F(x tk, @(x+iio+B(x+i—1))—-Beth= 
Hy < F(x +k, O(x+i0+B(x+i))—B(x +h) 
elle croit de v + B (x +i) —l1 av + B(x +i) et sur l'intervalle 


F(x+k, ®(x+iv+B(x+i)))—-Ble+h= 

y<F(x+k, O(x+iv+A(x+i+1))—B&+h) 
elle croit de v-+B(x+ i) avt+fp(x+i) +1 (si du moins ces trois 
valeurs sont situées dans le domaine T(x + i)). Ca veut dire que siv désigne 


(24) 
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un nombre naturel donné, tous les entiers y qui satisfont a (20) seront 
dans l|'intervalle 


S(v,i)....F(x+k, O(x+i0+ B(x +i)—(x+i)))—Blx +h) 
<y<F(x tk, O(xt+ivo+Blx+i+o(x+i)))—B(x +h). 


Supposons maintenant que v parcourt les nombres entiers de R(x + i), 
défini par (18). Pour que Q(x +i,v) et Q(x+k,y) aient des points 
communs, il faut d’aprés le lemme 6 que (20) soit rempli et donc d'aprés 
ce qui précéde que l’entier y, pour le nombre v correspondant, soit situé 
dans S(v,i). La définition de Q(x,y) par (17) entraine donc immé- 
diatement 


(25) 


mG(x+tixtkh)= fF DS yp (x+k) B) (x+k, y+f(x+h)). (26) 
v gene a isy i) y ad (v, i) 


y entier 


D'aprés (25) la somme intérieure 


F (x+k, ® (x+i, v+/3 (4+é) + 9 (x+i))) — B(x+k) 
= =o(x+h| By, (x-++k, y +8 (x +k)) dy 
y dans S (v, i) 
y entier F (x+k, © (x+i, v+a (x+i))) — 8 (x+k) 


+ p (x + k) By (x +k, F(x +k, O(x+i,0+a(x+i)))) 

= (x+h){ O(x+k, F(x+k, B(x+i, 0+ 8 (x+i)+ ¢ (x+)))) 
ple ke kx 1k, Ole -- i, vt a(x 1))))} 

+ p(x-+k){ Fy (x +k, @(x+i,v+a(x+i)))}-! 

= (x-+k) | B(x+i, v-+-a(x+i) + 2 (x+i)) — B (x+i, v+a (x+i)) } 
+ p(x+k)t Fy (x+k, O(x+iv+a(x+i)))}-! 
S2p(x+k) p(x +i) D(x +iv+a(x+i) 

tes lS Bo lect he P(e iat @ (xb i})) $74, 


c'est 4 dire que (26) nous apprend 


mG (xti,xtk)=2 9(x+kh) 9 (x+i) re Py (x + i,v + a(x+i)) 


v pans s ero 


+O eth OS eth Be tio talet+i)))}! 
v entier 


F (x+i, B)— a (x+i) 
S=2y(x +k o(x+H} | %, (x+i, ota (x+i)) dv+ ®, (x+i, F(x+i, A)) 
F (x+ié, A) — a (x+i) 
F (x+i, B) — a (x+i) 
+ (+h) [URI (+h Betis obalet))) I dot LF) (bh, Alm i 


F (xt, A) — a (x+i) 
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On voit immédiatement que la premiere iniegtalays a la valeur B—A; en 
on dans Ja derniére intégrale 
P(x+i,v+a(x+i)), c est a direv=F(x-+ i, t)— a(x+)), 


nous Ja donnons la forme 
B 
°F; (x + 1, t) 
F; (x -++ k, t) 


A 


dt, 


de sorte que 
m G(x-+i, x+k) = 2 (x +k) p (x+i){ (B—A) + ®) (x +i, F(x +iA))§ 
B 


Fo (x +i, t) 
F; (x-k, t) 

A 
dot. (24), six 2x4 (e, A, B) = xo. 


dt+ p(x +k){ Fy (x +k, A)}—', 


+ p(x + k) 


Lemme 8. Supposons les conditions | et Il du théoréme 4B” remplies. 
Supposons en outre les nombres < et «’ des lemmes 5 et 7 fixés de sorte que 
1 
Te 
ce qui est possible d'aprés (12) et soit x3; = Max(xs, x4). Désignons pour 
xx, k=1 par H(x,k) Vensemble constitué par ceux des intervalles 
Q(x +k) de l'ensemble E(x +k), défini dans le lemme 4, qui n’ont aucun 
point commun avec aucun des ensembles E(x + i) (0 <i< k—1) et posons 
ia 0) i 
Alors il y a un indice x, 2x5, tel qu’ a tout nombre entier x 2 x, cor- 
respond un indice K = K(x), tel que 


—2(L+e)7-6>10, 2. wv. . . (27h 


Sin 2 a, is IA. ees 
k=0 


ott 69 désigne un nombre positif, indépendant de x, K, A et B (A et B 
désignant les nombres de la Il]-iéme remarque du § 7). 


Démonstration. La définition de l’énsemble G(x + i,x + k) entraine 
mH (x, kh) =m E (x +k) — EmG(xti x -+ k) 


(k= 1) et donc d’aprés les lemmes 5 et 7 


Ji ated! 
m Hic DZ oe + RIB Asa 2+ elt a 
: | . 

, ket Bi ceca, 0) ‘ 1 
—ole+h [| 2 Bileick ikea ae 0S (e+e A) 


A 


2 oe +k) (B—A)S F. — 249) F 9let)— 
) k-1 Fy (x-+ist) Q 
(1-be eB Max By F; (x-+k, 0) 4 


=t=B i=-0 
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pour tout «” > 0, si x 2 x, («”, A, B) => x;. Choissisons #” assez petit pour 
que 
- 1 i / ‘t 1 
dell Pa pe peli pe) a> 0 
ce qui est possible d’aprés (27). Soit K = K(x) lindice 2 0 du théoréme 
4B”. Si K > 1, nous aurons pour 1 <k < K—1 d’aprés (13) et (14) 


m H (x, k) = p (x-+-k) (B— A) -s, SF ti leah y —= (1 fey ot 
= 7 y (x +k) (B—A), 


en outre nous aurons d’aprés le lemme 5 


m H (x, 0) = fan (B—A) > yp (x) (B—A). 


Nous aurons donc 


K K 
> mH (x,k)=n(B—A)SD v(x + k) > 0, (B— A), 
k=0 K=0 

ou 09 = ny d'aprés (13). G@ibd: 


2. Fin de la démonstration. D'aprés le lemme 2 un point 6de AS OSB 
sera contenu dans l'ensemble E42 des points @ pour lesquels l'inégalité 
(8) posséde une infinité de solutions entiéres. x = 1, y, dés que 0 est contenu 
dans une infinité des ensembles E(x) du lemme 4, donc dés que pour tout 
nombre entier x = x» le point @ est situé dans l'ensemble 


Bees Bobet RED eis ice): soa e 29) 


Concluons: 
Lo el ead 59 6 oe | an MTS ey ea eae 9), 


l'ensemble E, g contiendra l'ensemble produit M des ensembles L(x). 
Mais de (29) et la définition de l'ensemble H(x, k) dans le lemme 8 nous 


déduisons 
va 
mL (x= 2 m A (x, k} 
k=0 


pour tout nombre entier K 20 et donc d’aprés le lemme 8 et (30) 
m Ea, p =m M= 6, (B— A). 


Or, comme les nombres A et B sont des nombres quelconques, tels que 
a <A<B<D’, nous en concluons que la densité de Eg,» dans chaque 
point 9 du segment a’ <0 <D’ est au moins dy > 0 et donc = 1 d'aprés un 
théoreme de LEBESQUE bien connu dans la théorie de Ja mesure. Ghd. 


Mathematics. — Proof of the impossibility of a just distribution of an 
infinite sequence of points over an interval. By T. VAN AARDENNE— 
EHRENFEST. (Communicated by Prof. J. G. VAN DER CoRPUT.) 


(Communicated at the meeting of October 27, 1945.) 


Introduction. About ten years ago Professor J. G. VAN DER CORPUT 
considered the question whether the distribution of an infinite sequence 
of points over an interval might be of a nature which he described by the 
terme just, and which is much more regular than that required of what is 
called a uniform distribution. An infinite sequence 2% of points in an interval 
is said to be justly distributed over this interval if there exists a constant C 
such that for any pair of sub-intervals a, 6 of equal length and all n 


|An (a)— An (6)| S oe 


Here An(a) and An(f) denote the numbers of points of 2 with indices 
not exceeding n which belong to a and f respectively. 

After some attempts to construct such a sequence, Professor VAN DER 
CorPuT was led to the conjecture that a just distribuion does not exist. In 
what follows it will be proved that this conjecture is right. 

Notations. Greek letters will denote intervals (which may be either 
closed, or open, or half-open, or consist of one point only). | a| denotes 
the length of a, a C B means that a is contained in #. 

If Y& is a finite system of (not necessarily mutually different) points, 
then A(/) denotes the number of points of {2 contained in 2. If aj, ao, ... 
is a sequence of points, then An (4) will denote the number of points of the 
initial fragment a,, ay ... an belonging to 2. 


Theorem. To every natural number x there correspond a natural num- 
ber N(x) and a positive number u(x) with the following property: if 1 is 
an interval of length |1|>0, then any finite sequence of N(x) points 
a,,@)... ay (x) in « has an initial fragment ay, ay... an (9 N(x)) such 
that « contains two intervals 6 and z for which 


|z] =|o| + |e] a(x) and Az (o) > Anz(t)+ x. 


From this theorem it follows immediately that a just distribution does 
not exist, for the interval zt mentioned in the theorem contains an interval 7’ 
of length | c’| = |o|, and we have An(o) = An(v’) + x. 


Proof of the theorem. Without loss of generality we suppose |«| = 1. 
N(1) = 1 and u(1) = 4 have the required property; for if the sequence 
consists of one point only, there is a (closed) sub-interval of « of length 0 
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containing one point of the sequence, and there is an (open) sub-interval 
of length 4 containing no point of the sequence. 

Suppose that for some particular x the existence of N = N(x) and 
u—u(x) has been established. We have to show the existence of 
N(x +1) andu(x +1). 

Let T be an even positive integer such that u = T-1. We shall prove that 
the integer M and the positive number w, which are determined by the 
recursive relations 


Geol. fil log (5.9.,5)] Ye i 1,~....x) 
pe (2 dea) Pa 1, oes 05.15% f75-1) 


Gi+1,0== Gif, +2 (= 1...) 
1 d 


qe (1) Ox 1) 
have the properties required of N(x + 1) and u(x + 1). 

Suppose © is a sequence of M points in « such that each initial fragment 
©’ of € has the property that 


Bere Cte oe fee ae es AS) 
when |u| = |2|+w,2C4, uC «. We have to show that this‘is absurd. 
We begin by deducing some properties of ©. 
Put M’ = 2xqx41,0 + 1. Let & be the system of the first M’ points of © 
and let B be the sequence which is the remaining fragment of ©. 


M=2¢x4:,0(N+6x), d= 


Property 1. Each sub-interval of « of length d contains at most 5x 
points of 2 and at least 1 point of 9 and N points of &. 

Proof. is an initial fragment of ©. Hence it follows from (1): if there 
were a sub-interval of « of length d containing more than 5x points of 2, 
then each sub-interval of length d + w, and a fortiori (since w<d) each 
sub-interval of length d + d = 2d, would contain at least 5x + 1—x = 
4x +1 points of %&. Since $qx41,0 is an integer (which follows from the 
given formulae and from the fact that T is even), the interval «, being of 
length 1 = 4qx+),0- 2d, would contain at least 


§ gxit,o (4 2+ 1) = 2 x Qxit,o + ¥ Fx+1,0 


points of &, which is more than 
M’ =2 xaqxiio + 1, since $qx+1,0 > 1. 


If, on the other hand, there were a sub-interval of « of length d containing 
no point of %& (or less than N points of B and therefore less than 
N + 5x points of & + B=), it follows from (1), since and © are 
both initial fragments of €, that each sub-interval of length d—w, and a 
fortiori (since w <4d) each sub-interval of length d—i4d= 4d, would 
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contain at most 0+x—-x points of Y& (or less than N+ 5x + 
+x=N-+ 6x points of ©). Hence the interval «, being of length 
1 = 2qx+1,0. 4d, would contair. at most 2x qxi1,9 = M’—1 points of % 
(or less than 2 qx41,9 (N + 6x) = M points of ©). Either is impossible, 
and so property 1 is proved. 


In what follows we shall denote by w, (r =0,1,...x) a sub-interval 
of « of length qx_,+ 44,9 d with the property that 
A (A (plex real GA oe 
whenever |} = |Adtr (tr) 1) wo, AG ao, He br, 


By ok (rc = 0,1,...x—1; k = 0,1,... fx_r) we shall denote an interval 
of length qx_r, « d which is contained in an w,, and which has a distance 
not less than d from the end-points of this w,. 


Property 2. Each o* contains 2* intervals of length qx—+,9 d for which 
A() <A(u)+x—r—-1 


whenever | w| = |4| + (¢ + 2) w and 2 is contained in one of these 2 
sub-intervals while ub is contained in another of these intervals. 

Proof. This is obvious for k = 0. Suppose that property 2 has been 
verified for a particular k (0 =k < fx_,—1). We shall verify it for 
k + 1 instead of k. 

Consider an interval 9 which is a o**+!. 9 is contained in an w,, to the end- 
points of which it has a distance not less than d. This w, we call w. 

Since |@| = qx—r,*4,d >d, the interval 9 contains, by property 1, at 
least N points of %. Since it was supposed that N = N(x) and u = u(x) 
satisfy the requirements of the theorem, the sequence % has an initial 
fragment %’ such that 9 contains two intervals o and 1 for which 


B’ (0) = B' (t) + « and |r| =jo|+ qx—rnir du. 


Without loss of generality we assume that o and 1 do not overlap, and that 
o lies to the left of +r. Since u = T~-1, there will exist a sub-interval 7’ 
of + of length 


fos |e Ael eer a 4) eee eee 

We have 
B’{c) => Br) 42 ) ee  eee 
By taking away from 7’ on both sides intervals @ and f of length 
|a| =|8)=4{T- qe—r.cr1 d—d} = quarjnd 
we obtain an interval y of length 
\y| =!!! —(T7! qx—r,n41 d—d) =|) + d, 

separating a and p. 
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First we shall prove that 
A Ale AM be et be ee 
whenever | u,| = | ),| + (r + 2)w and either 
4, Ca, C6 
or 
hy Ciba Gia: 


Let » be the interval which separates 4, and yw. Put dy = i, +» and 
tg = 44, + v. Then (*) means the same thing as 


A (A) A(u)+x—r—1....... (*) 
We have ; 
Mepaes daeee Poe cya i a et iy. OB) 
Since 4) contains v, and » contains y, we have 
Ae pS ep Sh Came) 6} 


The interval o is contained in 9; o is contained in w and has to its end- 
points a distance not less than d. Therefore o is contained in « and has to 
its end-points a distance not less than d. Since, by property 1, each sub- 
interval of « of length d contains at least 1 point of 9, there is a point a 
of belonging to w which is situated to the left of o, and whose distance 
from o is smaller than d. 

Now consider the open interval x which has its left-hand end-point in a 
and for which 


pal es Reteatanliteots Witt? hacen! nen pay RS NS (7) 


By (5) we have 
(Od) 25 Wa aT ae es ee oe ane gts 
If x is the closed interval with the same end-points as x, we have 
2 4 fee? To rd A i eee (° 


since x is open, and since at least one point of % coincides with an end- 
point of x. 

The interval o is contained in x, for, by (6) and (7), we have 
“| > |o6| +d, and the left-hand end-point a of x, which is situated to the 
left of o, has a distance to it which is smaller than d. Therefore we have 
by (4), observing that ws in contained in 7’, 


BY’ (#) > B’ (0) > B' (e’) + x B’ (uw) tx . 6. (10) 


The left-hand end-point a of x belongs to w and is situated to the left 
of o and a fortiori to the left of x’, which was supposed to be situated to the 
right of o; the length of x is, by (8), smaller than the length of 7’, since 
fg is contained in 7’; since 7’ is contained in w, it follows that the right- 
hand end-point of x belongs also to w. Hence the interval x is contained 
In @, 
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Since x and A, are contained in w, which is an wr, it follows from (2) 
and (7) that 
Ati) = Ale) panne een 
Since x and jy are contained in v, and since 2 + B’ is an initial fragment 
of ©, it follows from (1) and (8) that 


A (#) + B’ (%) SA (wu) + BY (m2) +x... . . (12) 
From (9), (10), (11) and (12) follows (**), and so (*) is proved. 


Each of the intervals a and f is a ok; for 
la] =|8|=as—nad 
and a and f are contained in 9, and hence they are contained in w, which 


is an wr, and have to its end-points a distance not smaller than d. Since 
we supposed that property 2 had been verified for our particular value of 


k, it follows that a contains 2* intervals aj (j = 1,...2*) and contains 
2* intervals B; (j = 1,... 2) such that |a;| = |8;| = Qx-r,0 d, and that 
AW@@Al(@tixzerlies he seh eae 
whenever | «| = |] + (¢ + 2)w and either 
AC aj, fh C Ojy jy Fj2 
or 
ACB iy MC Biy hi Fie 
From (*) it follows that (13) holds also whenever | »: | = |4| + (¢ + 2)w 
and either 
A Cc jy Hi! Cc Pj, 
or 


AC Pjy HOG, 


Hence the 2*+1 sub-intervals a1, az... ok, B1, Bo -»- Bok Of @ satisfy the 
requirements. Thus property 2 is verified for k + 1 instead of k. 


Property 3. For each of the values r= 0,1,... x there exists an wr. 

Proof. This is obvious for r = 0, since u itself is an wo. Therefore we 
suppose that there exists an w, for a particular value of fr (OSr=x—1). 
This w, we call w. We have to show that there exists an wr+ . 

The interval 9 which we obtain by taking away from w on both sides 
intervals of length d, has the length qx—r+1,0 d—2d = qx-1,f,_,@- 

Hence @ is a efx-r. From property 2 with k = fx_r it follows that @ 
contains 2/*~-r sub-intervals aj (j = 1,... 2/x—-r) of length | aj | = qx-r,0d 
such that 
A()< Aw) +ae—r—lev.r. .) a) toe AD) 
whenever j 

lu|=|4, + + 2)w,4Caj,, "Ce jy hi F jr 
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We shall prove that among these 2/*-r intervals aj, being of length 
qx—r,o a, there is at least one interval which is an w+. 

If this were not true, each interval a; would contain two intervals Oj 
and 1; for which |7t;| = |o;| + (r + 2)w and A(oj;) > A(z;) + x—r—1. 
We have A(o;) > A(z;), since x—r—1 = 0. By property 1 each sub- 
interval of « of length d contains at most 5x points of 9, and therefore each 
aj, being of length qx_r,9d, contains at most 5x.qx_r,9 points of Q%. 
Therefore 5x Qx—r,0 = A(aj) > A(t;) =0, and so A(o;) can take only 
the 5x qx_r. values 1,2, ...5xqx—r.. On the other hand, it follows from 
fxr = [2 log (5x qx_1+9)] +1 that 21 > 5x gx_ +9 and hence the 
number of intervals a; is greater than 5x qx_rso. 

Therefore there are two different intervals a;, and ajs (j; F jz) such that 
A(oj;) = A(oj2). Without loss of generality we suppose that | oj. | =| o/, | 
and hence | tj2| =| oj,| + (¢ + 2)w while A(oj;;) = A(oj.) > A(tjo) + 
+ x—r—1., The interval tj, contains an interval T;, of length 


\cj.| = |o;,| +(e + 2) w 
and we have 
A (o;,) > A (c},) +x—r—l, OF Ca; tif, Cayayi F jr. 


This contradicts (14). 
It follows that among the intervals a; there is at least one which is an 
r+ , and thus property 3 is proved. 


From property 3 with r= <x it follows that there exists a sub-interval 
w of « which is an wx. From the definition of wx it follows that w has the 
length q,,9 d =d and further that 


AWA Wali tes ooo ede ox ba IS 


whenever |u| =|4|+ (x+1)w,iA4Ca,uc wo. 

This is absurd since w, being of length d, contains by property 1 at least 
1 and at most 5x points of Qf; it will therefore contain a (closed) interval 2 
of length 0 ep which belongs at least 1 point of 2{, and an (open) interval « 


of length = : = (x + 1)w containing no point of XY; hence 


5 
A(sy> Ale), |p pape (e+ 1) a. 


which contradicts (15). 
Therefore the sequence € does not exist, and so the theorem is proved. 


Mathematics. — An elementary inequality. By C. Visser. (Commun- 
icated by Prof. J. G. VAN DER CORPUT.) 


(Communicated at the meeting of October 27, 1945.) 


§ 1. Suppose that we have a certain number of rows of n elements 
yay ean (n > 1). 


The elements may be arbitrary objects. Suppose that the number of 
mutually different rows is s. Two rows are called different when they 
differ in at least one element occurring at the same place. 

Let us omit from each of the given rows the i-th element, thus ob- 
taining a number of rows of n—1 elements. Let s; denote the number of 
different rows among these. We shall prove that 


=> g<l—l 


$1So ao Spe Ss" 2. 2 a 


with equality if and only if the given rows can be obtained from n sets 
of elements by taking all rows a;,a2,...,an, where a, belongs to the 
first set, a, to the second set, ...,an to the n-th set. 


§ 2. We shall prove the inequality (1) by induction. It is clear that 
it is true for n= 2. Suppose that n> 2, and that the inequality is true 
when n is replaced by n—l. 


Let 


(1) (2) (k) 
a,» 4p a a, 


denote all mutually different elements a, occurring at the last place in 
the given rows. Let E'”) denote the set of all rows which have al?) as 
their last element. We shall indicate the numbers s, s; for the set FE‘? 


by o!P), of. 
We have 
sj ol + ePialn cg pig tory a oT A) a 2% 
sh, Eo? = olf forip = Li ae ee 
sol) + 08. ols TR) 4 


and by the inductive hypothesis 


£ n-2 
ol?) of” a ee olf) — oP) . . . . . . (5) 


Now, by HOLDER’s inequality, 
re AO AS - 51 ((P) (p) i eT 
I (o; +o) +.:..4+ oy I= 2 (Oy Gs. wetter oe 
t Bone) | p=1 ° 
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Hence, by (2) and (5), 


1 n—2 n—2 n-2 


(S)s3. 0. spay Sot oT LE, lt 


and so, by (3) and (4), 


1 n=2 Be (Cates ee a-2 J 
ae -1 —1 — = is An—L 
(Ss; Sp.» Sp—1 Sq)? = al" GA"? 4 GA GB! 4 | 4 GK"! G{ky"! 
=o) + 6 +... + off) 
5. 


This proves (1). If there is equality, then we must have first 


oi = Sn 
for all p—1,2,...,k. This implies that the rows obtained from the set 


E'?) by omitting the n-th element a'?) from its rows are the same set for 


each p. Secondly there must be equality (with n—1} instead of n) for 
this set. It follows, sind the statement concerning the sign of equality 
is correct for n= 2, that the given set of rows is of the nature described 
at the end of the preceding section. On the other hand, it is clear that 
for any such set of rows there is equality. 


§ 3. There is a more general inequality of which (1) is a particular 
case. Let i;,i,,...,i- be r of the indices 1,2,...,n(1=rc<n). Let us 
omit from each of the given rows the elements having these indices, 
thus obtaining a number of rows of n—r elements. Denote the number of 


different rows among these by sj, i,...i,. Then 
(n—1)(n—2)...(2—1r) 
IT si, ip...tp = S 1.2, ...7 err fe ere mern e (6) 


where the product must be extended over all possible combinations {, i, . . . ir. 
The case of equality is the same as for (1). It is not difficult to see that 
(6) can be proved by successive application of (1). 


§ 4. We next state a geometric application of (1). Let x,, x2,...,2%n 
be rectangular coordinates in an n-dimensional space. Suppose we have 
a set of s different points in the space. We project these points on the 
(n—1)-dimensional coordinate spaces x; = 0. Let there be s; projections 
on the space x;—0. It is understood that each point which is a projection 
is counted only once. Then we have 


587.00 Sn 2S". 
There is equality if and only if the given set consists of all points 
(a, a>,...+,@n) obtained from n finite sets of real numbers by taking a, 
in the first set, a) in the second set, ...,an in the n-th set. 


There is, of course, an analogous geometric application of (6). 
18 
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§ 5. Finally we discuss an extension of the inequality (1) which 
concerns the measures of a set of points E in an n-dimensional space 
with rectangular coordinates x;, x;,...,Xn and its projections E; on the 
(n-1)-dimensional coordinate spaces x; = 0. In order to avoid the possible 
occurrence of non-measurable sets, we shall assume that E is either a 
closed or an open set. Further we suppose that E is bounded. It will 
be clear, however, from what follows that it is possible to make much 
milder restrictions. Let e denote the measure of E, and e; the (n—1)- 
_ dimensional measure of E;. Then 


By Cs. 4 sey ee et 


It is a simple matter to derive this from the result of the preceding 
section, but it will be difficult to find in this way when there is equality. 
Therefore we shall give a direct proof. 

It is clear that (7) is true for n= 2. Suppose that n > 2, and that (7) 
is true when n is replaced by n—1. 

Consider the set of all points of E for which x, =A. Let-« (A) denote 
its (n—1)-dimensional measure and let ¢; (4) denote the (n—2)-dimensional 


measure of its projection on the space x; —0(i=1,2,..., n—1). We have 
c= | (di to = ah Seay at ee 

é,a= e{A) forall 42°50 2. ns oe 

c= f (di: cu i ey eae 


and by the inductive hypothesis 
e A e7(4)...ea@selayray. . . 6. 1 ED 
Now, by H6LDER’s inequality for integrals, 


1 


} 


a ( | “e(A) dl ‘ae = | ‘Ter (2) 9 (2)... ena (P=? a. 


Hence, by (8) and (11), 
l . 
(e, Gp tat en ete | a 08 poeta «2 


From this it follows, by (9) and (10), that 


is n—2 1 


1 
(e: €2... @n-1 en)" =| é (A)"— « (a)74 ds 


“ai | “e()di 
2 
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This proves (7). A reasoning analogous to that at the end of section 2 
shows that there is equality if and only if EF is, a set of n-dimensional 
measure zero being neglected, the product of n one-dimensional sets on 
the n coordinate axes. 

It is hardly necessary to mention that there is an analogous continuous 
extension of (6) concerning the (n—r)-dimensional measures of the 
projections of E on the coordinate spaces x;,= xj,—=...=x;,=0. 

Remark. For n=3 it was proved by MINKOWSKI that for a convex 
set E 


e; + e, +e;—3¢ei, 


with equality if and only if E is a cube with its edges parallel to the 
coordinate axes'). The corresponding inequality for arbitrary n is 


t= 


Meese eee enesne.* (a 62. a vx (12) 


It is true for an arbitrary set FE. Indeed, by the inequality of the 
arithmetic and geometric means, (12) is a consequence of (7). There is 
equality if and only if E is, a set of measure zero being neglected, the 
product of n sets of equal one-dimensional measure on the coordinate 
axes. 

It is possible, also, to derive (7) from (12). Consider the set E' consisting 
of all points (e; x;,e2 x2,...+@nXn), where (x1,%2,...,Xn)is a point in 
E. The measure of E' is e. e; e2... en, and the (n—1)-dimensional measures 
of its projections on the (n—1)-dimensional coordinate spaces are all 
equal to e; e2...¢n, and so, by (12), 


n.€;@2...@n= ne", 
tnd therefore 
ej @2...€n =e, 


with equality when E' satisfies the condition for equality in (12), which, 
as is seen at once, means that E is, but for a set of measure zero, the 
product of n sets on the coordinate axes. 


1) H. MINKOWSKI, Volumen und Oberfliche, Mathematische Annalen 57 (1903), 
pp. 447—495. 


Mathematics. A simple proof of certain inequalities concerning poly- 
nomials. By C. VISSER. (Communicated by Prof. J. G. VAN DER 
CorPUT.) 


(Communicated at the meeting of October 27, 1945.) 


1. Introduction. The following theorem is due to TCHEBYCHEF. 
Theorem 1. If P(x) is a polynomial of degree n, and the coefficient of 
x" is 1, then 


There is equality if and only if 


5 


Pin) as sei cos nt, x = cos ¢. 


This theorem is well-known. It is extensively dealt with in P6LyA und 
SzEGO, Aufgaben und Lehrsatze aus der Analysis, 2nd volume, where 
further literature is indicated. 

Another inequality, to which I was led, some years ago, while working 
at the interesting problem of Mrs. T. vAN AARDENNE-EHRENFEST in the 
Wiskundige Opgaven 18, Problem No. 1, is 


Theorem 2. If P(x) is a polynomial of degree n, and the coefficient of 
x" is 1, then 


There is equality if and only if 


1 sin(n+ 1) ¢ 


P(x)=9n sine . ** = C086. 


This inequality seems to be rather unknown. I am indebted to Professor 
KoxsMA of Amsterdam for calling my attention to the fact that the 
determination of the minimum of the integral of the absolute value over the 
interval (— 1, 1) for polynomials of degree n and with highest coefficient 1 
was put forward as a problem by KorkIN and ZOLOTAREF in the Nouvelles 


~ 
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Annales Mathématiques of 1873, and that a solution was given in recent 
years by V. BrzeckA, Sur un probléme d’extrémum (in Russian), Comm. 
Inst. Sci. Math. Mécan. Univ. Kharkoff etc., IV S., 16, pp. 33—44. Later I 
found that a proof of the inequality is implicitly contained in a paper by 
STIELTJES in 1876, De la représentation approximative d'une fonction par 
une autre, Oeuvres completes, 1st volume, pp. 11—20. 

In what follows | shall give a simple proof of both Theorem 1 and 2, and 
some generalizations. 


2. Proof of Theorem 1. Since 


Pe ieos t) == cos" t'-—-ye =a (cosnt-+....), 
Theorem 1 will follow from 
Theorem 1a. If 
C(t)=cosnt+a,cos(n—1)t+....+ an 
with arbitrary complex coefficients a,,..., an, then 
Max | C (t)|=1. 
There is equality if and only if C(t) = cos nt. 


Proof. Put a=. Then for any ¢ 
n 


2n-1 : Osforkha=aO0nnle..,. nl 
De 4)! sik vere) f ie ’ =) en ioe 
og lye 2ne!"! fork=n. (1) 


Hence 


2n—1 § Otfor k= 0.1)..090—1 


ae das 
ep rh, cos het ba) (2ncosnt for k=n 


It follows that 
2a-1 
Sy (—1)' C(t+la)=2ncosnt. 
=0 


Putting t = 0, we infer from this that 


Max | C(la)|=1. 

1=0,1,...,22-1 
There is equality if and only if (—1)'C(la) is equal to 1 for all /. Then 
C(t) — cos nt must vanish identically, being a trigonometric polynomial of 
order n — 1, and vanishing 2n times in the interval 0 <t < 22, 
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3. Proof of Theorem 2. Since 
1 


[| P(x) dx = [| P(cost)|sin ede 


=1 


0 
1 : 
= pa | |cosme+....|sin ed 
0 


ime 
= pat { | cos mesin e+... | dt 


Theorem 2 will follow from 


Theorem 2a. If 
S(t) =sinnt-+ b, sin(n—l)e+....+ bn 


' with arbitrary complex coefficients by, ..., ba, then 
an 
: J 'S (0 | deZ4. 
0 


There is equality if and only if S(t) = sin nt. 
Proof. It follows from (1) that 


2n-1 
Sy (—1)' S(t + la)=2n sin nt. 


[=0 
Integrating over 0 St Sa, we find 


(l+l)a 
2n—1 


= { (ni seoae=4. 
=o, 
la 


It results that 
me 
| |S()|dt=4 
0 


and that there is equality if and only if (—1)!/S(t) is non-negative on all 
intervals la<t< (1+ 1)a. Then S(t) has 2n zeros in the points la, so 
that S(t)——sin nt must vanish identically, being of order n—1, and 
having 2n zeros in the interval 0 <t < 2a. 
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4. Analogous inequalities for polynomials of a complex variable. 
Theorem 3. If 
f(z) ap Ha,z+....anz" 


is a polynomial of the complex variable z with arbitrary complex coeffi- 
cients, then 


Max | f(z)|=!aoi+|an!. > 


Zest 
There is equality if and only if f(z) = apy + anz". 


, 20 


Proof. Put m =e ‘” Then 


n—t1 


x f(z!) =n ay + nanz". ee rete ses (2) 


For some z on |z|= 1, say Zp, this becomes n(|aq| + | an|)e'* with 
real a. It follows that 


Max | f (zo v') | =| ao! + | an|. 
f=0, 1, ..3,8—1 


There is equality if and only if f(zow!) = apy + anz? for all /—0, 1, ..., 
n—1. Then, obviously, f(z) = ag + anz". 


Theorem 4. If 
f(z) =a) + a, z4+....- an 2" 


is a polynomial of the complex variable z, then 
2a 
[Flot ) de 40 a) + an) 
0 


There is equality if and only if f(z) = ag + anz" with | ag | = | an/. 
Proof. Putting z = e’', we find from (2) that 
a1 int 


i (t+) 
dye ? Fle n )—=nage 


1=0 


int t 


n[s 


in 
+nane ? 


; f 22 
Integrating over a suitably chosen interval ty St St) + —, we have 
n 


2a 
tyot(l+1) 
n—} : ba 


nt 
be (-1)le 2 flelt)dt=4(\a9it+ian|)e!* 
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with real f. It follows that 


[fle de 4 (| a9| +] a)). 


It is necessary for equality that 
fab 
(1h ewan tie) 
2x 


has the same argument f on all intervals ty +1 ct<ty +. (14-1) 
n 


This involves the vanishing of f(e!’) in all points ty + ss and so f(z) = 
n 
an(z”—e!"t0), ie, f(z) = ag + anz” with | ay | = | an |. That, conversely, 


in this case there is equality is easily recognized. 


5. General trigonometric polynomials. 


Theorem 5. If 


Fics eearee 


k=—n 
is a trigonometric polynomial with arbitrary coefficients, then 


Max | F()|2=|A-2|+ An 


with-equality if and only if 
F (t) == A er int + An eint, 


and 
2% 
([\F@|ae=4(/ An +) An), 
0 


with equality if and only if 
F()=A_new™! + A, eit 
with Aon Staal 
Bronte Pat 
fij=e 5 Aree 


: k=-n 
Then f(z) is a polynomial of the complex variable z. Application of Theo- 
rems 3 and 4 yields Theorem 5. 
Remark. For a trigonometric polynomial 


Fi = 2+ oy (iy cei eos bets 
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with real coefficients, the inequalities become 
Max| F (t) |= Va? + 62, 


with equality:if and only if F(t) = an cos nt + ba sin nt, and 
jy 
| |F()|dt=4Vae2+b?, 
0 


also with equality if and only if F(t) = an cos nt + ba sin nt. The first of 
these is well-known; see e.g. POLYA und SzeGO, Aufgaben und Lehrsitze, 
2nd volume. 


Applied Mechanics. — On the state of stress in perforated strips and 
plates. (5th communication.) By K. J. ScHULZ. (Communicated by 
Prof. C. B. BieEzENO.) 


(Communicated at the meeting of October 27, 1945.) 


(This 5th and the following 6th communication have been retarded by 
the war, Unfortunately it is subject to severe doubt whether the author is 
still in life. Being a jew he has been transported first to a Dutch camp and 
later on to Germany or elsewhere.) 


8. The symmetrical strip with one row of holes subject to uniform 
flexure. We now pass on to the consideration of the uniformly bent strip, 
the treatment of which will be essentially the same as that of the strip 
subject to tension. The only difference consists in that the state of stress 
in the bent strip will be anti-symmetrical with respect to the centre-line of 
the holes (the y-axis) whereas the state of stress of the strip under tension 
was symmetrical with respect to this line. This means with respect to the 
stress function F (3, 20), related to the centres, that the constants 
Cy, Crs, Drs (S21) must be suppressed and that this function now will 
be represented by 


co 


F= 3 (Ger laa + Diet Ua) 


S=0 
The corresponding stresses along the circular boundaries I are given by 


(comp. (3, 16)) 


Oy = > Cone Sit (2n a 1) @ 5 | 
n=—90 


| Yr S 2s+1 Nn 25+1) ' 
+ 3 DS (Cosii A2n+1 — Das+i t2n41) sin (2n + 1), 


n=0' s=0 


= 2. Danii cos(2n + 1) ~— 
(2) 


=— 2 & (a ea Dost kane) cos (2n-+ he 1), 
=0 s=0 


g — > (eres + 2 D2n+1) sin (2n =f 1) 7 
P 0 


+5 SZ (Cose (hint +2 2 jai) — Dos ii (5h) + 2k254))] sin (2n+1)p 
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those along the straight boundaries II and III by (comp. (4, 18)) 


oo =+ > E (Coss he = Doi )cos2nn- y 


i= 30 b j 
ay (AS < Cc s+1 f2s+l) _. y ‘ 
tyz2— to ( 2s4 hs — Dasir kui )sin 2an oh (3) 
n=1 s=0 


Oy = + bs S| [Costs (hn 20) Dass lin” -2 kn") cos 2anF, 
(The upper signs in (3) relate to boundary II, the lower ones to boundary 
Ill). 

The anti-symmetrical character of our problem asserts itself as well 
with respect to the stress-functions F’ related to the boundaries II and III, 
which now have to be provided with opposite signs 

ce ee, ees 
Tes —— = t— ee) iG see + Ds, Diss) . . ° . ° . (4) 
s=1 
At their own" boundary these stress-functions give rise to the following 
stresses (comp. (7, 5)) 


Ce Sa > Ci,cos2an - 
Rr=!1 b 
tyz = + 3 Do sin Den. (5) 
u A b . . . . 


by =+ 3 (Cr+ 2D%)cos2an+. 
n=l b 


whereas the stresses at the non-corresponding boundaries are given by 
(comp. (7, 6)) 


62 = S (Crpa+ Daqh) cos22n - 
Aa=1 : 


ine — S(Ci tn + Dh tn) sin 2an : ’ > . (6) 


Oi + [Ci (Pn —2tn) + Dn (qu—2 tn)| cos 210 - ‘ 


{the upper signs Cae to boundary II, the lower signs to pe, II). 

The stresses occurring at any of the boundaries I in consequence of the 
joint functions (4) are obtained from (6, 9) by suppressing all terms with 
even suffixes and by doubling all terms with odd ones. They are represented 
by 


aie ek) Fe) . 
Or St LLB Cs Pins + Ds Gaus) sin (20 + I) e, 
o ow mals an ; \ 

tre — BX (Co tiny, + Ds tin.) cos (20 + 1) 4 at?) 


n=0 s=1 \ 
0, = + SF BCH pt 2h ga) TDM nsr t+ 26 nll sia(2n-+ Yo 
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If finally the stresses 6, ws 0 at the boundary I, and 0, w), 3M) at the 
boundaries II and III, as occurring in the unperforated strip end caused 
by the uniform flexure) are represented by the Fourier séries 


ae 
6) —— ¥ Cre sin (2n+1)q, cs = ED} Drs cos (20 1) @ 3 (8) 
== n=0 
and 
co , ies) ' 
Gg 2283 GP cos 2a ye SD sin2an4, . (9) 
n=1 b n=l b 


the total stresses occurring at the boundaries of the perforated strip can 
be found, by summing up the corresponding stresses (2), (7) and (8) for 
boundary I) resp. the corresponding stresses (3), (5), (6) and (9) for 
the boundaries II and III. 

The requirement that all normal and tangential stresses shall disappear 
at the joint boundaries leads to the following infinite system of linear 
equations 


7 (0) 2 rR 2s+1 — 2s+1 
Const — Conti — | ay [Cosi hinys — Dosa i2n+1) = 
s=—0 


’ 


+ 2 (Cs Pant + Ds dau) | (n= 0), 


HR ee (0) Ne 2s+1 7 2s+1 
—Den41 aaa Dyrn+1 a | >. (C2541 fonti— Dass kon+1) ae 


s=0 


2(C; Cari + Ds Ea | ( (n= 1), 


te ag a (10) 
Ch = Ce ot ] Dak (Coss1 figs Seo ead 
S=0 
ae Se rete a ‘D; a) | (n aa 1), 
Di == Dae | 3 (Coser jn = Dass kn) — 
s=0 
—(Cutn + Dut) | (=, 
which is the analogon to the system (10) of section (7). 
From the formulae 
oy = pies 6, =S.0 M857 Oi, ve a ee 


(describing the state of stress of the unperforated strip) it follows 


CereD Aue t ee ae ete Ke 
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As to 0,2 and o!, it can easily be checked, that 
0% =1p’ using +1)’ usin3¢9, | 
1 =—1p' wcosp-+tp'ncos3y,' with wale. . . (13) 
6 — ip’ wsingy—tp’ usin3 ¢, } 
Comparison of (8) with (13) leads to 
Cr =— Dy) =—tp' w, C=—tp’ wu, DP =—tp' pn) 
Cons = D841 = 0. 
For the iterative process by which the system (10) can be solved, we refer 
to art. 7 on the understanding that the symmetrical stress-functions 


occurring there are replaced here by anti~symmetrical ones. Analytically 
the iteration is described by the set of formulae 


(14) 


s=0 


ruitl) _ ral) edad nie) zS+1 
Conti ae i 5 (Cos41 hin+1 — Drs41 i2n+1) ae 


+ FCM ei +P aan) | (=O 


—Dih=—| S (Chast —Die eh) + 
+ EC a + Di ten) | (=D) 
2) SE Die Unis re areca 
s=0 
= (Ci p+ DS an | (2) 
Bie Licht Bik 52") — 
=(Ci + Di 6) | =n, 


by which in succession 


0) 0 po Ew pw v pil 
ie Deri ce J A , Cate D. 2n+l+ nt jap ) a.s.oO. 
can be computed, The convergence of the process being taken for granted, 
the solution of (10) is given by 


Con = 2 Co (n= 0), Dini = 2 Di (n = 1), | 
(16) 


Ch= 3 C," n=1), Di= F DY (n=). 
t=0 io 
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The stresses can now be calculated in the same way as in art. 7. Parti- 
cularly it may be stated that the tangential normal stresses along the 
boundaries I, II and III can be represented by simple formulae, because of 
the practicability of the double summations. By summing up G, (resp. 
6%) from (2), (7) and (13), and oy (resp. ot) from (3), (5), (6) and 
(12), we find — with due regard to (10), (12) and (14) —: 


o=4 > Dons sin (2n + 1) y along the boundaries | | 
‘ n=0 
ape ; (17) 
Gy=tp' +4 2 Dacos2an b along the boundaries | and u.\ 
t= 7% 


After what has been remarked in art. 7 it seems unnecessary to enter upon 
the stress-calculation of an arbitrary point of the stressfield and conse- 
quently the theoretical treatment of the subject could be considered as 
closed, if not one difficulty remained to be faced which also was encountered 
in the treatment of the strip subject to tension. In the same way, as in art. 7 
it proved itself to be necessary to relate the tensional stress p’ to the total 
normal load of the strip, we have now to express the bending stress p’ in 
terms of the total bending load M. With the narrowest section of the 
strip in view we find 

‘ : 


Z 
Ma=2 | Oy 21 dz) +2 | Oyt ZI aga 
e « 
a 


a 


u —(c—a) (18) 
sare | Oytl (zn mi c) Ze | Oy (zn a c) dz, 
2 —tc+a) 


in which formula the notation is in agreement with (7, 21) and oy is 


represented by (11). It recommends itself to introduce the maximum 


bending stress p, occurring in the unperforated strip of width 2c, which 
is given by 


Mise aly peti? 5.05. tig le 
Then (18) passes into 2 
a =J]—-+- a 7 f | Oyy Z1 dz + 
Pp CoD alike 
oe ~(c—a) 20) 
i | Ovi (zn -\c) dza = | Oy (zn + c) den | : 
—2c -(c+a) dae | 


The stress o,, occurring in the first right-hand integral is found by multi- 
plying the stresses oy (4, 16) by the corresponding constants occurring in 


} 
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(1) and summing them up for 7 = 0. The integral itself is split up in the 
same way as the integral (7, 23) 


c 


| Deueraeieeie—ig, . 1). ewe gs {2)) 
and, with the abbreviations (4, 19) it is found that 
b? 2 | S75 12 5 2s 
t= op S| 5 (Cae Wi Drs 4+ | 


(22) 


lk s— 


i 


| A SF 2st '2s84+- 
ti 27n — = (re = Do 541 bet ak \ 
The answer obtained for Ja is transformed firstly by identifying the series 


0 Uns41 re 0 Uses: 
Se ar 
(4,10) and (4,12) for the point (y—0, z =a) with the series (3, 19) 


for the point r = z = a, mg = 42) and secondly by using the abbreviations 


(3,19) and (3,17). The result is 


Uns+i, 


Ig=—}a?xd(C, +4C; +4Ds) — 


2 S (—1)? == < 2s+) Tr 2s+1 (23) 
= ie > Drnsi =~ ae (Cos4s Jon+ — Dos+1 kont1) 


n—o0 2n+1 


The second right-hand integral of (20), in which o,,, must be replaced by 


II 
(5,6) becomes, by the use of the abbreviations (5,8) 
0 
i nu (zn + c) dzy = Ls s i co, — (GC; Pn +2), qn) ahs 
e 4x7? 4 n?} : ; 
—2¢ 


: (24) 
4+ 22n . [Dn— (Ca tn + Dh Oe | 


The third integral has to be transformed into the coordinate z, of the 


system of coordinates corresponding to the holes of the strip, by sub- 
+a 


stituting z,—z,—c. The new integral takes the form | Oy Z dz,, in 
= 


—a 
which 6 can be derived from the series (6,7) and (6,8) by putting r = z 
and » = 42. Evidently the even powers of z do not contribute to the 


integral and — using the notations (6, 10) — we have 
—(c—a) ( 1)" 
Syn (Zn + ¢) dzy = a? ms PR = Moshe ago be Bus) (22) 


e 
(¢+a) 


The coefficients Conn 


TABLE 1 


Dyn 41» Ch» Dy with reference to p’. 


C /p' 
C3/p' 
Cs/p! 
C/p' 
Co/p’ 


“=0.20 w= 0.40 oe u=0.60 
| 4=0.10 | 4=0.20 | 2=0.30 | 20.10 | 2=0.20 | 2=0.30 || 2=0.15 | 24=0.30 
| _0.04993 | 0.04950 | —0.04785 | —0.09390 | —0.09754 | —0.09511 | —0. 14192 | —0.13327 
| 0.05007 | —0.04773 | —0.04074 | —0.10520 | —0.10163 | —0.08434 | —0. 18568 | —0. 15662 
| £.0.000019| 0.00040 | -+0.00319 | +0.00135 | +0.00212 | +0.00790 || +-0.01917 | +-0.02731 
‘cee +0.000049 -+-0.00068 | —0.00015 | —0.00004 | +-0.00121 || —0.00439 | —0.00108 
fh ooh 0.000004) +0.00011 | +-0.000013] +-0.000019} +0.00024 | -+0.00075  +0.00104 
ee — | +40.000018 = — | +0.00003!/ —0.00011  —0.00006 
| a2 B ek a Eee a3 — || 40.000022 +-0.000018 
| 0.04993 | +0.04950 0.04785 0.09890 | +0.09754 | +0.09511 | +0.14192 | +0.13327 — 
| —0.05007 | 0.04785 | —0.04194 || 0.10453 | —0.10106 | —0.08626 || —0.17488 | —0.14919 | 
} 4.0.000019 +0.00039  +0.00298 | +-0.00126 / +0.00200 | +0.00735 | +0.01586 | +0.02357 
pagal et | 0.000039 +0.00064 | 0.00015 | —0.00004 | -+0.00116 | 0.00369 | —0.00063 
iN aioe 40.0000! 0.00011  ++0.000012| +0.000018| +-0.00023 | +0.00063 | +-0.00092 
pita: vs -| 0.000018 - — | -40.000030} —0.00009 | —0.00005 
Mie 22 ee ors ad a: -40.000018) +0.000015 
| 0.00114 | —0,00089 | 0.00018 , —0.00313 | 0.01685 | —0.01612 | —0.01797 | —0.07576 
| 0.00047 | —0.00001, — | —0.00876 | —0.00645 | 0.00122 || —0.04513 | 0.02808 
! —0.000071|  — | — | —0,00666 | —0.00091 —0.000037| — 1.03250 | —0.00403 
| 0.000007) — | — | —0.00333 |—0.00009]  — || —0.01563 | 0.00045 
= ef — | —0.00133 —0.000007 + — _| —0.00610 } 0.00003! 
a hes “ oe 3000047 = = —0.00210 ps 
obits Maat — || 0.00015 = <= —0.00067 at 
a | Ss —  |/—0.00008 |, — b le | 900d seams 
Sats Hse +3 GYNO e000 es —  ‘10,000068) ames 
ee oi ze 2 /—0.000008 ss — || 0.00002, 9 — 
| 0.00060 | —0.00071 | —0.00015 || +-0.00232 | 0.00810 | —0.01085 || -+-0.01381 | 0.02912 
| 0.00038 | 0.000013, = — 0.00422 | —0.00493 | —0.00102 || —0.01814 | —0.01889 — 
|| 0.000062) — — || —0.00455 | —0.00076 | —0.000032| —0.01946 | —0.00295 — 
—0.000007}  — — — || —0.00255 | —0.00008 — || 0.01054 | —0.00029 
AT Sg — || —0.00108 | —0.000008  — || —0.00432 | —0.00002? © 
‘ie = E 0.00040 ai | 0.00153 )q. 
aoe os = ae —0.00013 Me Ke —0.00099) = — 
oS ea eee — || 0.00004 e . 0.00015 uae 
ee ee is —0.00001! = a —0.000046 = — 
secz, ' oll ene — || —0.000003 fe — | 0.000018 
| 
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Herewith all required data for the computation of p/p’ (20) are available 
and the result is 


heel 6 A te = 
Ba l—w + ay | bean +4, +4 D+ 
ae (1), pet 11g) ne 
a 2 ntl Dente gy 2 Gt (Cnt 2am De | 


or, with regard to (12) and (14) 


fa, 1 
Fal+paip? ae oa, ee Ce Ce (26) 


from which the required “quantity of comparison” p can be calculated. 
For all finite values of 4 and yu the ratio p/p’ appears to be < 1, the con- 
stants C,, C3, D3 being negative. 

All stresses, previously found in this art. can now be expressed in terms 
of p and consequently all data, wanted for the numerical treatment of our 


problem, are available. The computation of the constants Crn41, D2n+1- 
C’n, D’n (15) and (16) needs no explanation because the analogous cal- 
culation for the strip under tension has been discussed at full length in 
art. 7b. It may however be stated that the convergence of the process in 
this case is considerably better. The results are given in table 1. 

Table 2 contains the values of the ratio p’/p (the reciprocal of (26)). 


TABLE 2. The multiplicator p'/p. 


<< 


are. : 0 0.20 0.40 0.60 
0 1.00000 1.00000 1.00000 1.00000 
0.10 1.00000 1.00184 | 1.01560 

) 1.08932") 
0.20 1.00000 1.00368 1.03092 
0.30 1.00000 1.00508 | 1.04254 1.17046 


*) This value corresponds with 4 = 0.15, 


It will be seen that these values are much smaller than the corresponding 
ones of table 2 in art. 7b. The boundary-stresses ov and o,,, along the 
circular boundary I and the straight boundary II are to be found in table 3 
and 4. They are calculated with the aid of (17) and table 2. It may be 
left to the reader to draw graphs of oy and Oy and to state that the 


g LA 
absolute maximum of o, occurs in the points p = + > Its value amounts 


to about two times the stress in the corresponding point of the unperforated 

strip, so that the “stress concentration factor’ is nearly equal to 2. With 

the strip under tension the same factor amounted to 3. Furthermore it may 
19 
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be stated, that o, increases with increasing « and decreases with in- 
creasing / (lee-effect). But here too the effects are less pronounced than 


with the strip under tension. 


TABLE 3. The tangential stress o, along the boundary I. 


a a a 


24/0 “=0.20 “= 0.40 “u = 0.60 


y ||4=0.10|4=0.20}4=0.30]4=0.10)4=0.20|4 = 0.304 =0.15}4=0.30 


0° it Laer 0 0 0 a |e 0 

10° || —0.0655 | —0.0602 | —0.0388 |} —0. 1392 | —0.1323 | —0.0819 || —0.2333 | —0.1550 
20° || —0.1053 | —0.0968 | —0.0668 || —0.2257 | —0.2153 | —0. 1427 || 0.3905 | —0.2847 
30° || —0.1006 | —0 0921 | —0.0682|| 0.2210 | —0.2115 | —0.1495 || 0.4127 | —0.3340 
40° || —0.0452 | —0.0393 | —0.0289|| —0.1107 | —0.1050 | —0.0717|| —0.2706 | —0.2389 
50° | +0.0529 | +-0.0547 | +0.0518| +-0.0908 | +0.0921 | +0.0953| +0.0333 | +0.0298 
60° || +0.1732 | +-0. 1709 | +0. 1584 | +0.3430 | +0.3410 | +0.3210| +0.4621 | +0.4425 
70° || +0. 2883 | +0.2826 | +0.2646 | +0.5885 +0.5847 | +0.5501 | +-0.9347 | +-0.9097 
80° || +0.3709 | +0. 3630 | +-0.3423 | +0.7669 | +0.7623 | +0.7202 |+-1.3186 | +1.2912 
90° || +0. 4008 | +-0. 3922 | +-0.3707 || +-0.8322 | 0.8274 | +0.7830 | +1 .4687 | +1.4402 


TABLE 4. The normal stress oy along the straight boundary II. 


9,/P “w=0.20 | w=0.40 “=0.60 


y/b|| 4=0.10 | 4= 0.20 | 4= 0.30 | A=0.10 | 4= 0.20 | 2=0.30 || 2=0.15 | 4=0.30 


i 


0.0} -+0.9977 | +-1.0008 | +1.0045 | +0.9723 | +-0.9737 | +-0.9929 || +-0.9113 | +.0.9304 
0.1||/-+0.9996 | +-1.0014 | +-1.0046 ||-+-1.0378 | +0.9989 | +-1.0047 ||-+-1.2013 | +1.0383 
0.2||+4-1.0026 | +-1.0028 | +1. 1049 | -+1.0398 | +-1.0395 1.0321 || --1.2075 +1.2105 
0.3)|-+1.0036 | +1.0046 | +1.0053}/-+-1.0120] +1.0551 | +1 0598 |/-+1.0675 | +1.2727 
0.4/|-+-1.0033 | +-1.0060 | 41.0056 |) +1.0021 | +1.0509 | +1.0778||-+-1.0130 | +1.2502 
0.5)|-++1.0030 +1.0065 | 4-1 .0057 || +-1.0004 | +-1.0468 | +-1.0837 ||-+-1.1028 | +-1.2309 


i | 


The fluctuations in the boundary-stress 6) are qualitatively the same as 
those of oy occurring in the strip under tension but the deviations from the 
approximative value p are much smaller here. 

The maximum stress occurring in the strip as a whole is for values of 
f- <about 0,50 identical with the maximum stress of the straight boundaries; 
for values of « > 0,50 identical with the stress occurring in the point 
gp = 90° of the circular holes, and consequently it can be said that the 
material of the strip is exploited at its best if u ~ 0,50. However it must 
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be emphasized that under all circumstances the maximum stress is greater 
than p, so that if an unperforated strip should be replaced by a perforated 
one with the same maximum stress, the width should be somewhat enlarged. 
Naturally the saving of material, which under circumstances may be the 
aim of introducing holes, is correspondingly reduced by this effect. 
Finally the bending stiffness of the strip has to be considered. Evidently 
—— in consequence of the symmetry of the state of stress — all cross- 
sections, which bisect the distance of any two consecutive holes, remain 
plane. The angle y between two successive of these cross-sections (say V, 
and V.) obviously defines the curvature of the bent strip. Quite analogous 
to the train of thought, developed at the end of art. 7b we consider the 
strip as a part of an infinite plate, subject simultaneously to a bending load 
and to such stress-functions F and F’, which annul the stresses along the 
boundaries I, II and III. A fibre between the planes V, and Vz on a great 
distance z = / from the y-axis will practically not be effected by the stress- 
functions F, F’, and therefore will have a specific elongation Ab/b = p'l/Ec. 
It follows that 


y= Abji=p’b/Ec and 1/R=y/b=p'/Ec=1/E. p'/p . pie 


(1/R representing the mean curvature of the bent strip). 
Or, with regard to (29) 


/ 


l Pp 


R pecans 

M representing the bending moment per unit of thickness of the strip. 

It follows that by the perforation of the strip its curvature is magnified 
in the ratio p’/p, tabulated in table 2. 


M 
Ee 
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Applied Mechanics. — On the state of stress in perforated strips and plates. 
(6th communication). By K. J. ScHULZ. (Communicated by Prof. 
C. B. BIEZENO.) 


(Communicated at the meeting of October 27, 1945.) 


9. A row of rivet-holes in the neighbourhood of a straight boundary. 
A third possibility of application of the formulae developed in art. 3—6 is 
given by a row of rivet-holes in the neighbourhood of a straight boundary. 
It is supposed that the boundary-stresses of every hole give rise to a 
resultant force P perpendicular to (and directed towards) the straight 
boundary. The reaction of these resultant forces consists of a continuous 
constant tension p — P/b acting at infinity at the ‘opposite edge’ of the 
infinite plate. The resultant force P is supposed to be exerted by a normal 


pressure op = 2 sin gw acting on the upper-half (0 Sq < 180°) of the 


circular boundary of the hole; no other stresses on this boundary are 
present. 

Once again our starting point is the undisturbed infinite plate on which 
the straight boundary II as well as the circular boundaries are marked. 
Then in the centre of every circle a stress-function F, is introduced 
(expressed in coordinates (r,m) of the circle under consideration) which 
stands up for a force P in the direction g — 90°. The stress-function, 
which with respect to the fixed system of rectangular coordinates (y, z) 
is identical with the infinity of stress-functions FP, — and which gives rise 
to a stress-field of the period b (the pitch of the holes) is in accordance 
with art. 3 denoted by U,. 

It can easily be verified (comp. if desired “A”, 12,4) that F, is repre- 
sented by 3 


m—1 


Fo= 7, (rp eos + rin esin 9) . ere RD 


By introducing x = re‘? — y+ iz the expression is transformed into 
rectangular coordinates: 


de mob i: 
Ls oe pe Li (xin sf get eg In x) 


or 


\ 


m 


Fp=5-Im (s+ fin x dx— a iz In x). 
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In the latter of these formulae —x can be suppressed since the stresses o 
and 1 only depend upon the second derivatives of F,. The stress-function 
Ff, related to the hole the centre of which has the coordinates y — kb, 
z = 0, can be expressed in the coordinates y, z, used for the functions Fp, 
by replacing in the latter expression x by (x — kb): 


oes UP | excreta 
Fp= aa ]m bs In (x —kb) dx ae In - Ko) | ake} 
The function UW, which is equivalent with the whole system of stress- 


functions introduced in the centres of the infinite series of rivetholes, is 
therefore represented by 


Up = 5 Jm | [xelee— STF texte | st (3) 


where y(x) is defined by (4, 1): 


4 (x) =In sin ax/b 


Obviously it is our aim to derive from (3) the stresses occurring at the 
boundaries I and II, and to identify these stresses with the prescribed ones. 

The stresses along the straight boundary II can easily be found by intro- 
ducing for y the expansion (4, 4). This leads to 


Ome 2. 4 wo | m+ 1 aye 
Ur= a | *4 47 aes +2 a(1 +37 nt) e "cosnyn. (4) 
with the corresponding stresses: 
is 1 Es 1 m+] ghee 
— —_—_=— oy — — ns 
=| Sak 2 ROT ye a cos |, 
a= Fel +it $ (15 Fmt) ere cos nn |. (5) 
A=} \ 2m 
A A og m+l1 .) shila 
Tyz = p= | = a nt) e sinny, 


p standing for P/b, the other notations being the same as those in art. 4 
(Comp. 4, 1, 2, 3). In particular it may be remembered that in every 
ambiguous sign the upper sign relates to positive values of z, the lower one 
to negative values of z. By putting z=c, resp. (= 2nd (A= alb, 
f« = a/c) and by introducing the abbreviations 


di \eertan 
Ci) = p(i+ ee. tan“) e A ‘aes 


— 


(6) 
a 
Do = 7 pea m a v =| ee (n=1) (6) 
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it follows from (5) that the stresses along the straight boundary are 
represented by 


2 OPES AS AOS a 
ty =—5 2 (Cn 2D, °)cos2an 5° 

PE ES OO as ce eee tp 
2 =D 2 Cn cos2an b? (7) 
tyz = pat D,. sin2an igh 


Afterwards the two latter of these stresses shall have to be neutralized, 
and in this connection we state already here, that as far as they depend 


upon the series > DD cos 2any/b and Dy D'® sin 2any/b — which 
n=1 n= 


obviously represent systems of equilibrium — this will be done by the 
introduction of a stress-function of the type (5,5). As for the stress 
a, — —p/2, this will be removed by the superposition of the homogeneous 
state of stress oz = +p/2, oy = tyz = 0. 

But previously we pass to the computation of the stresses or, o¢ and tr? 
along the boundary I. If in eq. (2) In(x—kb) is replaced by the series 
— > x"/nk" b” (which differs from In(x— kb) only by the absence of 

n=l 
the non-essential constant In(— kb) ) it takes the form 


Mee ie ae a Week 
FR=— Po) mt ale wet Sonja (4 ot 
higmpil a 22 hf eae \ 

Tal 4m PB (5) aa 


With the aid of (1) and (8) U,=F, + 3 (F& + Fp*) can be expressed 
| 


(8) 


in polar coordinates, and paying attention to the abbreviations (3, 12) at 
can easily be verified, that 


2a 8m 


a hy ies aes 
ae el Crees 4m ) oan 


1 1 2 2nt+1 
eg ae canta Bat (5) sin(2n+1)9 |. 


The corresponding stresses (comp. 2,4) are only wanted for r= a. If 
we put 


Up = pb ( Fv cosp+ 5 saute rinesing) — pb? eae 2(5) snot 


7 
— 
Ke) 
_ 


Fo, al 5 ae vem 1 om+1 ) 
CQ — D; — Fn 7] int se Sy | 


ve (2 nytt damt(2n—1) sansa 25h. 7 c(10) 


sa eee! cana PE 
m 2m 


it is found that 


6, =— P sin yp— Dy CP.41 sin (2n + 1) 9, 
mA n=0 
p m—11 


Fh 


= 2x ; m % ey sin P 2 (Cone: —2 Danas) sin (2n - 1) 9, (11) 


he ¥ D941 cos (2n + 1) 9. 
n=0 


The formulae (7) and (11) provide us with the required boundary-stresses, 
which, as far as oy and 7,2 at I, and oz and ty: at II are concerned, have to 
assume prescribed values. This is attained by the introduction of equilibrium 
stress-systems represented respectively by a stress function F (3, 20) 
defined with respect to the system of coordinates connected with the 
circular boundary I, and a stress function F’ (6, 11), defined with respect 
to the system of coordinates connected with the straight boundary II. 

Consequently at the latter boundary we have to deal with 

10. the stresses (7) corresponding to the stress-function U,,, 

20, the stresses oy = 0, oz = p/2, ty2 — 0 corresponding to the homo- 
geneous state of stress mentioned before, 

30, a system of stresses, which can be calculated with the aid of 
(4,18), corresponding to the stress-function F (3, 20), 

40. the stresses (5, 1) and (5, 7) corresponding to the stress-function 
F’ (6,11). 

The resultant stresses o- and ty: must be zero and therefore the following 
boundary conditions must be fulfilled: 


‘op = Pepa ites he + 3 (Cos ha’ + Das in’) + 
fe S=1 


= s (Coen pak one BBO gen, 
e ,(n=1) (12) 
De = D®™ — | Coie + 2 (C25 7,78 a To k25) 4 
s= 


an pi (Cose1j28*! — Dos4i ki25+!) |, 
s=0 i 


On account of these equations the required boundary-stress oy can be 
written as 
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Mie 7 Dy! iP 
Sy= Diet ee OS ae Ped ad 


Analogously at the circular boundary I we have to deal with 

10. the stresses (11) due to the stress-function U,, 

2°, the stresses 
or =1p(1 + cos 2), op = tp(1—cos 2g), tre = 4—p sin 2p (comp. 7, 12) 
due to the required homogeneous state of stress, 

30, asystem of stresses, which can be calculated with the aid of (3, 15) 
and (3, 16), due to the stress-function F (3, 20), 

40. the stresses (6, 9) due to the stress-function F’ (6, 11). 

The resultant stress tre must be zero along the whole boundary I, 


: ; : : 2P 
whereas the resultant radial stress oy must be identical with o, = —— sing 
wa 


in the interval 0 <q < 180° resp. with or =0 in the interval 80° <p < 360°, 
which comes to the same thing as the representation 


send SB 2p ,.$ 4p 
67 =— — sin wT o Be Ge es ar eo pee Wy he 


in the whole interval 0° = mw = 360°. 
The boundary conditions which arise from these requirements can, by the 
introduction of the constants 


RR OL ve 1 Pe ae 
or e(4+24): “4 =+p(++55y). 

" (15) 
Cen = Gai iA (n> 1), Dp? =— 2 Di (n > 1) 


be written as 


Cou = CM —| Cohn +S (Cant + Dae) + 


+4 3 (Cspi, + Ds 4,) 


$= 


(n= 0), 


~ 


zt > (0) SF 2s+1 nR 2s+1 
Con+ = U2n+1—_ pes (Cos41 hans — Dos+1 i2n-+1) oe 
| S=0 


a9 +3 (Cs P3ny1 + Ds ain | ing Ol, 


Rs (16) 
D2, = D9), — | Coan oe: (Cos jan + Dos kon) + 


+e 3 (Cs rin + Ds én | (n= 1), 
¢ Ai 
— Doni =— Dine — | z (Cosi fant —Dasir kone) + 


+4 3 (Cota + Ds tea | (n =0). 
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The required resultant boundary stress og can, — with due regard to 
(14), (15) and (16) — be transformed into 


dg = — £ |sing|—2C)—4 3 Dan cos 2ng — 
(17) 
| aL ae 
~ Qad 
To simplify the equations (12) and (16) we introduce new symbols for 
the constants 


: sing + 4 > Danii sin(2n + 1) @ 
n=0 


Conte Danis Coe, Dey 

by putting ; 

Const = Corns, Dans == Jat gen Cr = Ceeui Dia = Set — Doi (18) 
(which must not be misunderstood in this sense, that the symbols Condi, 
Cn: CO, D®,, should be identical with the equally nominated con- 
stants of eq. (3, 20) which in fact do not occur in this problem). Further- 
more we declare the coefficients hs, i§, 8, kf, to be equal to zero in all cases 
where (n + s) should be odd. Then it can easily be seen, that the six sets 
of equations (12) and (16) are identical with the following four: 


C,= C9 [cs Wa + S (Can, + Dut) +4 5 (Cop; + Dia | 20. 
sil sl 


D,=D?— | Caf a§ 2 (Cs jn + Ds kn) +4 S (Cork + Dis | n=1), 


$i | 


(19) 
(C= ri} -|¢ As, + Px (Gada + D, in | (n= 1), 


D,, = p® Pee 


igh + 3 (Coin + Ds Ki | (n= 1) 
which can be solved in the well-known iterative way. 

We restrict ourselves to the reproduction of a number of numerical 
results, Table 1 contains for some values of 4 and yw, and m = 3,5, the 
constants C®, D®, C/o, D‘ in terms of p (comp. (6), (10) and (15)). 
Table 2 gives a survey of the constants Cp, Dn, Cn, Dn. whereas the final 
results for og and oy at the boundaries I and II are taken up in table 3 and 4. 

The stresses op at the boundary I are discontinuous in their first derivative 
‘at the points g — 0 and y = 180°, where the prescribed radial stress has 
the same property. 

As a rule the stress-maximum occurs in these points, but there are cases 
too in which the effect of the straight boundary manifests itself in a shift 
of those points of maximum stress. With regard to the normal stress oy 
at the straight boundary II it can be stated that it is nearly constant and 
equal to — p/2m for great valeus of 4/u. Tensional stresses only occur at 
this boundary if 2/;. < about 1, and then increase rapidly as 2/u diminishes. 
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TABLE 4. The stress Gy at the straight boundary II. 
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Mechanics. Over de spanningstoestanden in prismatische assen met 
door twee paar orthogonale cirkelbogen begrensde doorsneden. 
By C. DE BEER. (Communicated by Prof. C. B. BIEZENO.) 


(Communicated at the meeting of October 27, 1945.) 


1. Inleiding. 


Verschillende schrijvers1) hebben reeds min of meer uitgebreid onder- 
zocht welke invloed door het maken van één orthogonaal-cirkelvormige 
insnijding” in een cirkelcylindrische as wordt uitgeoefend op de maximale 
schuifspanning, optredend tengevolge van een wringbelasting. Het lag voor 
de hand het minstens even belangrijke probleem van een as, voorzien van 
twee dergelijke, diametraal geplaatste insnijdingen ook tot oplossing te 
brengen. De grootheden betrekking hebbende op buiging, trek en druk 
kunnen wegens de symmetrische gedaante van de doorsnede (fig. 1) een- 
voudig berekend worden, en zijn volledigheidshalve opgenomen, Minder 
eenvoudig is de berekening van de grootheden waarmee de wringings- 
problemen worden opgelost. Door den parameter , die in fig. 1 is aan- 
gegeven, te laten varieeren tusschen 0 en 2/2 wordt het geheele stelsel 
assen, gelegen tusschen den vollen cirkelcylinder met twee oneindig kleine 
half-cirkelvormige insnijdingen en de dunne strip met bi-concave doorsnede, 
achtereenvolgens doorloopen. Het is duidelijk dat voor kleine waarden van 
y bij een gewrongen as van een spanningsconcentratie voor de schuifspan- 
ningen gesproken moet worden, die zooals bekend in het limietgeval » = 0 
de waarde 2 bereikt. Te verwachten is ook dat de twee insnijdingen elkaar 
bij een kleine waarde van q niet zullen beinvloeden, zoodat voor deze 
gevallen een vergelijking met de bestaande literatuur (zie noot 1) mogelijk is. 


2. Grondslagen der berekening. 


Zooals bekend is2) kunnen bij een gewrongen prismatische as de 
schuifspanningen in een normaaldoorsnede bij gebruik van een Cartesisch 
coérdinatenstelsel, waarvan de x-as evenwijdig aan de beschrijvenden is, 
worden voorgesteld door de volgende betrekkingen: 


Od OP 
eden Sy “ae . . . . . . (1) 

1) T. H. GRONWALL: On the influence of keyways on the stress-distribution in 
cylindrical shafts. Trans. of the American Mathem, Soc.: Vol. 20. 

L. A. WIGGLESWORTH and A. C. STEVENSON: Flexure and torsion of cylinders with 
cross-sections bounded by orthogonal arcs: Proc. of the Royal Soc, of London, Series A, 
Vol. 170 (1939). 

W. M. SHEPHERD: The torsion and flexure of shafting with keyways or cracks: Proc. 
of the Royal Soc. of London, Series A, Vol. 138 (1932). 

A. VAN WIJNGAARDEN: Enige toepassingen van FOURIER-integralen op elastische 
problemen. Diss. 1945 (Meinema, Delft). 

2) Zie b.v.: BIEZENO-GRAMMEL, Techaische Dynamik, Springer 1939, blz. 112 e.v. 
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waarin ® een oplossing van de differentiaalvergelijking 


pe, 
‘@=— ‘= «Fone 
A 2Go (a = ap ae (2) 
is, die de randvoorwaarden van het probleem bevredigt. In (2) is G de 
glijdingsmodulus en w de specifieke wringingshoek. De randvoorwaarden 
worden geformuleerd door den eisch dat in ieder punt van het doorsnede- 
contour de functie @ de waarde nul aan moet nemen. 


Fig. 1. 


Zooals in fig. 1 aangegeven is bestaat het contour uit bogen van drie 
verschillende cirkels, waarvan één den straal R, de beide andere den 
straal 9 bezitten. In het volgende zullen wij spreken van den cirkel Ren de 
cirkels 9 en bedoelen dan de bogen van de cirkels met stralen R resp. 9 die 
den omtrek der doorsnede vormen. 

Een vaak toegepast hulpmiddel om een probleem als het bovenstaande 
tot oplossing te brengen, nl. het splitsen van de functie ® in twee hulp- 
functies @* en @** zullen we ook hier toepassen. Daartoe stellen wij: 


@ = Dp + @g** 

en bepalen @* en ** zoodanig, dat 

a. Db) B= 2 Go, 2,05 @ 0 

bo" 0 i Fn ie ki ca 
waarbij de (rand) waarden die @, b* of @** in de punten van de cirkels R 
en o aannemen, door de indices R en @ aangeduid zijn. In dat geval geldt 
inderdaad 

Ni o=N' (8+ O%9=AN +A’ O* =—2GCo 
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®,—9,+ 97=0, 9 = G+ o°=0 
zoodat d = @* + H** de gezochte oplossing van (2) is. 


a. Ter bepaling van ®* wordt de oorsprong van het Cartesisch 
coérdinatenstelsel gelegd in het middelpunt van den cirkel R en de y-as 
door de middelpunten van de cirkels o (zie fig. 2). 

Een oplossing van de vergelijking 

is Gee ees x 8 |) at & (4) 
is: 
oe Cro? (g* p27) Ge. st... es .(5) 
De constante C is bepaald door den eisch dat voor y2 + z2 = R2, 
b* = P = 0 zij; men vindt: 
=Go/2 (R?— y*—z?). SOS Re oes abies) (0) 


De waarden van ®* in de punten van de cirkels 9 kan men als 
functie van y of z vinden, al naar men z of y elimineert uit (6) en de 
vergelijkingen van de cirkels 9. Overigens zullen wij dit niet uitvoeren, daar 
wij de vergelijking (6) nog zullen transformeeren op andere coérdinaten. 


b. Het vinden van een oplossing van de Sc 


A’ po — 0 Ds == i +, Oz2 aa . . . . . (7) 


die aan de randvoorwaarden > — 0 en OD — —@* voldoet, gaat het 


gemakkelijkst, wanneer wij gebfuik maken van bi- polaire coérdinaten 
(zie fig. 2). 


De transformatie u=Rtanhv/2 ... . . (8) 
waarin These lis yb en y= rt WC, 
geeft de transformatieformules: 


oP et eae ee 
Bae tat pace cosh 7) + cos £ eee} 


en doet (7) overgaan in: 


AY oe =0 ( 


/ 

ap + ae} (7’) 
Stelt men » of ¢ constant, en elimineert ¢ resp. 7 uit de vergelijkingen 
(9), dan vindt men de vergelijkingen van de, in fig. 2 geteekende, cirkel- 
bundels in het y—z-vlak. Een strook in het »—¢-vlak, begrensd door twee 
waarden van ¢ die 2z verschillen, wordt op het geheele y—z-vlak afge- 
beeld. Door deze strook 266 te kiezen dat —x S$ ¢< +2, zorgen wij ervoor 
dat, voor elke waarde van 7 in het gebied van de doorsnede, ¢ een continue 
functie is van z. Zooals uit het voorgaande volgt wordt de dwarsdoorsnede 


gio CL 
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van de staaf in het 7--¢-vlak afgebeeld op een rechthoekig gebied, zoodat 
de randvoorwaarden van het probleem zich in de nieuwe codrdinatén een- 
voudiger laten formuleeren. 

Ter bepaling van de randwaarden @** = —@_, schrijven wij eerst D* 
als functie van 7 en ¢: 
: cos ¢ 


—— 2 
sae e cosh 7 -+ cos ¢° 


(10) 


Fig. 2. 


De cirkels 9 worden bepaald door de twee waarden 7 = + jo, zoodat 


oe - cos ¢ 
®,—GoR cosh yj + cts 9 8 5 © Up 
en dus 
cee A cos ¢ 
gr = GaoR Salis eRe ce By 


Stellen wij nu als oplossing van vergelijking (7’): 


I ihre >” a, coshny cosnt %.¥. . ss he 


n=1 
waarvan elke term afzonderlijk aan (7’) voldoet (en waarin het accent bij 
het som-teeken aangeeft dat alleen oneven n-waarden in aanmerking 
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worden gebracht), dan ziet men terstond dat aan de randvoorwaarde 
@*, = 0 automatisch voldaan is, zooals blijkt wanneer ¢ = + a/2 — over- 
eenkomend met y2 + z2 = R2 — gesteld wordt. Om de oplossing 6** 
aan te passen aan de voorwaarde (12) voeren wij een hulpfunctie Y in, 
die in het interval —a/2S¢<S-+ 2/2 met @*” overeenkomt en in de 
gebieden —aS6S—aj2 resp. +a/2=f=+a gedefinieerd is door 
P(e) =—W (6+) resp. (6) = P(t—a). 

Een dergelijke functie kan ontwikkeld worden in een FOURIER-reeks van 
de gedaante YW — > an cos nC, waarin het accent wederom aangeeft dat 

n=1 

alleen over oneven waarden van n gesommeerd wordt. 

Zooals bekend zijn de coéfficiénten an bepaald door 


oe z/2 
a= Ve { Ycosné do =— 4/2 GaR? Wecaae rent eel 


cosh7g-+cosl * neath) 
—a 0 
= — 4/xn Go R? mi 
met 
(_costcosnt 
we cos cosn 
ae if cosh 7 + cos ¢ ae 
0 

zoodat 


Y = 4/n Go R? 3” I,cosnt.. . . . . : (15) 
jk | 
Wordt nu over het interval —a/2S0S+a/2 6% (13) geidentificeerd 
met Y (15) door te stellen: 
** = J an cosh nyo cosn€ = — 4/1 G@R? 3" Incosné 
1 fit | 


a= 


dan vindt men voor den coéfficiént ap 


‘ 
= VAS ole 
an, — —4/n GoR peal (16) 
zoodat 
oe" — — 4/n Gow R? > Jn —coshnycosn[. . . (17) 


n=1 cosh No 


De gezochte functie @ = @* + ®** kan men dus, als besluit van deze 
overwegingen, als volgt neerschrijven: 


cosh n+cosl n=1 cosh no 


\ 


® = Go R? (Set 4/a >» Seah jg comb m1 608 0). (18) 


De grootste in de dwarsdoorsnede optredende schuifspanning wordt 
langs de cirkels 9 aangetroffen. Haar richting is die van de raaklijn aan den 


20 
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omtrek, haar grootte vindt men met behulp van de eerste afgeleide van @ 
in de richting van de normaal op het contour: 


dP 
To — (2) . . . . . . . . (19) 


Wegens de symmetrische gedaante van de doorsnede is het geoorloofd 
in het volgende uitsluitend positieve waarden van 7 en ¢ te beschouwen. 
Voor elke eindige waarde van mo is dan volgens (19) to een functie van ¢, 
waarvan het maximum bepaald moet worden. Het zal blijken dat dit maxi- 
mum niet altijd optreedt in het punt 7 = 7, ¢= 0, waar men het zou 
kunnen verwachten. 

Voor (19) schrijven wij: 


= (#2) = (seen xs) 
com dn beat aie “On dn n= 0g dn alae’ 


en merken op dat 


dc a dy ee i ae 
Gee rs oo = IR (cosh m+ cos) (20) 
4="No 


dv 


daarbij gebruik makend van de transformatieformule (8). 
Met (18) berekent men nu verder gemakkelijk: 


0 Ry: , cos¢ sinh 7 @, 
anlaee GoR eosioncteoa th 1 4/70 Zz nI, tanh nyycosné) (21) 
zoodat 


cos ¢ sinh 77 


4 hal Ch eee 


+ 4/2 (cosh 19 + 
e (22) 
+cosl) 5” nI, tanh ny cosné 

n=1 


In nr. 3 zullen wij het maximum van x’ = f[(£) aangeven met x: 


x = To fax) CF oR. eee ee ye (23) 


Ook de stijfheid van de as kan, zooals wederom bekend verondersteld 
zij, bepaald worden met behulp van de kennis van @ uit de formule: 


w=2] { Pdyd: . By nae eee 


waarin W het door de wringspanningen opgeleverde wringend moment 
voorstelt en de dubbelintegraal zich over de geheele doorsnede uitstrekt. 
Daar = &* + @**, geldt: 


W=2f | dy de +? [ { ody ae olin RS 
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De berekening van den eersten term van (25) levert geen bezwaren en 
verloopt — met inachtneming van (6) — het gemakkelijkst bij gebruik van 
poolcoérdinaten (zie fig. 3) 


Fig. 3. 


2f { @* dy dz = aa D*r dr db = ‘ 


R 


9 t 
+(R?—1) dr + faa | 1 (R?—r2) de 
0 0 


[2 
=4Go} [a 


waarin 1=(R/cos ¢) (cos 6— |v cos? @—cos? ¢). 


0 


Na uitwerking van de elementaire integralen volgt hieruit: 
2 ip af * dy dz = GaR' {(a/2—g) (1 +3 tant p) + tan p—3 tan? yp}. (26) 3) 


De tweede term van (25) kan met behulp van de integraalstelling van 
GREEN 


{faa V—-VA U) dy dz = Been ds . (27) 


getransformeerd worden, waarbij wij ons houden aan de gebruikelijke 
afspraken omtrent de positieve richtingen langs normaal en kromme. 
Stellen wij: 


i= Oven V =o" 
dan is 


“tie wx i iS OP oe OD 
{J (A o*—@ A #) dy de =  (® 5? on) oS 


of, daar AG** = 0 en AD ==—=2.Gur 


ay +* eo oo™ ~~ «« OP 
2Gu | { @ dy dz= ® —— ds p? ds. 


3) In de analoge formule in het werk van GRONWALL is een kleine onnauwkeurigheid 
ingeslopen, zonder zijn resultaten te beinvloeden. 


308 


De eerste integraal uit het rechter lid valt weg, daar @ = 0 in de punten 
van den omtrek; de tweede integraal uit dat lid levert langs den cirkel R 
geen bijdrage, zoodat: 


[2 
2Go f [or dyde=—4 [on Fat. ee eo 
re 
Men vindt 


2/2 


ee she 44 (sinh yo cos?¢ 
2{ | &” dydz=—4GoR stench | 
0 


(29) 


4 y ns 
r a = aa cosh mp) + cos ¢ 


0 


a2 
cosfcosné i \ 


waaruit, na verwisseling van sommatie en integratie en uitwerking van de 
elementaire integraal, volgt: 


2 ( { @* dy dz= Go R* —(x/2—q) (6 tan* p+2 tan? y)+6 tan? p— 

bat is . (30) 

—16/x 3” nI? tanh nig 
ok 


Hierbij is, teneinde aansluiting met (26) te verkrijgen, gebruik gemaakt van 
de betrekkingen sinh 79 = 1/tan en cosh 79 = I/sing, die men aan de 
hand van fig. 2 gemakkelijk verifieert. 

Men vindt dus tenslotte: 


u= W/Go Rt = }(a/2—¢) (1—2 tan? p—3 tan* ¢) + 
+ tan » + 3 tan? p—16/x = nI? tanh nijo} ( - + G1) 
n=1 


/ 


Van de grootheden x (23) en « (31) levert de laatste een directe maat 
voor de stijfheid van de as, de eerste is slechts in z6éverre van beteekenis, 
dat zij ons in staat stelt een derden factor 4= w/z te bepalen, die de 
grootste schuifspanning als functie van het wringend moment levert. 


Voor de berekening van de normaalspanningen in een axiaal getrokken 
of gedrukte as, die wij slechts volledigheidshalve hier bespreken, dient men 
het oppervlak van de doorsnede te kennen. Maakt men weer gebruik van 
poolcoérdinaten, dan vindt men: 


P= { {rdrdo= Rll —29) (I~ tan?y) + 2ean 9}. . (32) 
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De bij buigbelasting belangrijke grootheden zijn de traagheidsmomenten en 
weerstandsmomenten om de y- en z-as. 


ae { if sin?Odrd9 Wy=I,/R 


= { | ecos?6 dedd W,=1,/R cosy 


Werkt men de integralen uit, dan vindt men: 
Ty = R¢* {(a/4—¢/2) (1—tan* y)—1/6 tan p+1/2 tan? y+2/3 sing cos ¢} 
TI, = R* {(x/4—q/2) (1—4 tan? p—5 tan* ¢) + ick} 


+ 7/6 tan » +.5/2 tan? p—2/3 sin p cos p} 
Tenslotte is de minimum traagheidsstraal, die een rol speelt bij knikbe- 
rekeningen, te bepalen uit: 


(eae Val Ace a pwnd va (34) 
3. Berekening. 


De resultaten van de berekeningen van alle in aanmerking komende 
grootheden (x, 4, wu, F, ly, Iz, Wy, Wz, imin) zijn voor de m-waarden 
0°, 10° ... 90° in tabel- en grafiekvorm ondergebracht in nr. 4. Behalve de 
goniometrische functies van m en &, en de hyperbolische functies van jo, 
is daarbij gebruik gemaakt van de kennis van de integralen In. De gonio- 
metrische en hyperbolische functies kunnen in tabellen gevonden worden, 
de integralen Jn echter moeten, voor de met de gekozen p-overeenkomende 
No-waarden, telkens voor een serie n-waarden berekend worden. Zijn de 
integralen J, in voldoende aantal bekend, dan kunnen we voor elk punt 
der cirkels o den factor x’ en dus ook zijn maximum x berekenen. Volledig- 
heidshalve is in de tweede kolom van tabel 1 (zie nr. 4) de waarde van 
x’ in het punt 7 = 7, € = 0 opgenomen. Door vergelijking met de eerste 
kolom blijkt dan direct dat de waarde in dit punt niet steeds de maximale 
waarde vertegenwoordigt. 

Bij de berekening van Jn maken wij voor groote waarden van 7 
(cosh 9 > 2) gebruik van de volgende ontwikkeling: 

x|2 
I, = S (—1)?*" 1/cosh? 19 { cos’tcosntdt. . . . (35) 


p=! . “ 
0 


Voor kleinere waarden van cosh yp convergeert deze reeks te langzaam 
om met voordeel voor de berekening gebruikt te kunnen worden. Om voor 
deze waarden Jn te berekenen, maken wij gebruik van het volgende: 


{2 
cos C cos (n— 2) cos ¢ cos(n cx 2)¢ 2. 
In-2 + Ina et at cosh 7) + cos a sha hee cosh 7 + cos ¢ te = 


0 


(2 [2 


[ 
2 cosfcosné * cos 3Ccosné 
i peor renee | Roa ack cos Ga 
0 0 


310 


In de tweede integraal van het derde lid voeren we in: 
cos 3 = 4 cos? £—3cosé 


en vinden dan 


/2 
cos? f cosnf 


Ina + Inva= 4 ies No + cos € 


dE—2In. 


1 


—- 


figs = = 

0,6 1,2 XI \ i eis 

0,5 1,0 . ssl abe 

0,4 0,8 x Yt t\ | 
NS 


Se : SSN 


0,0 0,0 
0° 10° 20° 30° 40° 50° 60° 70° 


Fig. 4. ~, 4 en mu als functie van ¢. 


cos? cosn€¢ 


Door uitdeelen van de breuk en uitwerken van de (elemen- 


. cosh 9 + cos ¢ 
taire) integralen komt er: 
ok 3 t t 2 
(S08) 5 COS DE 2 
frees No + cost do = cosh? 1} In — cosh aw [ cos Scosn€ df + 
: 0 
n+1 
; er 38 
+ (= 
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zoodat 
a 8 
Ina + Inta—(4 cosh? —2) In =(- 1)? ag — | 
a2 ye 50) 
—4 cosh mj | cos€cosn€ ar\ 


fos 10° 20? 30° 40° 50° 60° 70° 80' g0° 
f 
Fig. 5. Iy, Wy, 1, en W, als functie van @. 
waarbij de integraal in het tweede lid — zooals bekend — voor n = 1 
nul is en voor n = 1 gelijk aan 7/4. 
Met behulp van deze vergelijking kan men, als 
= 

cates Ae es = t p Pas ee somes 
a yeaa ke p) (tan p + 1/tan ¢) (37) 
eenmaal berekend is, alle andere integralen J;, /5..... bepalen. Immers 


voor n = 1 geeft (36): 
I, —(4 cosh? y)— 2) J, + J; = 8/3—2 cosh 1H 
of 
I, = (4 cosh? 9 — 3) I, + 8/3 —2 cosh yo, daar [1 = I;. 
Door (36) daarna voor n = 3 op te schrijven vindt men I; enz. 


Daar J, uit den aard der zaak slechts in een beperkt aantal decimalen 
wordt becijferd, sluipt bij de berekening van /;, /5...-. op den duur een 
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niet toelaatbare onnauwkeurigheid in, die een gevolg is van het feit dat de 
eerste term in het tweede lid van (36) en de derde term in het eerste lid 
van dezelfde vergelijking een zeer klein verschil vertoonen, dat door uiterst 
kleine wijzigingen van In sterk beinvloed wordt. Om aan dit bezwaar 


rs ae at 


Ke 


3,2 


0° 10° 20° 30° 40° 50° 60° 70° 80° 90° 


Fig. 6. F en ij, als functie van ¢. 


tegemoet te komen, schrijft men in de gevallen waar dit optreedt 
(30° <@<60°) (36) in den vorm 


n+l 8 
(—1) 2 7 i eR — Tn-2 — Inga 
n (n?— 4) 
ee —(4 cosh? j)— 2) (nse iu 


Nadat dan, hetzij volgens (35), hetzij volgens (36) een serie benade- 
ringswaarden I3,/];... bepaald is, wordt (38) als een iteratieformule 
gebruikt, waarin in het tweede lid de reeds gevonden waarden worden 
gesubstitueerd en het eerste lid de nauwkeuriger waarden Jn (n = 3,5...) 
levert. Met de nieuw verkregen waarden kan zoo noodig het iteratieproces 
herhaald worden. In tabel 1 zijn voor een aantal waarden van » de inte- 
gralen J, tot n = 27 vereenigd. 

Voor de berekening van x’ (22) spelen de reeksen 


=" nln tanh nig cOine, Jin, is ee 


ast 
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een belangrijke rol. Hiervoor schrijven wij: 


by nI,tanhny)cosnl= Dy nI,cosn¢— > nIncosnf(1—tanhn7p). (40) 
} — n=1 jt—1 


Fig. 7. x’ voor p =.70°, als functie van ¢. 


De eerste reeks in het tweede lid van (40) is te berekenen met behulp van 
een uit (36) af te leiden formule. Vermenigvuldigt men (36) met n cos nf 
en sommeert over oneven waarden van n van 1 tot ©, dan vindt men na 
korte berekening 

2 n+l 
(21, +- cosh 7) cos ¢ — >” (—1) ? 2g 0087 C 


is 6) 
=1 
ee fil COS IG -—s —— 


n=) 4 (cosh? 1) — cos? ¢) 
n+l 
tag sey Se Tee See 5 oath 
Bee ie ain 2 pars 
/ 4 (cosh? 1j) — cos? ¢)? 
Wanneer men dan nog opmerkt, dat 
n+l so 
mn he)? pasties sin nC=2 sin¢+(1-+cos 2¢) In a Foch 
n=l n(n?— 4) cosl Ls 
n+2 ae ee ieee 2 
ey TE 8 P 1+sin¢ 
7 may 7] inte = os 
2 | 1) ea ah 4cos¢—2sin 2¢ In tat 


is men in staat om de waarde van By nIn cos n& met iederen gewenschten 
n=l 
graad van nauwkeurigheid te bepalen. 

De tweede reeks in het tweede lid van (40) convergeert snel en kan 
eenvoudig door sommatie van de eerste 5 of 6 termen gevonden worden. 
Kent men eenmaal het verloop van 7 langs de cirkels g, dan vindt men het 
maximum x van x’, in die gevallen waarin de grootste schuifspanning niet 
in het punt 7 = 7, £ = 0 optreedt, door in de omgeving van het maximum 
7 = f(¢) door een geschikt gekozen algebraische functie te benaderen. 
Ter illustratie is het verloop van x’ voor ~ = 70° geteekend (zie 4). 


a2 
De sommatie van de reeksen 2’ nJ2 tanh nyo, die vereischt wordt bij 
n=1 : 
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01000°0— | O1000°0— | 60000 O— | 80000°0— 
€1000°0+ | €1000°0+ | 11000°0+ | 01000°0+ 
91000'0— | 91000°0— | S1000°0— | Z1000°0— 
1z000°0+ | 1z000°0+ | 61000°0+ | 91000°0+ 
6Z000°0— | 8z000°0— | Sz000°0— | 22000°0— 
0+000°0-+ geo00'0+ | seo00"0+ | 0€000°0+ 
Zs000°0— | 9S000°0— | #S000°0— | #F000°0— 
28000°0-+ | ssoo0’0+ | 22000°0+ | 99000°0+ 
ZFI00 0- | SEI00'O— | 9ZI00°0— | g0T00°0— 
ZSZ00'0O+ | SbZ00°O+ | SZZ00';O+ | F6100°0+ 
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pe far, 
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de berekening van «, geeft voor de beschouwde mo-waarden geen aan- 
leiding tot moeilijkheden. 
4. Resultaten. 


De resultaten onzer berekeningen zijn in de fig. 4, 5, 6, 7 en in tabel 2 
weergegeven. Hieraan kan nog het volgende worden ontleend: 


x wordt voor g <70° met groote benadering voorgesteld door 


AC tected coy 5 1 
ay Saye h) 
aU 
De grootste fout is ongeveer 4,5 %. 
TABEL 2. 
a | < hee . it | “ae Sy 
| x! | Tin | 
% y= | ys 3 
6 | | "IED | , | # F/R? w. ire 1,/Rt W,/R| imin/R 
eee a ee ee ee ee ee ee es Paar 
0° 2.0000 | 2.0000 | 0.7854 | 1.5708 | 3.1416 | 0.7854 | 0.7854 | 0.7854 | 0.5000 
10° 1.7818 | 1.7818 | 0.7981 | 1.4220 | 3.0584 | 0.7848 | 0.7133 | 0.7243 0.4829 
20° 1.5644 | 1.5644 | 0.7238 | 1.1323 | 2.8477 | 0.7779 | 0.5645 | 0.6007 0.4452 
30." 1.3388 | 1.3388 | 0.6059 | 0.8112 | 2.5510 | 0.7541 | 0.4006 | 0.4626 0.3963 
40° 1.1020 | 1.1020 | 0.4763 | 0.5249 | 2.1947 | 0.7038 | 0.2536 | 0.3311 0.3399 
a0i> 0.8556 | 0.8556 | 0.3506 | 0.3000 | 1.7967 | 0.6209 | 0.1390 | 0.2163 0.2781 
60° 0.6321 | 0.6079 | 0.2261 ) 0.1429 | 1.3697 | 0.5037 | 0.0617 | 0.1233 | 0.2122 
rhe 0 4475 | 0.3767 | 0.1097 | 0.0491 | 9.9232 | 0.3555 | 0.0189 | 0.0554 0.1432 
80° 0.2635 | 0.1777 | 0.0283 | 0.0075 | 0.4647 | 0.1840 / 0.0024 | 0.0139 | 0.0722 
90° 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000 


Vergelijken wij x, 2 en uw voor kleine y-waarden met de, in fig. 4 gestip- 
pelde, overeenkomstige grootheden voor een as met één orthogonaal-cirkel- 
vormige insnijding, dan kunnen wij de volgende opmerkingen maken: 


1. De sterkte is van beide assen ongeveer dezelfde (x). 
2. De stijfheid van de eene as neemt — bij eenzelfde toename van ~ — 
ongeveer tweemaal zoo sterk af als die van de andere (1). 


Tenslotte toont het verloop van 4 in fig. 4 dat men spiesleuven bij voor- 
keur met een y ~ 8° zal uitvoeren, om de sterkte van het materiaal zooveel 
mogelijk te benutten. 


Delft, 1—5—'45. 


Mechanics. De stabiliteit van de tolbewegingen van STAUDE. By 
O. BoTTEMA. (Communicated by Prof. C. B. BIEZENO.) 


(Communicated at the meeting of October 27, 1945.) 


In 1894 ontdekte STAUDE 1) dat een willekeurig, in een van het zwaarte- 
punt G verschillend punt O ondersteund en in het zwaarteveld geplaatst 
vast lichaam om elk van o! assen door O een rotatie met constante hoek- 
snelheid kan uitvoeren. Een dergelijke as moet daarbij verticaal worden 
geplaatst. Deze assen van STAUDE vormen een quadratische kegel en 
VAN DER WOUDE 2) heeft veel later aangetoond dat de totale verzameling 
dezer assen, bij veranderlijke plaats van O, niets anders is dan het quadra- 
tisch complex van de hoofdtraagheidsassen van het lichaam. 

De stabiliteit van de rotaties van STAUDE is onderzocht door GRAMMEL °), 
die met behulp van de methode der kleine trillingen er in slaagde de stabili- 
teitsvoorwaarden in een eenvoudige gedaante te brengen en in zekere zin 
het vraagstuk volledig oploste. Hij zag zich daarbij echter genoodzaakt het 
probleem anders te stellen dan in de meest voor de hand liggende vorm. 
De vraag, die zich voordoet, luidt blijkbaar in beginsel zo: door de traag- 
heidsmomenten a, § en y ten opzichte van de hoofdassen door O en verder 
door de coérdinaten &, 7 en ¢ van het zwaartepunt G ten opzichte van deze 
assen, is het stelsel dynamisch volledig gekarakteriseerd en is in het bij- 
zonder de quadratische kegel der assen van STAUDE bepaald; welke dezer 
assen zijn stabiel? Het blijkt nu, dat men bij de beantwoording van deze 
vraag dusdanige algebraische complicaties ontmoet, dat het vrij hopeloos 
schijnt een overzichtelijke oplossing te bereiken 4). 

GRAMMEL heeft daarom de vraag anders gesteld. Hij neemt het punt O 
en de traagheidsmomenten a, f, y als gegeven aan en laat de codrdinaten 
£, , € van G voorlopig onbepaald. Daarna kiest hij een willekeurige as / 
door O en gaat na, waar men het punt G zou moeten kiezen, opdat / een as 
van STAUDE van het systeem wordt. Voor G wordt zo een bepaalde meet- 
kundige plaats F gevonden. Onderzocht wordt nu verder in welke deel- 


1) STAUDE, Uber permanente Rotationsachsen bei der Bewegung eines schweren 
Kérpers um einen festen Punkt, Journ. f. reine u. angew. Math. 113, 318—334 (1894). 

2) VAN DER WOUDE, Uber die Staudeschen Kreiselbewegungen, Math. Zeitschr. 16, 
170—172 (1923). 

3) GRAMMEL, Die Stabilitat der Staudeschen Kreiselbewegungen, Math. Zeitschr. 6, 
124—142 (1920). 

4) GRAMMEL, t.a.p. pg. 129. Vgl. ook METTLER, Periodische und asymptotische 
Bewegungen.des unsymmetrischen schweren Kreisels, Math. Zeitschr. 43, 59—100 (1937), 
in het bijzonder pg. 81. 
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verzameling F’ van F het punt G moet liggen, opdat / een stabiele as is. 
Het aldus gewijzigde stabiliteitsprobleem wordt volledig opgelost. 

In het volgende keren wij tot de oorspronkelijke probleemstelling terug, 
maar beperken ons daarbij tot een zeer bijzonder geval, n.l. tot dat, waarbij 
G op een der hoofdassen door O ligt. De kegel van STAUDE ontaardt dan 
in de beide hoofdvlakken door deze as en het stabiliteitsprobleem heeft een 
betrekkelijk eenvoudige oplossing, vooral dank zij het feit, dat een der drie 
door GRAMMEL opgestelde condities steeds vervuld blijkt te zijn. Ligt G niet 
op een hoofdas, maar wel in een hoofdvlak van O, dan is de kegel der 
rotatie-assen eveneens ontaard en het lijkt niet uitgesloten ook in dit alge- 
mener geval resultaten te verkrijgen. Wij gaan daar hier echter niet 
nader op in. 

Als inleiding geven wij een kort overzicht van de methode van GRAMMEL. 
Kiest men het aan het lichaam verbonden stelsel van hoofdassen door O 
als codrdinatenstelsel, zijn xo, yo, Zo de codrdinaten van een op de afstand 1 
verticaal boven O gelegen vast punt der ruimte en is w de constante hoek- 
snelheid om de verticaal geplaatste as van STAUDE, dan ontstaan door 
specialisatie van de betrekkingen van EULER de volgende bewegings- 
vergelijkingen: 


(B—y) @? yo Z = 1 Zo—$ Yo | 
atyarg) Ci? 2yigpae a Xo esp pe oft ee eM) 
(a—B) @? Xo yo=F Yo—NXo 

De componenten der hoeksnelheid zijn po = wxo, qy = WYy EN To = WZ 
en men kan de grootheden x9, Yo, Zo, Po» dor fo als codrdinaten der beweging 
beschouwen. GRAMMEL geeft aan deze grootheden kleine veranderingen, 
zodat zij de waarden x = x) + x, p= po + p enz. verkrijgen en noemt de 
betrokken beweging stabiel als x, y, z, p, q, t kleine grootheden blijven. 
Door substitutie in de algemene bewegingsvergelijkingen van een vast 
lichaam en na toepassing van het in de theorie der kleine trillingen ge- 
bruikelijke procédé, ontstaat een stelsel van zes lineaire differentiaalverge- 
lijkingen. Stelt men de oplossingen evenredig met e*', dan ontstaat een 
frequentievergelijking, die van de derde graad in g? blijkt te zijn en boven- 
dien de wortel 02 = 0 blijkt te bezitten. Er blijft een vierkantsvergelijking 
in @2 over, welke, zal de rotatie stabiel zijn, twee verschillende reéle, 

negatieve wortels moet hebben. Deze vergelijking ziet er als volgt uit: 


goet+gie’tg2—0. |. 6 ye es (2) 
waarbij 
go aPy 
gi =2(Byut+ oP i Oe ere K 


Game a pi) oak +2Amn] 


De sommatie moet daarbij over drie, door cyclische verwisseling ontstane 
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termen worden uitgestrekt. De in (3) voorkomende grootheden hangen 
daarbij op de volgende wijze van de gegevens af: 


u = (B—y) (y3—z2) w?—7 yo—é Zo / 
[= (B+y—a) w xo \ lem ts} 
A= [E—(y—a) ©? z] yo =[n +(4—P) ©? yo] 20 


terwijl v, w, m, n, m, v door cyclische verwisseling worden gevonden. De 
stabiliteitscondities luiden dus: 


gi >, g2>0, k=gi—4g092>0 - RE. nF 


Wij merken nog op, dat de vergelijking van de kegel van STAUDE, zoals 
door eliminatie van w2 uit (1) blijkt, als volgt luidt: 


(B—y) yo 2 + (y—a) 29 Xo 9) + (a—f) xoyoS =O... (6) 


Een as van STAUDE is daarbij gekarakteriseerd door de verhoudingen 
Xo: Yo: Zo. Bij elke as behoort, zoals uit (1) blijkt, in het algemeen één 
bepaalde waarde van w?. Tevens is voor elke as bepaald welke der beide 
halfstralen door O bij de permanente rotatie verticaal naar boven gericht 
moet zijn, en wel deor de voorwaarde dat w? een positieve waarde moet 
hebben. 

Wij beschouwen het bijzondere geval, waarbij 4 = ¢ = 0, dus dat, 
waarbij het zwaartepunt G op een hoofdtraagheidsas OX door O ligt. 
Zoals uit (6) blijkt, is dan de kegel van STAUDE ontaard in de beide hoofd- 
vlakken yo = 0 en zo = 0. Tot de assen van STAUDE behoort ook de 
snijlijn yo = Zo = 0, dus de as OG; kiest men deze als wentelingsas, dan 
is de bijbehorende hoeksnelheid onbepaald en de vraag, hoe de stabiliteit 
van de hoeksnelheid afhangt, is door GRAMMEL volledig opgelost. Wij 
kunnen dus deze as buiten beschouwing laten. Verder sluiten wij de assen 
Yo = Xo = 0 en 29 —ixq = 0 «uit (aangezien zij met de hoeksnelheid 
w = © overeenkomen) en veronderstellen voorts, dat a, f, y onderling 
verschillend zijn. Wij richten onze aandacht op de overige assen van 
STAUDE; zoals uit (1) blijkt, behoort bij elk van hen één welbepaalde hoek- 


g 


snelheid w. Uit (1) volgt immers voor zy =—0 dat xo = (a—f) o is, 

terwijl yo willekeurig blijft, terwijl] voor yp = 0 de waarde van Zo wille- © 

keurig is en x9 = ee Veronderstellen wij £>0, wat zonder de 
(a—y) w? 


algemeenheid te schaden, gebeuren kan, dan heeft men dus, daar w? > Ois, 
in het eerste geval xy (a — B) > 0, in het tweede x9 (a — y) > 0. Duiden 
wij die halfstraal op een as van STAUDE, welke bij de permanente rotatie 
verticaal naar boven moet worden geplaatst, aan als de positieve halfstraal, 
dan vullen deze positieve halfstralen dus zowel in yo = 0 als in 29) = 0 een 
halfvlak. Deze halfvlakken zijn blijkbaar yo = 0, xo > 0 en zp = 0, xo > 0 
als a> fen a>y:; voora<f,a>y zijn de halfvlakken yo = 0, x9 > 0 
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en Z = 0, x» <0 en voor a<f, a<y vindt men yp = 0, x9 <0 en 


A¢ Al) 
WA 
Bp 


Fig. la. 


In fig. 1 is de ligging der positieve halfstralen geschetst, respectievelijk 
voor het geval dat het zwaartepunt G ligt op de hoofdtraagheidsas, die bij 
het grootste, het middelste en het kleinste traagheidsmoment behoort. In het 


Fig. 1b. 


eerste geval ligt dus bij alle permanente rotaties het zwaartepunt boven het 
steunpunt, in het derde geval ligt het er steeds beneden, terwijl in het 
middelste geval beide situaties voorkomen. 

Wij willen thans nagaan om welke assen stabiele rotatie plaats heeft. 
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Voor de grootheden (4) vindt men, als z) = 0 is en yo == wordt gesteld: 


et (B—y) 91 wa ee 2k __ (2-8) yi | 
w? (a—f)? w? «? | 
+e +a—p)y; 
= "tr matte Py ee ae, (8 
ae ite oe Pre os 
ar 5 ey (eB) 
zodat men voor de coéfficiénten (3) heeft: 
O etitee by B 
nas afro <3 UPEP tT ee 
RON Sac pp ont 
p= EE PCP. 


waaruit volgt 


eA? | 2aphyiD , hme 


k= 949092 = (a—B)* wt (a—p)? ot | o ey 
Hierbij is 

Aa?+f?—2af—2ay+3py .... . (tI) 

B=f?+2ay—af—py......- - = (12) 


C=? 126?4+27?—3ap) Ss. ee (13) 
D=AB—2y(s—y) C=— a3 B+ 20° y +3 a? f?—5 a’ By — 


seh 
—20?y—3af?+5ap2y+2apy?+ft—2hy+Py—4By?+4y" 4) 
Eo yeh ee enews (15) 
x 
G 


Fig. Ic. 


321 


Elke as van STAUDE uit het vlak z) = 0 wordt aangegeven door een 
bepaalde waarde van y;, want men heeft na eliminatie van w? de betrekking 
Jo ae Voor de stabiliteit van een as is nodig en voldoende, dat 
Xo 
gi. gz en k positief zijn, en wij hebben na te gaan voor welke waarden van. 
y, zulks het geval is. Natuurlijk is het antwoord afhankelijk van de onder- 
linge verhoudingen der gegeven traagheidsmomenten a, f en . Daar deze 
aan de ongelijkheden a <f + » etc. voldoen, voeren wij de grootheden ui 
(i= 1, 2,3)-in door 


2u,;—=—a+ 6+}, Dag Oo fy, 2, O-- py, 
waarvoor dus geldt ui > 0, terwijl 
a=u,+u;, p=u3;+u,, Ga titty es e's (16) 
Men vindt dan 
A =2u?—u} + 4243 +434, — UW. 


Duidt men ui als drichoekscodrdinaten, dan stelt A = 0 een kegelsnede 
voor, die door de middens van U,U, en U,U3 gaat, en in het laatste aan de 
rechte u5 = uz raakt. Zij is in-fig. 2 geschetst voor zover zij binnen de 
coérdinatendriehoek ligt. Wij komen tot de conclusie dat A zowel positief 
als negatief kan zijn. Voor punten buiten de kegelsnede is A > 0. 


Fig. 2. 


De uitdrukking B gaat door (16) over in 2(u,u3 + ug”), waaruit volgt 
dat B voor alle in aanmerking komende waarden van a, f en y positief is. 

Voor C vindt men 40,2 + 3 ug? —uou3 + ug, + uyue, zodat C—0 
een kegelsnede voorstelt, die in U3 aan u, = uy raakt en van dit punt tot 
(0, 1, 3) binnen de driehoek verloopt, zoals in de figuur is geschetst. 

De uitdrukking D blijkt in factoren te kunnen worden ontbonden. Men 
heeft nl. 

D=(a—f+y7)D, 
21 
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waarbij 
Dy — 07 +2077 20p?— 2apy— sey a ee 


Wij onderzoeken nu eerst de functie k. Men heeft, als 


a _ Byf(a—B+7) 


"hn aap rig ein dave? 


wordt gesteld, 
k= A20?--2 Di 0; 034-8 0 


zodat 
k = (Av, — Bv2)?+2(D; +A) 2 2. 
Nu is 


D,+fBA=2)(a2—2af—2ay+26?+2y?) =27{(—a+6+y7)?+(6—-7)7}. 


Deze uitdrukking is dus altijd positief. Daar vj > 0 en vo >0 en in het 
vlak yp = 0 overeenkomstige uitkomsten gelden, heeft men: als het zwaarte- 
punt G op een hoofdtraagheidsas door O ligt, is de derde stabiliteitsvoor- 
waarde k > 0 voor elke as van STAUDE vervuld. 

De voorwaarde g, > 0 is blijkbaar steeds vervuld als A>0. Als A<O 
dan is g; > 0 als 


Voor de bepaling van het teken van gp zijn van belang de uitdrukkingen 
B—y, a—B en C. De voorwaarde 6 — y 20 is gelijkwaardig met u3 2 up. 
Uit fig. 2 blijkt dat uit B—y<0 volgt C>0, terwijl voor B —y > 0 zowel 
C>0 als C<0O kan gelden. 

a—f20 is gelijkwaardig met uy Z 44, zodat uit a—f<0 volgt C>0. 
ga heeft een constant teken als (a—f) C<0; dit teken is dat van 
(p—') C. Voor (a— f) C > 0 wisselt go van teken en wel heeft g voor 


‘Theat 
x2 ~ Bla—p) 


het teken van C(f—y) en voor de overige waarden het tegengestelde teken. 

Wij zullen nu de verschillende mogelijkheden afzonderlijk beschouwen. 
Zij eerst a>f>y, d.w.z. ug > uy > uy. Uit fig. 2 blijkt, dat dan A>O 
terwijl C zowel positief als negatief kan zijn. De voorwaarde g; > 0 is dus 
vervuld. go heeft een constant teken, als C<0; go is dan negatief. Voor 
C> 0 wisselt go van teken en wel is go > 0 als 


¥ 6; 
2 flap): 
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Wij vinden dus: als a > B > y dan is voor C<0 geen der rotaties stabiel; 
voor C > 0 zijn ze alleen stabiel als 


Y c 
hy : 
B(a—6) 
Is a>y> 8, dus uy > ug > uy, dan is C>0. Verder is 9; >O als A>0, 
terwijl voor A <0 g, alleen positief is als 
y% aA 


0 


2 
Xo 


Daar (a— f) C>0 is, heeft go een wisselend teken, waarbij zij positief 
is voor 

wien Co 

x =~ (a—A)’ 


Om na te gaan welke der getallen 


aA G 
BB“ B(a—B) > 
het grootst is, berekenen wij het verschil BC + a(a—f)A. Hiervoor vindt 
men 
5 uot —2 up? uz + 3 ug? uy?—2 a2 uy? + 2 u,° uw, —2 w uy, U3” + 
+ 4 uy? uy u3 + u, us? + 6 4,? u3 + u,?u;’ + 8 u, u,*u;+ 8 u,? u2. 
De drie termen met negatieve coéfficiént zijn elk kleiner dan de vooraf- 


gaande term, zodat de uitdrukking voor de in aanmerking komende waarden 
van ui positief is. Daaruit volgt 


aA G 
= pb Bap 


zodat wij hebben voor a> y > f: die assen zijn stabiel, waarvoor 


% CG 
23 BaP 


B(a—B) 


Voor B > a>}, dus uz > uy > ug, is A>Oen C>0, dus 9, >0. Daar 
(a— fp) C<0O heeft gs een vast teken en wel is go >0. In dit geval zijn 
dus alle assen stabiel. 

Voor B>y>a, dus uy > ug > ug, is A>O en C>0; dus is gi > 0 
en daar (a— B) C<O heeft go constant teken en wel is go > 0. Ook nu 
zijn dus alle assen stabiel. 

Voor y > a> B is uy > u, > uz, zodat C >0, terwijl A beide tekens kan 
hebben. Voor A> 0 is g; > 0, voor A<0 zal g; nog positief zijn als 


y3 —aA 


2 
Xo 
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Wat gp betreft, deze wisselt van teken en is positief voor 
wm _C 
x3 ~ B(a—p)’ 

Als boven vinden wij thans stabiliteit voor 


YG Cc 


bel RRS nea. 
2 
Xo 


B(a—B)” 

Als tenslotte y>B>a, dus uy >uy>u3, dan is A>O en C>0, 
(a—p) C<O0, (B—y) C<O, zodat go negatief is. Geen as is thans 
stabiel. 

Het bovenstaande had steeds betrekking op de assen van STAUDE, ge- 
legen in het vlak z) — 0. Voor het vlak yo = 0 gelden analoge resultaten, 
die men verkrijgen kan door f en y met elkaar te verwisselen. Daarbij wor- 
den dus van belang de uitdrukkingen 

A’=a?+ y?—2ay—2a8+36y. 
C’ =a? +26?+2y?—3ay. 

De krommen A’ = 0 en C’ = 0 zijn in fig. 2 eveneens geschetst. Vatten 

wij de resultaten thans samen, dan krijgen wij het volgende overzicht, 


waarin telkens de stabiele assen van STAUDE zijn aangegeven. 


i 


Geval Yo— 0 a= 0 
RA een oe ee ee ee 
et) — 
lay |or > fey %0 = Ys 6 
2 x2 ~ y(a—7) Clo 2 
79 3a Be) 
C <0 — 
Ila |a>y>6 Za C’ HC 
iS oo ee x Bla—B 
stae ll 
1b |p >4ae7 7 y(o—7) alle 
Ilb |y>a>8 alle % Pe pea 
‘ x ~ B(a—#) 
Ic |B>y>a — alle 
IIc |y>B>a alle — 


De gevallen I? en II*, resp. I’ en II’, alsmede I° en II‘ komen daarbij op 
hetzelfde neer en ontstaan door verwisseling van f met y of van de vlakken 
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Yo — 0 en z) = 0. Zij corresponderen resp, met de figuren 17, 1° en 1°. 
Voor de toestand 1% is het antwoord op de vraag naar de stabiliteit het 
meest gecompliceerd. In een der beide halfvlakken door de X-as komen 
steeds stabiele assen voor; zij liggen buiten een bepaalde hoek, die de X-as 
tot bissectrice heeft. In het andere der halfvlakken zijn 6f alle assen labiel, 
Of wel komen er stabiele assen voor, die een hoek opvullen, waarvan de 
X-as de bissectrice is. 

In 1° zijn al die assen stabiel, welke in het halfvlak liggen, dat het 
zwaartepunt G niet bevat. Bij de rotatie om deze assen ligt G beneden het 
steunpunt O. Ook in het andere halfvlak liggen stabiele assen, de labiele 
vullen een hoek waar OX binnen ligt. 

In 1° zijn ten slotte de assen uit het ene halfvlak stabiel, die uit het 
andere labiel. 

Indien twee der traagheidsmomenten a, f en y gelijk zijn, ondergaan de 
resultaten enige wijziging. Is a = y, dan blijkt uit (1) dat alleen het vlak 
Zy = 0 assen van STAUDE bevat; die uit yp = 0 vervallen omdat bij elk 
daarvan w = © zou behoren. Voor de assen uit zy = 0 gelden de stabili- 
teitscriteria van ons schema, waarbij nog opgemerkt moet worden, dat C in 
deze omstandigheden steeds positief is. Voor a = f gelden dezelfde uit- 
komsten na verwisseling van yo en zo. Voor 6 = y ten slotte gelden de 
resultaten van het schema met dien verstande, dat C en C’ ook hierbij alleen 
positieve waarden kunnen hebben. 


Botany. — De invloed van colchicine op den groei van den celwand van 
wortelharen. By Cure. J. GORTER. (Communicated by Prof. G. VAN 
_ ITERSON Jr.) 


(Communicated at the meeting of October 27; 19455) 


a. De invloed op de structuur van den wand. 
b. De invloed op de chemische samenstelling van den wand, 


Methodiek: De proeven werden genomen met wortelharen van Trianea 
bogotensis, Lepidium sativum, Avena sativa, Triticum vulgare, Brassica 
napus, Setaria italica, Commelina benghalensis en Hordeum vulgare. 
Dit zijn planten, die wortelharen vormen, zoowel in vochtige lucht als in 
water. In sommige gevallen werd gewerkt met luchtwortelharen; deze 
hebben echter het bezwaar, dat ze, op het objectglas in water gebracht, 
barsten of aan den top eigenaardige verdikkingen vormen (ZACCHARIAS, 
1891, Soxotowa, 1897), De luchtwortelharen werden gekweekt door de 
zaden te leggen op, een poreuze plaat, doordrenkt met de oplossing. De 
colchicine-oplossingen werden gemaakt met leidingwater. 


De vorm der met colchicine behandelde wortelharen. 


Het doel van dit onderzoek was iets te weten te komen van de ver- 
anderingen, die de groei van den celwand door colchicine ondergaat. 

Het is sedert eenige jaren bekend, dat groeiende plantendeelen onder 
invloed van colchicine een vormverandering ondergaan. Als voorbeeld 
geven wij foto 1 en figuur 1. De Hyacinthus-wortels op foto 1, die ge- 
groeid zijn in colchicine-oplossing, vertoonen plaatselijk een alzijdige op- 
zwelling. Deze is gelocaliseerd in de groeiz6ne. De cellen van de haren 
op de okselknoppen van kiemplanten van Helianthus annuus, waarvan 
het hypocotyl is bestreken met colchicine-pasta, later een sterkeren groei 
in de breedte zien (fig. 1). 


Fig; 1. 
Waren op de jonge blaadjes der okselknoppen van kiemplanten van Helianthus annuus. 
A. van normaal materiaal. B. van met colchicine behandelde planten. 
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Ook bij wortelharen kan men door colchicine verschillende vormver- 
anderingen zien optreden. Afbeeldingen hiervan geeft figuur 2. Blijkbaar 
heeft men hier te doen met groeistoornissen. 


Fig. 2. ' 
Vormveranderingen van wortelharen onder invloed van colchicine. a. Lepidium sativum; 
b. en d. Avena sativa, b. jong, d. oud; c. Brassica napus. 


In het algemeen kunnen invloeden, die storend op den groei werken, 
bij wortelharen verschillende reacties teweegbrengen, die wij in drie 
categorieén willen samenvatten (zie de schematische figuur 3): 


A. B. on 


Fig. 3. 
Vormveranderingen van toppen van wortelharen (schematisch). A. wandverdikking aan 
de top; B. wandverdikking aan de top, vorming van een zijtak; C. opzwelling van de top. 


le. (fig. 3A). Wandverdikkingen aan den top, welke verdikkingen 
veroorzaakt worden, doordat op die plaats door het protoplasma veel 
celwandmateriaal wordt afgezet, welk celwandmateraal niet wordt ge- 
bruikt voor den lengtegroei van de cel. 

Dit celwandmateriaal bestaat niet uit callose, zooals wel eens gedacht 
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is. Hierop wijzen de volgende reacties: het kleurt niet met resoblauw, 
het lost niet op in geconcentreerd zoutzuur en ook niet in 1 % KOH- 
oplossing, het zwelt niet op met ammoniak, het kleurt daarentegen wel 
met congorood; het kleurt wel met rutheenrood, hetgeen wijst op de aan-~- 
wezigheid van pectinestoffen; het lost niet op in Cuoxam en is dus geen 
zuivere cellulose, Waarschijnlijk hebben wij hier dus te doen met een 
combinatie van verschillende celwandstoffen. Een deel hiervan is cellu- 
lose, want de verdikking kleurt met chloorzinkjodium, 

2e. (fig. 3B). Velerlei vormen van vertakkingen. Dit is een uitbreiding 
van het eerste geval. Aan den top kan de groei niet worden voortgezet, 
doch daaronder treedt nieuwe groei op, waardoor een zijtak ontstaat. 
Door een dergelijke groeiwijze, waarbij dus niet de top, maar een ander 
gedeelte van den celwand den groei voortzet, krijgen vele wortelharen 
vertakkingen of een slangvormig uiterlijk. 

3e. (fig. 3C). Knopvormige opzwellingen aan het eind van het haar. 

Vooral met de twee laatste verschijnselen, die ook als reactie op een 
colchicinebehandeling optreden, hebben wij ons beziggehouden. 

Alvorens echter de structuur van den celwand van met colchicine be- 
handelde wortelharen te beschrijven, moet iets gezegd worden van de 
structuur van den celwand van normale wortelharen. 


De structuur van den celwand van normale wortelharen en hare moge- 
lijke verklaring. 


Om een indruk te krijgen van de ligging der micellen in den wand van 
een wortelhaar levert een onderzoek tusschen gekruiste nicols weinig 
op. De breking in licht, trillende in de richtingen evenwijdig aan de 
lengteas der cel en loodrecht daarop, is te weinig verschillend dan dat 
men dit verschil zichtbaar kan maken. Na kleuring met ClZnJ treedt 
er echter een sterk dichroisme op, Op foto 2 ziet men een normaal wortel- 
haar van Lepidium sativum, gekleurd met dit reagens, in gepolariseerd 
licht met trillingsrichtingen, die loodrecht op elkaar staan. In het eerste 
geval is het haar donker gekleurd, in het andere licht gekleurd. Door ver- 
gelijking van dergelijke gekleurde wortelharen met vezels (b.v, rameh- 
vezels), waarvan bekend is, in welke richting de micellen in den wand 
(d.i. bij rameh een secundaire wandverdikking) liggen, kon worden 
vastgesteld, dat in het cylindrische gedeelte van de celwanden van alle 
onderzochte normale wortelharen de meerderheid der micellen in de lengte- 
tichting, d.w.z. evenwijdig aan de lengteas der cel, zijn gerangschikt. 

Lengtegroei heeft bij wortelharen alleen plaats aan den uitersten top, 
zooals reeds door HABERLANDT (1887) en REINHARDT (1892) is vastgesteld. 
Aan wortelharen van Trianea bogotensis, gemerkt met fijn meniepoeder, 
kon ik deze waarneming bevestigen. Dit groeiende gedeelte van het 
wortelhaar zal een primairen wand moeten hebben. Het optische gedrag 
van den top was niet na te gaan. Het cylindrische deel van wortelharen 
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heeft een wand met een secundaire verdikking en het is waarschijnlijk, 
dat het optische gedrag daardoor wordt bepaald. De micellen zullen dan 
in dien secundairen wand in de lengterichting van de cel geplaatst zijn. 

Door G. VAN ITERSON Jr. (1936, 1942) is de theorie verkondigd, dat 
de micellen van celwandstof (die van gestrekten vorm zijn) bij de eerste 
afzetting van een celwandlaag gericht worden door de spanningen, die 
tengevolge van den turgordruk heerschen in het rustende deel van het 
protoplasma, waarin de micellen worden gevormd. Eenmaal afgezette 
micellen zouden zich door een soort kristallisatieproces kunnen vergroo- 
ten. Deze theorie verklaart 0.a., waarom in de primaire laag van den 
zijwand eener cylindrische cel de micellen dwars op de lengterichting van 
de cel worden geplaatst; de spanningen in den wand van een cylinder. 
waarin een vloeistofdruk heerscht, zijn namelijk in de dwarsrichting 
gericht. 

Het is verder een bekend feit, dat een celwand rekbaarder is in de 
tichting loodrecht op de micellenrichting dan evenwijdig daarmee. 
Wanneer dus een primaire wandlaag, bijvoorbeeld door het toenemen 
van den turgordruk in de cel, wordt uitgerekt, zal dit het sterkste dwars 
op de micellen geschieden. Een primaire zijwand van een cylindrische cel 
zal dus het sterkst in de lengterichting der cel worden uitgerekt. De 
spanningen in de rustende laag van het protoplasma tegen zulk een primaire 
wandlaag zullen dan ook in de lengterichting verloopen. Door deze be- 
schouwing laat zich verklaren, waarom in secundaire wandlagen van een 
cylindrische cel de micellen in de lengterichting geplaatst worden. 


De structuur van den celwand van met colchicine behandelde wortel- 
haren. 

1. Lepidium sativum. Laat men wortelharen van deze plant zich 
ontwikkelen in een oplossing van colchicine of tegen een poreuze plaat. 
met deze oplossing doordrenkt, dan ontwikkelen de toppen zich abnormaal, 
zooals afgebeeld in fig. 3A en C. 

Welke structuur vertoonen nu de wanden in deze abnormaal gevormde 
toppen? 

Wij beschouwen eerst het geval, waarin een wandverdikking aan den 
top (als in fig. 3A) is gevormd, zooals is afgebeeld op foto 3A en B, 
waar het wortelhaar is gegroeid in 0.5 % colchicine-oplossing. De hier- 
door veroorzaakte wandverdikking aan den top kleurt zich, evenals de 
rest van den celwand, met ClZnJ, paars. De photo's zijn genomen met 
gepolariseerd licht; voor photo A was de polarisatierichting van het licht 
90° gedraaid ten opzichte van die voor photo B. In A ziet men een 
donkeren steel met een lichte topverdikking, in B een lichten steel met 
donkere topverdikking. Aangezien we nu weten, dat in den steel de meer~- 
derheid der micellen in de lengterichting gerangschikt is, blijkt hieruit dus, 
dat in de topverdikking de meerderheid der micellen in de dwarsrichting 
ligt, d.w.z. loodrecht op de léngteas van het wortelhaar. . 
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Bezien wij nu in de tweede plaats het geval, waarin een knotsvormige 
opzwelling aan den top (als in fig. 3C) optreedt, d.i. de meest algemeene 
reactie van de wortelharen op een behandeling met colchicine (hetzij 
gegroeid in een oplossing of tegen een doordrenkte poreuze plaat). Op 
photo 4 ziet men een dergelijk wortelhaar, weer gekleurd met ClZnJ 
en daarna gefotografeerd met gepolariseerd licht. De steel is licht ge- 
kleurd, de opzwelling donker. Het blijkt dus, dat in de opzwelling de 
meerderheid der micellen in de dwarsrichting ligt tegengesteld aan de 
richting in den steel, Ook de foto's 5A en B laten hetzelfde verschijnsel 
zien: in A een donkere steel met lichtere opzwelling, in B een lichte steel 
met donkerder opzwelling. 

In de opzwelling wordt dus onder invloed der colchicine de meerder- 
heid der micellen in de dwarsrichting afgezet. De normale celwandgroei 
is daar gestoord. 

2. Avena sativa. Op de colchicine reageeren deze wortelharen, zoo- 
als te zien is in figuur 2b en d, n.J. door een onregelmatigen groei met 
dikwijls vertakkingen. In gepolariseerd licht na kleuring met ClZnJ ziet 
men in de wanden onregelmatige strepingen, zooals is waar te nemen op 
foto 6, Het maakt den indruk, alsof er aan den binnenkant tegen den 
celwand onregelmatige afzettingen van celwandmateriaal zijn gevormd, 
waardoor de celwanden gegolfd schijnen. 4 

Deze streping is dikwijls schuin georiénteerd ten opzichte van de lengte- 
as der cel en verloopt dan veelal in twee richtingen loodrecht op elkaar. 
Ook bij gewone belichting is deze streping bij gekleurde celwanden te 
zien, echter minder duidelijk. Bij de normale wortelharen treedt een der- 
gelijke streping niet op, de wand is daar regelmatig paars gekleurd. De 
mogelijkheid werd overwogen, dat bij de colchicine-wortelharen de wand 
minder stevig zou zijn, zoodat bij opheffing van den turgor door de 
ClZnJ de wand zich zou plooien. Dit blijkt echter niet het geval te zijn, 
want, na plasmolyse van ongekleurde haren, ziet men geen vouwen in 
den wand, terwijl de plasmolytische verkorting bij de normale en de 
colchicinewortelharen dezelfde is. Wij blijken hier dus met een structuur 
van den celwand te doen te hebben, die men het beste aldus kan om- 
schrijven: 

Een behandeling met colchicine heeft ten gevolge, dat de micellen, die 
tegen den primairen wand worden afgezet en de secundaire verdikkings- 
lagen vormen, niet in de lengterichting gerangschikt worden, maar on- 
regelmatig komen te liggen en wel overheerschend in een richting schuin 
t.o. v. de lengteas der cel en een richting loodrecht daarop (zie fig. 4). 
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Fig, 4. 
Wortelhaar van Avena sativa na behandeling van den wortel met colchicine. Streping 
van den wand (schematisch). 
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Ditzelfde verschijnsel heb ik aangetroffen bij Triticum, Tradescantia 
en Brassica, echter nooit bij Lepidium e. a. 

3. Trianea bogotensis. Bij de normale wortelharen van deze plant 
ziet men na kleuring met ClZnJ slechts een zwak dichroisme, er be- 
staat dus slechts een geringe voorkeur bij de meerderheid der micellen 
in de secundaire wandlagen voor de lengterichting. Bij deze haren ziet 
men dikwijls een netvormige structuur aan den binnenkant van den cel- 
wand. De secundaire verdikkingslagen zijn hier dus niet als regelmatige 
gladde lagen met in de lengterichting gerangschikte micellen afgezet. 

Trianea-wortelharen reageeren op de colchicine (b.v. na een verblijt 
van 3 dagen in een oplossing van 0.1% colchicine) vrijwel niet; een enkel 
wortelhaar vertoont in het midden een kleine opzwelling, terwijl de wand 
daar eenigszins dikker is, evenals aan den top. Er is dus slechts geringe 
groeistoornis. Zelfs na 16 dagen in deze oplossing was geen duidelijker 
reactie te zien, Alleen de zeer jonge wortelharen in het stadium, dat 2ij 
als een kleine bol uit de epidermiscel te voorschijn komen, zijn bij behan- 
deling der worteltjes met colchicine breeder dan de normale en vertoonen 
soms een begin van vertakking, n.l. een dubbelen top. 

Wij kunnen dus verschillende reacties onderscheiden van de wortel- 
haren op colchicine, n.l.: 

a. Een opzwelling van den top, waarbij de meerderheid der cellulose- 
micellen in de dwarsrichting komt te liggen (Lepidium). 

b. Een onregelmatige groei van den celwand, waarbij de micellen in 
verschilende richtingen komen te liggen, dikwijls in een spiraalvorm 
(Avena, Triticum, Tradescantia). 

c. Vrijwel geen reactie. Dit bij wortelharen, waarbij de meerderheid 
der micellen ongericht ligt (Trianea). 

Met verwijzing naar hetgeen op pag. 3 en 4 gezegd is over de ligging der 
micellen in de normale wortelharen, zouden wij de volgende verklaring 
kunnen geven voor de meeste der hier beschreven verschijnselen: 

Veronderstelt men, dat de werking der colchicine daarin bestaat, dat 
de primaire celwand meer plastisch dan elastisch wordt, dan zal het ver- 
schil in uitrekbaarheid in de richting der micellen en loodrecht daarop 
verdwijnen en dan zullen de micellen van de secundaire wandlagen zich 
in dezelfde richting als die van de primaire wandlaag kunnen afzetten. 
Ook kan men zich voorstellen, dat er een dusdanige verandering in de 
vastheid van de primaire wandlaag optreedt, dat de afzetting van de 
micellen in de secundaire wandlaag zonder voorkeursrichting plaats vindt. 

De spiraalvormige afzettingen laten zich hiermee niet verklaren, hier- 
voor zal men wellicht de theorie, die G. vAN ITERSON Jr. (1943) (in aan- 
sluiting aan C. Nace!) ter verklaring van den spiraalvormigen groei in 
het algemeen geopperd heeft, kunnen te’ hulp roepen. 


De chemische samenstelling van met colchicine behandelde celwanden. 


De mogelijkheid bestaat, dat colchicine inwerkt op één (of meer) der 
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celwandstoffen. Om een chemische analyse van celwanden mogelijk te 
maken, werd een groot aantal (400 stuks) bollen van Hyacinthus orien- 
talis gezet op een oplossing van colchicine van 0,025.% en ‘een even 
groot aantal ter contréle op water. Van iedere partij werden ongeveer 
5000 worteltoppen geoogst, resulteerende in een hoeveelheid droge stof 
van -+ 6 gram van ieder soort. De colchicinewortels waren sterk opge- 
zwollen (zie foto 1). Het drogestof-gehalte van de normale en de colchi- 
cinewortels is gelijk (6,7 % en 6,61 %). Het volume der colchicinewortels 
was grooter dan van de normale wortels en dit grootere volume blijkt 
dus geheel te wijten te zijn aan een grootere hoeveelheid in de wortels 
opgenomen water. 

De worteltoppen werden gebracht in alcohol 96 %, daarna bij 30° C. 
gedroogd en vermalen in den Peppinkmolen. 

Aan dit materiaal werd door den heer J. J. BREEN, assistent aan het 
Lab, v. Technische Botanie te Delft, analyses uitgevoerd, die de vol- 
gende uitkomsten opleverden: 


normale wortels colchicinewortels 
Cellulose 15,10% 16,90 % 
Lignine X BIS 7s BOTs 
Pectine (als tetragalacturonzuur) IZ; 20,84 ,, 
Pentosanen Base, it 
Asch T9555, 8,63 ,, 


Als celwandstoffen werd dus in het eerste geval 46 %, in het tweede 
geval 60% der droge stof teruggevonden, Een poging om de overige 
celbestanddeelen te bepalen, werd aan de colchicinewortels ondernomen. 

Hierbij werd gevonden: 


In water onoplosbare stof 64,27 % 
ree s ‘3 asch 1,82 % 
Stikstofgehalte 6,17 % 

»™ 5  , na uittrekken met water 6,40 %. 


De in water oplosbare stof bevat 5,6 % stikstof = 35 % eiwit. Verder 
zijn 16,6 % monosen en 4,2 % maltose-achtige producten bepaald (door 
vergisting met Torula monosa, Torula lactosa en Saccharomyces cerevisiae). 
Als men de onderlinge verhouding, waarin de eigenlijke celwandstoffen 
voorkomen, berekent, krijgt men: 


normale wortels colchicinewortels 


Cellulose 39,4% 1) 32,6% 
Lignine 12,8") 175353 
Pectine 52/67; 402% 
Pentosanen 15:25; Se 3 


1) De asch is als celwandstof niet meegerekend. 
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Hieruit blijkt, dat bij de colchicinewortels het cellulosegehalte geringer 
is geworden, evenals dat der pentosanen; het lignine-~ en pectinegehalte 
is vooruitgegaan. 

We mogen dus wel concludeeren, dat de werking der colchicine op 
de celwanden hieruit bestaat, dat er pectine gevormd wordt in plaats van 
cellulose. 


Samenvatting. 


Colchicine heeft op de groeiende celwanden invloed, zoowel op de 
structuur als op de chemische samenstelling. 

Na kleuring met ClZnJ kon in de wanden van wortelharen een di- 
chroisme worden vastgesteld. Dit dichroisme leert. ons iets omtrent de 
ligging der micellen in deze wanden. Bij normale wortelharen ligt in de 
wanden van het cylindrische, niet meer in de lengte groeiende, deel van 
het wortelhaar het meerendeel der micellen in de lengterichting gerang- 
schikt, d.w.z, evenwijdig aan de lengteas der cel. 

Onder invloed van colchicine vertoonen wortelharen groeistoornissen. 
aanleiding gevende tot het voorkomen van topverdikkingen, knotsvormige 
opzwellingen aan den top, vertakkingen enz. Hierbij worden de micellen 
onregelmatig afgezet, n.l. of in de dwarsrichting, of in schuine richting, 
of geheel ongericht. 

Een chemische analyse van met colchicine behandelde wortels van 
hyacinthen liet zien, dat het gehalte aan cellulose en pentosanen lager 
is dan bij normale wortels, het pectine- en ligninegehalte hooger. 

Op theoretische gronden wordt aangenomen, dat de werking der col- 
chicine bestaat in een verandering in de mechanische eigenschappen der 
wanden, in dien zin, dat die wanden minder elastisch en meer plastisch 
worden. 


Dit onderzoek werd verricht in het Laboratorium voor Technische 
Botanie der Technische Hoogeschool te Delft, onder leiding van Prof. Dr. 
G. van ITERSON Jr., wien ik hierbij gaarne dank wil zeggen voor zijn hulp. 
Tevens spreek ik mijn erkentelijkheid uit jegens het Delftsch Hoogeschool- 
fonds, dat voor het verrichten van dit onderzoek finantieelen steun ver- 
leende. 


Zusammenfassung. 


Colchizin beeinfluszt sowohl die Struktur als auch die chemische Zu- 
sammensetzung von wachsenden Zellwanden. 

Nach Farbung mit ClZnJ. konnten wir in den Zellwanden von 
Wurzelhaaren ein Dichroismus constatieren, der uns instruiert iiber die 
Anordnung der Mizellen in diesen WaAnden. In normalen WA4nden des 
zylindrischen, nicht mehr wachsenden Teil des Wurzelhaares ist die 
Mehrzahl der Mizellen parallel an die Langsachse der Zelle gerichtet. 
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Unter Einflusz von Colchizin zeigen Wurzelhaare abnormale Wachs- . 
tumserscheinungen, n.l. Wandverdickungen der Spitze, Aufblahungen der 
Spitze, Verzweigungen u.s.w. Die Mizellen werden hierbei unregelmassig 
abgesetzt, entweder in die Richtung lotrecht auf die Langsachse der Zelle, 
oder schrag, oder ungerichtet. 

Eine chemische Analyse von in Colchizin gewachsenen Wurzeln von 
Hyacinthus zeigte einen geringeren Zellulose- und Pentosangehalt und 
einen erhdhten Pektin- und Ligningehalt. 

Auf theoretischen Griinden miissen wir annehmen, dass Colchizin eine 
Anderung der mechanischen Eigenschaften der Zellwand verursacht, nam- 
lich eine Abnahme der Elastizitat und eine Zunahme der Plastizitat. 


Summary. 

Colchicin influences the structure as well as the chemical composition 
of growing cellwalls. 

After staining cellwalls of roothairs with ClZnJ, a dichroisme in- 
structs us about the position of the micells in the walls. In normal roothairs 
this position is parallel to the longer dimension of the cell, at least in the 
cylindrical part of the cell, that shows no more growth in length. 

Colchicin causes various sorts of growth abnormalities, viz. a thickening 
of the cellwall of the tip, a swelling of the tip, branchening e.c. In these 
cases the micelles are deposed irregularly, viz. in the direction per- 
pendicular to the length axis of the cell, or in a spiral or totally indirected. 
Chemical analysis of Hyacinthus roots, grown in colchicin solutions, 
shows that the quantity of cellulose and pentosanes has decreased as com-~- 
pared with normal roots; pectin and lignin have increased. 

On theoretical grounds we assume, that colchicin influences the mechan- 
ical properties of cellwalls, decreasing the elasticity and increasing the 


plasticity. 


Résumé. 

On peut constater deux sortes d'influences de colchicine sur les parois. 
cellulaires croissantes: sur la structure et sur la constitution chimique. 
Aprés avoir teint les parois de radicelles avec chlorezincjode, nous pouvons. 
voir une dichroisme, qui nous instruit sur la position des micelles dans. 
les parois. Dans une radicelle normale les micelles se trouvent dans la 
direction parallelle a l’axe de la cellule. 

La colchicine fait naitre des abnormalités de croissance; c'est 4 dire des. 
épaississements de la paroi de la pointe, des gonflements de la pointe, 
des ramifications etc. Dans ces cas les micelles se trouvent disposés ir- 
réguliérement; en partie dans la direction transversale, dans une direction 
oblique, ou bien sans direction définie. Une analyse chimique des racines 
de Hyacinthe nous montre, que la quantite de cellulose et de pentosanes 
est diminuée en comparaison de la quantité dans les racines normales; 
la quantité de pectine et de lignine est augmentee. 


Cure. J. GORTER: De invloed van colchicine op den gtoei van den celwand 
van wortelharen. 


Foto 1. 


Wortels van Hyacinthus orientalis, groeiend in 

een 0.0259 oplossing van colchicine. De 

wortels vertoonen een opzwelling van de 
groeizone. 


Foto 2. 


Normaal wortelhaar van 
Lepidium sativum, gekleurd 
met ClZnJ en gephotogra- 
feerd met  gepolariseerd 
licht. Bij foto A is de tril- 
lingsrichting van het licht 
90° gedraaid ten opzichte 
van de trillingsrichting bij 
foto B. In A is het haar 
donker gekleurd, in B licht 
gekleurd. 


Foto 3. 

Wortelhaar van Lepidium sativum, gegroeid in colchicine-oplossing 0, 
CIZnJ en gefotografeerd met gepolariseerd licht met trilliagsrichtingen loodrecht op elkaar. 
De wandverdikking aan den top vertoont de tegengestelde kleur als de steel. 

A. donkere steel, lichte wandverdikking; 

B. lichte steel, donkere wandverdikking. 


5%, gekleurd met 


Foto 4. 


Wrortelhaar van Lepidium sativum, gegroeid in colchicine-oplossing 0.5%, gekleurd 
met ClZnJ en gefotografeerd met gepolariseerd licht. De opzwelling aan den top is 
tegengesteld gekleurd aan den steel, n.l. steel licht, opzwelling donker, 


A. B 


Ay ee 


Foto 5. 
Wortelhaar van Lepidium sativum, gegroeid in colchicine-oplossing 0.5%, gekleurd 
met ClIZnJ en gefotografeerd met gepolariseerd licht met trillingsrichtiagen loodrecht op 
elkaar. Opzwelling aan den top. Deze is tegengesteld gekleurd als de steel. NI. foto A — 
donkere steel, lichtere opzwelling, foto B — lichte steel, donkerder opzwelling. 


Foto 6. 


Wortelhaar van Avena sativa, gegroeid in vochtige lucht tegen poreuze plaat, door- 
drenkt met colchicine-oplossing 0.25%, gekleurd met ClZnJ en gefotografeerd met 
gepolariseerd licht; men ziet een schuine streping in den wand. 


Go 


A cause de considerations théorétiques nous acceptons gue l'influence 
de colchicine se manifeste dans un changement des qualités méchaniques 
des parois, c.-a-d. une diminution de l'élasticité et une augmentation de 
Ia plasticité. 
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Botany. — A new micro method for X-ray structure investigations. By 
D. KREGER. (Communicated by Prof. G. VAN ITERSON JR.) 


(Communicated at the meeting of October 27, 1945.) 


Our knowledge concerning the submicroscopical structure of cells and 
tissues and other small objects of biological interest has been advanced 
very much by means of the polarisation microscope. 

It would be of great importance if the possibility was given to get X-ray 
diagrams of these objects too, since the informations about the sub- 
microscopical structure delivered by this method are obtained in a more 
direct way and allow of further reaching conclusions 1). The difficulties, 
however, to get a good X-ray diagram increase as the dimensions of the 
object decrease and this is the reason why many objects of biological 
interest remained uninvestigated in this respect. 

Investigations on plant waxes, started in September 1941 at the X-ray 
Institute of the University College of Technology in Delft, also clearly 
demonstrated the want of a micro-method for X-ray investigations. 

From these points of view it seemed worth trying to design a micro- 
method to enlarge the possibilities for biological investigations at the X-ray 
Institute. 

In 1931 O. KRATKy 2) published a method for investigating microscopical 
crystals by means of X-rays, his so called ‘‘Mikrokonvergenzmethode”. 
He succeeded in obtaining a diagram of a KCLOs crystal of 12 uw long and 
6 w thick. Although valuable for microscopic monocrystals this method has 
its drawbacks for our purposes and we decided on trying to find other ways. 

The most important problems in designing a micro-diffraction camera are: 

1. The construction of so narrow a diaphragm as is required to get an 
X-ray beam of microscopical dimensions and of which material to make it; 

2. The screening of the radiation diffracted at the edge of this 
diaphragm; 

3. The mounting of the small object in the beam; 

4. An estimate of the limits of the method and a discussion of the factors 
by which they are determined. 

From October 1942 to September 1944 (with interruptions due to the 
war) we succeeded in working out a method in which all these problems 


1) For advantages and drawbacks of the two methods of investigation see: 
W. J. SCHMIDT, Polarisationsoptische Analyse des submikroskopischen Baues von Zellen 
und Geweben, ABDERHALDEN, Handbuch der biologischen Arbeitsmethoden Abt. V, 
Teil 10, 440—444 (1934). 7 

2) Z, Krist. 76, 261 (1931). 


D. KREGER: A new micro method for X-ray structure investigations. 


Fig. 1. 


Diagram of tungsten thread, 12 u 
thick, taken with diaphragm of 6m 
diameter and screened with screening 
cup of 16 ~ diameter and 100 u length. 
Exposure time 5 hours at 25kV and 
100mA, with Cu anode. Distance 
object-film about 1,5 mm. As the film 
is coated on both sides and the 
interference beams pass the film at an 
oblique angle, each spot is double. 


Figu 2: 


Diagram of a chitin hair of a gnat, 

12 uw thick. Diaphragm 20 uw, screening 

cup 40 X 250 uw. Exposure 8h at 

25kV, 100mA, with Cu anode. 

Distance object-film about 3 mm, Film 
coated on both sides. 


Diagram of sugar-cane wax. The wax grows on the cane stalk in a thin layer 

consisting of small rods, + 4 wu thick and + 80 « long, which are placed perpendicular 

to the surface of the stalk. The diagram is taken of a packet of these rods of + 50 u 

thick, the X-ray beam passing the rods in a direction perpendicular to their length. 

Diaphragm 50m, screening cup 105 X 400“. Exposure 2,5h at 25kV, 100 mA, 
Cu anode. Distance object-film about 1,9mm. Film coated on one side. 


Fig. 4. 


Diagram of fig. 3, natural size. 
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are solved. We used diaphragms of a conical form and of leadglass. 
KRATKY used an elongated slit of gold. Above KRATKY’s method the method 
has the advantage that the dimensions of the diaphragm, screening cup 
and distance of the object to the film can be altered in correspondence with 
the requirements of the object and further, that reflections with a small 
glancing angle are not lost in the central opening in the film or in the 
blackening in the aequator of the diagram. 

The method enables us to make X-ray beams with a diameter of 5 yu 
and less. For organic (not for inorganic) specimens of this dimension the 
exposure time, however, becomes too long. Therefore the inferior limit for 
the size of organic specimens may be put equal to 10 w and likewise for 
the corresponding diaphragms. In this case an exposure time of 20 to 
50 hours is assumed, with a rotating anode at 25 kV and 100 mA. Up to 
now, however, there was no opportunity to make a diagram of an organic 
object with such a narrow diaphragm and requiring an exposure time of 
the above mentioned length in consequence of lack of energy and other 
difficulties due to the war. 

The best diagrams obtained hitherto are shown in the next figures. They 
are enlarged circa 8 times. 

The supposition that an exposure time of 20 to 50 hours for an organic 
object and 10 yw diaphragm will be sufficient. is based on the exposure time 
required for the diagram of fig. 2. 

More details about method and diagrams will be supplied elsewhere. 


Delft, August 1945. 


Institute for X-ray Investigation 


University College of Technology. 
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Paleontology. — Upper Cretaceous Smaller Foraminifera from Buton 
(D. E.1.). By F. G. Ke1jZER. (Communicated by Prof. L. RUTTEN.) 


(Communicated at the meeting of October 27, 1945.) 


During the study of the microfauna of asphalt-bearing tertiary marls 
from the island of Buton (SE of Celebes in the Duch East Indies) 
reworked upper cretaceous smaller foraminifera were found in one of the 
samples. Generally these are almost pure Globigerina~Globorotalia~marls 
with the faunal assemblage very common in the Neogene of the Indo- 
pacific region. One sample, however, contains many sharply angular 
white and grey pieces of limestone and grey and black pieces of chert, 
resembling in alle respects, macroscopically as well as in thin-section, the 
cretaceous Globotruncana-limestones from the island present in the 
collection of the Geological Institute at Utrecht. In this sample many 
upper cretaceous smaller foraminifera are mixed with the tertiary assem-~- 
blage. The cretaceous forms differ markedly from the beautifully preserved 
tertiary foraminifera in their dull grey colour and no mistake can be 
made in their picking from the sample. The following upper cretaceous 
forms could be identified: 


Cristallaria (Robulus) cf. inornata (D'OrB) 
Nodosaria sp ; 

*Giimbelina camagueyana VAN RAADSHOVEN 
*G. costulata CUSHMAN 

*G. excolata CUSHMAN 

*G. globulosa (EHRENBERG) 

*G. nuttalli VOORWIJK 

*G. plummerae LOETTERLE 

G. pseudotessera CUSHMAN 

*G. reussi CUSHMAN 

*G. striata (EHRENBERG) 

*Pseudotextularia varians RZEHAK 
*Planoglobulina acervulinoides (EcGER) 
*Ventilabrella carseyi PLUMMER 
*Bolivinoides seranensis VAN DER SLUIS 
Pulvinulinella culter (PARKER & JONES) 
*Globigerina bulloides D'ORBIGNY 

*G. cretacea D’ORBIGNY 

*G. pseudotriloba WHITE 

*Globigerinella aspera (EHRENBERG) 
*Globorotalia crassaformis (GALLOWAY & WISSLER) 
*G. membranacea (EHRENBERG) 

*G, velascoensis (CUSHMAN) 
*Globotruncana arca (CUSHMAN) 
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*G. calcarata CUSHMAN 

*G. canaliculata (REuss) 

*G. canaliculata (Reuss), var. ventricosa WHITE 

*G. convexa SANDIDGE, var. multicamerata VAN DER SLUIS 
Anomalina bentonensis MORROW 

A. sp. 


In this list species marked by an asterisk have also been found by 
VAN DER Stuis in the Upper Cretaceous of Seran (D.E.I.), The re- 
semblance with that fauna is so great, that both faunae may safely be 
regarded as synchronic (i.e. rather high in the Upper Cretaceous). 

The cretaceous rocks are known already for a long time through the 
investigations made on the island by the governmental “Dienst van 
den Mijnbouw’. The knowledge has been summarized by HeETZzEt ') 
in the final report on the asphaltbearing rocks on Boeton, The cretaceous 
series consists of white, grey and rosy, often porcelain-like dense-textured 
limestones, often cut by veinlets of calcite, and containing the typical 
assemblage of 


Giimbelina globulosa (EHRENBERG) 
Globigerina cretacea D'ORBIGNY 
Globotruncana canaliculata (Reuss). 


This type of limestone is very common in the eastern part of the East 
Indian Archipelago, Characteristic for the formation are layers and con- 
cretions of reddish and yellow chert, sometimes rich in radiolaria. 

The dense-textured limestones are mentioned to occur sometimes in 
alternation with white or light-grey marly limestones with locally also 
layers of chert. In contrast with the first type these limestones contain 
abundantly Globigerinidae, but no Globotruncana. This may be inter- 
preted as due to changes in facial conditions, but it remains also possible 
that the marly Globigerina-limestones belong the another stratigraphic 
unit than the Globotruncana-limestones. The last possibility leads to the 
assumption of tectonical complications in the sections relating to the 
matter in question. HETZEL’s report, however, is too summary to make 
» further discussion on this point possible, but the cretaceous series is 
reported to be strongly folded and sheared. Tectonical complications in 
Boeton have also been suggested by WANNER (2) for a succession of 
strata where, according to BOTHE (3), upper jurassic limestones are over- 
lain as well as underlain by Globotruncana ("'Rosalina’’)-limestones 
(Cretaceous). 
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Paleontology. — Corals from the Upper Miocene of Tjisande, Java. 
By J. H. F. Umscrove. (Communicated by Prof. L. RutTen.) 


(Communicated at the meeting of October 27, 1945.) 


In his description of sheet 54 of the geological map of Java 1 : 100.000 
(Ao. 1935) Dr. W. H. HETZEL mentioned the occurence of a reef lime- 
stone along the Tjisande, North of Lurahgung (Central Java). Reef lime- 
stones occur rather abundantly in the form of lenses in the upper part of 
the so-called Halangbeds. Originally they must have grown up as patch 
reefs in the same way as the present reefs in the bay of Batavia and the 
Spermonde Archipelago. Gradually they were buried by the accumulation 
of muddy sediments. 

The marly limestone which is overlying the reef limestone at Tjisande 
contains worn-off fragments of Cycloclypus and Lepidocyclina derived 
from older strata. Moreover in the same beds a tooth was found of a 
thinoceros, Aceratherium boschi Von Koenigswald (the oldest remain 
of a land vertebrate so far known from Java), It seems therefore that the 
limestone of Tjisande belongs to the Lepidocyclina-free part of the Neo- 
gene and should be reckoned to the uppermost miocene, tertiary g. As a 
matter of fact this conclusion is supported by the results of my examination 
of the corals from the Tjisande limestone, 

The collection consists of 21 different corals and the species of 15 acer 
these could be identified. Among these 15 species 7, ie. 46,6 percent are 
species which are still living among the recent fauna’s of the Indo- 
Pacific. This percentage figure shows the Tjisande limestone to be un~- 
doubtedly older than the coral-bearing localities in the pliocene Sonde 
beds of Java that belong to the Tertiary h. On the other hand it proves 
the Tjisande reef to be younger than coral fauna’s known from the Lepi- 
docyclina-bearing Upper Miocene (Tertiary f) of the East Indies. A very 


interesting lower-pliocene coral fauna of Prupuk in Central Java — being 
the largest suite of tertiary corals so far collected from one single locality 
in the East Indies — contains 54 percent recent species. 


Many coral species of Tjisande were found also in the coral reef of 
Prupuk, viz. 71,4 percent. Most of the specimens from Tjisane could 
even be identified only by comparing them to the much better preserved 
material from Prupuk, It seems, therefore, that geologically speaking the 
Tjisande reef is only slightly older than the fossil reef of Prupuk and might 
belong either to the lowermost Pliocene or to the uppermost Miocene. 
This conclusion is in agreement with HETZEL’s statement that the reef 
lenses of Tjisande occur in the upper part of the Halang series, i.e. in 
the transition beds towards the lower pliocene Kumbang beds. 
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The following table summarizes the identified corals from Tjisande 
and their distribution in the upper miocene Tijilanang beds, the lower 
pliocene Prupuk reef and the recent fauna. 


| Corals from Tjisande Tjilanang | Prupuk | Recent 
a a a CE a a 2 Ne 2 ala lp 


Seriatopora spec. po 
Stylophora pistillata Esper + a 
Antillophyllia constricta (Briigg.) + 
Lithophyllia grandissima Felix 

| Galaxea clavus (Dana) 

| Galaxea spec. 1. 

Favites spec. 1 

Coelastrea rectangularis nov. spec. 
9 | Coeloria cf. daedalea (Forsk.) | os 
10 Merulina ampliata (Ell. et Sol.) oo 
11. | Lobophyllia corymbosa (Forsk.) 
12 Lobophyllia costata (Dana) 

13 Diploastrea heliopora (Lam) 
14 | Fungia pseudo echinata Gerth 


CONNDMN he W DH = 
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+++++ 


15 Fungia spec. 1. | 

16 | Pachyseris curvata Martin / + 
17 Cyathoseris lophiophora Felix 

18 Cyathoseris cf. crassilamellata Gerth 

19 Pavona micrommata Felix | 

20 | Tubipora spec. | 


Zi Isis spec. 


a ee 8 


| 


Species 1, 5, 6, 7, 9,.10; 11, 12, 13, 14, 15, 16, 17 and. 18 will be 
treated at great length in a paper on the Prupuk reef which is ready for 
publication. This is the more reasonable as no 6 and 7 belong to new 
species, which are represented by much better perserved specimens in 
the collection from Prupuk. 

No 3 was already mentioned by me when I described Antillophyllia 
constricta in my paper on the corals from Talaud, 

So, I may restrict myself here in publishing only a description of the 
new species Coelastrea rectangularis (no 8) and in giving some comments 
on nos. 2, 4, 19, 20 and 21. 


Stylophora pistillata Esper 


1880. Stylophora digitata (Pallas), K. Martin, Die Tertiarschichten von 
Java, p. 135, plate 24, fig. 9 and 10. 


1912. a » ¥. J. Fevix, New Guinea, Ber. K. Sachs. 
Akad. d. Wissensch. 64, p. 443. 
1913. 'p ot yee ,: J. Feuix, Trinil, Palaeontogr. 60, 


Pot 41," 360, 
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1915. rs pistillata Esper, J. FELIx, Palaeont. von Timor II, p 40. 
1921. - a i J. Fevix, Borneo, Palaeont. von 
Timor IX, p. 52. 
1922. digitata Pallas, H. Gertu, Java, Samml. Geolog. 
Reichsmus. Leiden I.2, p. 420. 
1923, * pistillata (Esper), H.GERTH, Borneo, Samml. Geolog. 
Reichsmus., Leiden I,X, p. 96. 
1925. tn a i H. Gertu, Nias, Leidsche Geol. 
Med, I, p. 32 
1926. ~ _ rs J. H. F. Umscrove, Sumatra, 
Wetensch. Med, Nr. 4, p. 41. 
1929, - . + J. H. F. Umscrove, Java, Tijdschr. 
Kon, Ned. Aardr. Gen. 46, p. 11. 
1929. - re J. H. F. Umecrove, Borneo, 


Wetensch. Meded. Nr. 9, p. 63, fig. 2 
and plate 3, fig. 40—42. 


For synonymy and distribution of recent species see UMBGROVE, 
Zoolog. Mededeel. Vol, 22, p. 23 and 274. 

One well preserved specimen showing a striking resemblance to the 
coral figured by Bepor (Madréporaires d'Amboine) in his plate 5 fig. 6. 

Distribution: Upper Miocene: Borneo, Java; Pliocene: Java; Plio- 
Pleistocene: Timor, Sumatra, Nias; Recent: Indo-Pacific. 


Lithophyllia grandissima Felix 


1921. Lithophyllia grandissima Felix, Palaeontologie von Timor IX, 
p. 24, Pl. 3, fig. 5, 5a. 


1923. is ¥ , H. Gert, Anthoz. von Borneo 
Samml. Geol. Reichsmus., Leiden 
X, p. 64. 


There is one specimen, which has well preserved septa and costae, 
both with broad-based spines as was described in detail by Frrix. A 
seciton through the coral shows a strongly developed vesicular endo- 
theca, Diameter of calice 4 to 7,5 cm. Calicular margin rounded. Septa 
in 5 complete cycles and a 6th cycle incomplete. FELIx has not given a 
description of the columella. GERTH, however, mentions a specimen having 
a narrow columella, 3 cm in length. The columella of the specimen from 
Tjisande is not in a good state of preservation, but it can hardly have 
been more than a spongy columniform mass with a circular diameter. 

There are, however, two more specimens from Tjisande, and, although 
these are badly damaged, one of them shows a columnella of very ir- 
regular shape, divided as it where in two separate centra. i 

Two fragments from the Prupuk reef, apparently belong to the same 
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species. One of them has a columnella consisting of a loose spongy 
structure, circular in diameter. It appears, therefore, that the shape of the 
columella is rather variable in this species. 

Distribution: British Borneo from a locality of unknown age (FELIX). 
East Borneo from the surroundings of Bontang, amidst a fauna, which 
GERTH considers to be of Pliocene age. 


Coelastraea rectangularis nova species, Fig. 1. 


A lone fragment (holotype) of a well preserved coral from Tjisande 
shows polygonal to rectangular calices, which seem very characteristic. 
Calices deep, up to 6 mm. Calices fused by their thin walls. Diameter of 
calices 5 by 5 mm up to 5 by 11 mm. In the larger calices 12 steeply 
dipping septa nearly reach the calicular centre; between these 12 thinner 
and slightly shorter septa occur and a few rudimentary ones of the fifth 
order, In smaller calices only three orders are complete and a few of the 
fourth order may occur. Septa, when well preserved, show broad-based 
dentations. Septal faces smooth. Septa usually continuous and exsert 
over the intercorallite wall, exceptionally alternating. Columella deep, 
loose: a small trabecular structure, not visible in undamaged calices. 
Corallum vesicular, dissepimental. Lower side lobed and costate. 


Pavona micrommata (Felix) 


1912. Stephanocoenia intersepta (Esper),J. Fetix, New Guinea, Ber. d. 
Sachs. Akad. d. Wissensch. 64, 


p. 444, 
1913. Siderastraea micrommata Felix, Trini, Palaeontogr. 60, p. 335. 
fig. 3. 
1915. af : Palaeont. von Timor II, p. 34. 


1924. Stephanocoenia intersepta (Esper),J. H. F. UMBGROVE, Geol. 
Results of Explor in Ceram II, 
ag . 

1926. Siderastraea micrommata Felix, J. H. F. Umscrove, Sumatra, 
Wetensch. Meded. Nr. 4, p. 43. 


Feuix has given a good description, The surface of the colony is only 
Jocally well preserved, for the greater part of the surface layers are 
rather worn off, the deeper structure appearing to view. The specimen 
is irregular noduliform, 115 mm long, 70 mm broad, Pavona duerdeni 
VaucHAN (1917) is perhaps an allied form among the recent coral fauna, 
but it has a compressed, often lamellate columella and a deeper calicular 
fossa. 

Distribution: Plio-Pleistocene (?): New-Guinea, Ceram, Sumatra; 
Pliocene (?): Trinil (Java), Timor. 


atte 
Tubipora spec., fig. 2 and 3, nat. size. 


Two fragmentary specimens. Diameter of the corallites varying from 
1 to 2 mm, usually 1,5 mm. Four corallites to 1 centimeter rarely more. 
Horizontal laminae 8 up to 10 mm apart (fig. 3). The specimens probably 
belong to a still living species, perhaps Tubipora musica Linn., but an 
identification of the species is not possible because of the bad state of 
preservation of the fossils. Tubipora rubiola Quoy et Gaim was mentioned 
by Fexix from the Pliocene (or Pleistocene) of Timor (Pal. von Timor 
VIII, 1920, p. 25). 


Isis spec. Fig. 4, 5 and 6, nat. size. 


Perhaps a specialist in this group might be able to identify a calcareous 
body and a fragment of the basal part of Isis from Tjisande. 

I refrain, however, from constituting a specific name on so scanty 
material. The basal portion is an incrustation, showing narrowly waved 
ridges and furrows (fig. 6). The branching of the calcareous body 
(fig. 4) shows it to belong to the genus Isis and not to Mopsea. Its length 
is 65 mm; diameter oval 15 X 7 mm. One condylus is well preserved 
(fig. 5), the other end is broken off. Ridges and furrows straight and very 
distinct. No granules on the ridges. The species seems different from 
Isis cf. polyacantha, which was described by Fetix from the Plio- 
Pleistoncene of Timor, According to my opinion Isis danae, Isis elongata 
and Isis compressa, described by Duncan from the miocene Gai series of 
Sind (Palaeont. Indica 1886) all belong to Isis polyacantha Steenstrup. 
The calcareous body from Tjisande seems also different from the Isidac 
described by Duncan from tertiary deposits of New Zealand (Quart. 
Journ. Geol. Soc, 31, 1875) and by TENNISON Woods from New Zealand 
(Palaeont. of New Zealand IV, 1880). 


———— = 


J. H. F. UmBaGrove: Corals from the Upper Miocene of Tjisande, Java. 


Fig. 
Coelastrea rectangularis nova species. X 2. 


Fig. 2 and 3. 
Tubipora spec. Nat. size. 


Fig. 4, 5 and 6. 
Isis spec. Nat. size. 


Anatomy. — The nucleus of BELLONcCI and adjacent cell groups in 
Selachians. I. The ganglion habenulae and its connections. By 
J. L. Appens. (Communicated by Prof. C, U. AriéNs KapPeERs.) 


(Communicated at the meeting of October 27, 1945.) 


In the first (1938) of this series of contributions on the nucleus of 
RELLONCI and its environment the presence of the nucleus in question, 
described for the first time in 18881) by BELLonci in the frog, was dealt 
with in Reptiles and Mammals, in which groups it probably is of general 
occurrence. In a second paper (1940) I demonstrated its presence in Birds, 
It thus remained to be investigated whether the nucleus is already found in 
Cyclostomes and Fishes. In a communication in Dutch, appeared in the 
"Verslagen” of this Academy in two parts (1943, '43a), this question, as 
far as concerns Cyclostomes, was answered in the affirmative. In Petro- 
myzonts as well as in Myxinoids a well-developed nucleus of this kind 
could be demonstrated. 

Thus only Fishes are wanting to a complete survey of the occurrence 
of the nucleus of BELLONcI throughout Vertebrates. 

As mentioned in the introduction to the paper on Cyclostomes I found 
only one statement in literature about our nucleus in Fishes, viz., in 
Teleosts (JANSEN, 1929). I shall enter upon it below. About the lower 
groups of Fishes no data are known to me. 

In the present paper we shall restrict ourselves to Selachians, of each 
of whose three groups, Sharks, Rays and Holocephali, representatives 
could be investigated, Of the following species series stood at my disposal: 
Sharks 

Notidanidae: Heptanchus cinereus, Hexanchus griseus; Scylliidae: 
Scyllium canicula; Cetorhinidae: Selache maxima; Spinacidae: Acanthias 
vulgaris, Centrophorus granulosus, Spinax niger. 

Rays 

Rajidae: Raja circularis, R. clavata; Torpedinidae: Torpedo marmorata. 
Holocephali 

Chimaera monstrosa. 

Most of these series were alternating WEIGERT-PAL-paracarmine and 
VAN GIESON series, but among them were some stained for cells only 
(haematoxylin and lithium-carmine), as also some CAJAL series (of Chi- 
maera monstrosa). 


1) Titles of papers cited which are not found in the list of literature of this commu- 
nication, to follow at the end of the second part, may be looked up in the lists of my 
previous contributions to the subject (1938, ‘40, ‘43a). 
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The topography and structure of the nuclei concerned, als well as 
the course of the tracts supplying them or arising in them, in all species 
investigated, whether Sharks, Rays or Holocephali, are so uniform 
that the detailed description of one representative suffices. Instead of the 
usual example for Selachians, viz., Acanthias, Scyllium canicula was 
chosen for this purpose, because more and better series of this species 
stood at my disposal. Thus the following description principally is based 
on a transverse and a sagittal WeIGERT-PaL-paracarmine series of Scyllium 
canicula, For the cytological relations, moreover, a transverse haema-~ 
toxylin and a transverse lithium-carmine series of this animal were 
examined. For the drawings of sections the transverse (figs, 1—4) and the 
sagittal W EIGERT-PAL-paracarmine series (figs. 5, 6) were used, while the 
reconstructions of the left and right habenula and their environment 
(figs. 7, 8) were made after the transverse WEIGERT—PAL-paracarmine 
series, with the aid, however, of the sagittal one, as in the transverse series 
no indicator lines were traced. 


The ganglia habenulae. 


Although it is qur chief aim to search for the nucleus of BELLONCI, we 
better start with the description of the ganglia habenulae (figs.1—8). 

The ganglia habenulae, in Selachians, are strongly developed and occupy 
the foremost half of the epithalamus, whose hindmost half is occupied 
by the pars intercalaris diencephali (figs, 5, 6). Dorsally the ganglia habenu- 
Jae are traversed by the commissura habenularum, which likewise is strongly 
developed and in longitudinal sections, cutting it, of course, transversely, 
is approximately round (figs. 3—8). 

Immediately above the commissure the recessus epiphyseos (Proximal- 
partie des Pinealorganes of STUDNICKA, 1905) is situated, a dilatation of 
the basis of the epiphyseal stalk, which opens into the horse-shoe-shaped 
subcommissural organ. In the frontally looking concavity of this organ 
the commissura posterior passes, which on sagittal section is likewise 
horse-shoe-shaped (figs. 5—8). Also the pars intercalaris diencephali 
shows this form, being closely applied, on either side of the subcom- 
missural organ, to the commissura posterior. It is no clearly defined 
structure, being continuous laterally with the pars dorsalis diencephali, 
trom which it is not separated by a sulcus dorsalis. 

The curving up, in frontal direction, of all these structures, to which 
must be added the tractus tecto-habenularis, later to be described, and 
the aquaeduct, no doubt is due to the strong development, in Selachians, 
of the optic tectum. 

According to the majority of statements in literature, in Selachians, 
contrary to Cyclostomes, the left ganglion habenulae is larger than the 
right one. This, however, is not the case. Also in Selachians the right 
ganglion is the larger one. The difference in size, however, mainly due 
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to the somewhat more frontal beginning of the right ganglion (figs. 5, 7, 8), 
is but small, contrary to Cyclostomes, where in Petromyzonts as well as 
in Myxinoids, the right ganglion surpasses the left several times in size. 

While the difference in size between right and left ganglion is but 
small, their difference in histological structure is considerable. In pre- 
parations with myelin staining it strikes immediately that the dorsolateral 
region of the right ganglion is provided with a dense network of myeli- 
nated fibres (figs. 1—3, 6). Likewise it is striking in such preparations 
that the right fasciculus retroflexus is far more myelinated, and stronger 
than the left (figs. 1—4). The cells in the meshes of the myelinated net- 
work of the right ganglion are considerably larger and lie more loosely 
arranged than the rest of the cells of the ganglion, which like all cells 
of the left ganglion show the usual small habenula type and like these lie 
tightly packed together. 

I now proceed to a more detailed description of the ganglia habenulae. 
As is generally known, these ganglia usually are divided into two, a 
medial and a lateral, or a dorsal and a ventral nucleus, resp. Already in 
Cyclostomes this division is met with, viz. into a dorsal and a ventral 
nucleus, or more exactly an antero-dorsal and a postero-ventral nucleus 
(cf. AppENS, 1943, 43a). 

In Scyllium, and in Selachians generally, the division into two of the 
ganglia habenulae is not very pronounced, The character of the cells, 
which are small and lie tightly packed together, is the same throughout 
the ganglion, except in the lateral upper corner of the right one, where, 
as already stated, the cells are larger and lie more loosely arranged. A 
division into two, however, of both ganglia, is indicated by grooves, 
though only in their foremost part (figs. 1—3, 6—8). 

The two nuclei which so may be distinguished in Scyllium, strictly 
spoken, ought to be designated as dorsomedial and ventrolateral. The 
difference, however, in horizontal level is so small that, for convenience, 
we may speak of a medial and a lateral nucleus. In other species, Acan- 
thias vulgaris, for instance, the two nuclei lie more vertically one above 
the other, and in Chimaera monstrosa they even do so perpendicularly, 
so that here must be spoken of a dorsal and a ventral nucleus. 

In both ganglia, of which the right, as stated above, extends somewhat 
more frontally, the lateral nucleus begins first. The medial right nucleus, 
curving in front of the left ganglion, a little transgresses the median 
plane (fig. 5). 

On the ventricular side the separation between medial and lateral nuclei 
is formed by the sulcus intrahabenularis internus, which from before 
backwards gradually becomes more shallow (figs. 1—3, 6—8). On the left 
side this groove is very short, on the right-side, however, it extends over 
more than half the length of the nucleus (figs. 7, 8). On the left side the 
separation between medial and lateral nuclei, moreover, is formed by an 
external groove, the sulcus intrahabenularis externus (fig. 1). This groove, 
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Figs. 1—4. Scyllium canicula. Cross-sections through ganglia habenulae, nucleus of 


BELLONCI and nucleus commissurae hippocampi. WEIGERT-PAL-paracarmine. 18. - 


The position of the sections is indicated in the reconstructions figs. 7 and 8 by 
interrupted lines. 


stria. med. amyel.+ 


0 


349 


which had not been described before, we also found in the right ganglion 
habenulae in both transverse series of Petromyzon fluviatilis examined by 
us (1943, '43a). Here an internal groove was absent. Other investigators, 
however, in Petromyzonts, report only an internal groove in the right 
ganglion. On the left side there are here neither internal, nor external 
intrahabenular grooves. In Myxinoids they are absent on both sides. 

It follows from the foregoing that in Scyllium there is no sharp sepa- 
ration of the ganglia habenulae into a medial and a lateral nucleus. In 
the foremost part of the left ganglion the line connecting the external 
and internal intrahabenular sulci may be regarded as boundary. It also 
is but natural to reckon the large-celled dorsolateral upper corner of the 
right nucleus with the lateral nucleus. Thus we shall call this cell group 
pars dorsalis of the lateral nucleus. The small-celled part of the right 
ganglion situated ventral to the pars dorsalis and outside the sulcus intra- 
habenularis internus, may then be distinguished as pars ventralis of the 
lateral nucleus. 

As aforesaid the large-celled part of the right ganglion is densely filled 
with myelinated fibres. The corresponding region of the left ganglion, 
whose cells are of the same small type as in the rest of the ganglion 
and like these lie tightly packed together, at first sight seems to be 
devoid of myelinated fibres. On closer inspection, however, also here 
some scattered myelinated fibres are found, and thus also the lateral 
left nucleus may be divided into a pars dorsalis and a pars ventralis. 

The myelinated network in the pars dorsalis of the lateral right nucleus 
for the most part is formed by the diverging and splitting up of fibres 
of the commissura habenularum. But also the emerging fibres of the 
fasciculus retroflexus considerably contribute to its formation. 

The scattered myelinated fibres in the pars dorsalis of the left lateral 
nucleus likewise partly are endings of fibres of the commissura habenu- 
larum and partly emerging fibres of the fasciculus retroflexus, It is natural 
to suppose that the latter, like the myelinated fibres of the right fascicle, 
arise from larger cells. I did not succeed, however, in finding in the left 
ganglion among the great mass of small cells, closely lying together, some 
scattered cells of a larger type. 

As mentioned above, according to the majority of statements in literature, 
the left ganglion habenulae, in Selachians, is the larger and gives rise 


Fig. 1. Through foremost part of ganglia habenulae, and nucleus commissurae hippocampi. 
Fig. 2. Through ganglia habenulae a little in front of commissura habenularum, 

Fig. 3. Through ganglia habenulae, commissura habenularum and fused nuclei of BELLONCI. 
Fig. 4. Through hind end of ganglia habenulae and commissura habenularum, 
dec.tr.s.-h. + c.i.v., decussation of tractus septo-habenularis (according to JOHNSTON’s 
interpretation), and of tractus obfacto-habenularis medialis; tr.gen.desc., tractus geniculatus 
descendens (not yet described for Selachians). To the label tr.cort.-hab. lat & med., etc., 
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to the myelinated fasciculus retroflexus, How this error has arisen, | am 
not prepared to say. EDINGER (1892) was the first to indicate a difference 
in size between right and left ganglion, without saying, however, which is 
the larger. From the smaller ganglion, according to him, a smaller and 
unmyelinated fasciculus retroflexus arises. B. HALLER (1898) correctly 
states that it is the right ganglion which is the larger and gives rise to 
the stronger fasciculus retroflexus. KAPPERS (1906) and STERZI (1909) 
state the same, adding that the right bundle is more myelinated. The 
more recent investigators, however, all of them are of the reverse opinion, 
and since also the recent text-books have it 1), this maybe said to be 
the prevalent, or even the generally accepted opinion. That it is not 
correct, however, was clear from the series enumerated above, belonging 
to representatives of all the three groups of Selachians. Of these series 
it was known with reasonable certainty which were the right and left 
sides. To check this in dissections was not possible, the distance the 
right ganglion extends more frontally than the left being too small for that. 


The fasciculus retroflexus. 


The chief efferent tract of the ganglion habenulae, the fasciculus retro- 
flexus, in Selachians is made up of myelinated und unmyelinated fibres. 
The right and left bundle are asymmetrically developed, in that the right 
bundle contains far more myelinated fibres (figs. 1—4). So the latter is 
larger, and more conspicuous, especially in myelin stained preparations. 

The right bundle thus presenting the clearer pictures, we start our 
description of the structure and origin of the fasciculus retroflexus with 
this, Its myelinated fibres arise exclusively from the large-celled part of 
the lateral nucleus. They begin to emerge already at the front end of 
the latter, leaving it ventrolaterally and applying themselves to the medial 
side of the stria medullaris (fig. 1). Coursing backward the bundle is gra- 
dually reinforced medially by fibres arising more caudally (fig. 2). Thus 
a flat band of myelinated fibres is formed at the medial side of the stria 
medullaris. The fibres from the hindmost part of the nucleus, which is 
situated above the commissura habenularum (fig. 3), first run forward, 
but immediately in front of the commissure bend down and join the 
bundle medially. The fasciculus retroflexus, now completely formed as to 
its myelinated part, then courses caudally, wedged in between the com- 
missura habenularum and the small-celled parts of the ganglion (fig. 3). 
At first a broad, flat band (figs. 3, 4), the bundle, proceeding caudal- 
ward, gradually becomes narrower and higher, and splits up into a number 
of small bundles, which on the side of the ventricle are highest. At last 


1) Also Beccarr (1943) mentions this in his text, but in the explanation of fig. 249, 
representing a cross-section through the habenula of Scyllium canicula, he says: ,,in 
Scyllium non esiste differenza di larghezza fra i due nuclei; ma, in senso antero- 
posteriore, quello sinistro @ pitt corto di quello destro”’. 
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the bundle, coursing caudally beside the third ventricle and aquaeduct, 
is nearly round. 

Besides the myelinated fibres just described, there run in the right 
fasciculus retroflexus a great number of unmyelinated fibres, arising from 
the small-celled parts of the ganglion. They leave this at its caudal end, 
where in WEIGERT-PaL-paracarmine preparations reddish spots appear 
in the black bundles of myelinated fibres composing the fascicle. 

Contrary to the right bundle, the left fasciculus retroflexus chiefly is 
made up of unmyelinated fibres, but comparatively few myelinated ones 
being present in it. Thus it is considerably smaller and less conspicuous 
than the right bundle. As on the right side ‘the myelinated fibres arise 
exclusively from the pars dorsalis of the lateral nucleus, which they also 
leave in the same way as on the right side. Thus the more lateral 
fibres of the bundle are the first to emerge, while those from the hind- 
most part of the nucleus, lying above the commissura habenularum, curve 
around in front of the latter before emerging. Like the right bundle the left 
at first is a broad, flat band, which caudally gradually becomes round. 
In the flat portion the myelinated fibres are evenly spread in small groups 
among the bundles of unmyelinated fibres, in the round portion they 
bave shifted for a large part to the periphery of the fascicle, though not 
exclusively so. 

The other efferent tract of the ganglion habenulae generally described 
in Vertebrates, the tractus habenulo-thalamicus, reported for Selachians 
by JOHNSTON (1911), could not be ascertained in my preparations. 


The stria medullaris. 


By far the majority of the afferent tracts of the ganglion habenulae 
come from before, from the telencephalon, and thus chiefly are of an 
clfactory nature. Already before reaching the ganglion these olfacto- and 
cortico-habenular tracts for the most part have united to the very large 
stria medullaris, which in the ganglion forms the commissura habenularum 


or superior. 


Figs. 5 and 6. Scyllium canicula. Sagittal sections through ganglia habenulae and fused 
nuclei of BELLONCI. WEIGERT—PAL-paracarmine. X 21. The magnification is so chosen 
that the dimensions are the same as in the figures of the transverse series (figs. 1—4). 
Fig. 5. Through left ganglion habenulae some sections to the left of the median plane. 
The rostral end of the medial right habenular nucleus, curving in front of the medial left 
one, a little transgresses the median plane. 
Fig. 6. Through right ganglion habenulae at approximately one fifth of its width to the 
right of the median plane. The dorsal large-celled part of the lateral nucleus has just 
appeared. nucl.hab.d.m., nucleus habenularis dexter medialis; dec.tr.s.-h. "Gav. See 
explanation of abbreviations of figs. 1—4. 


ed.epiph. 
ee ee 
paraph.~ . J NN ; : : ; é : aera 
dec.tr cort-hab.ete. : a = (pp 


dec.tr olf-hab. lat, 


com. post. 


fase. retrofl. sin. 


nucl.hab. dext med. 
sin 


ft a “ 


p.interc. dienc. 


tert. decte. shit civ. 


Com.hab.amyel. 
+nvecl.Belloncs 


fase.retrofl sin. fasc. long.med. 


$. praeo pt 
tr. strio-zolf-bulh, 


hypothal. 


s.tekdienc. int 


nucl. praeopt. 
fase. telenc. bas +2733 Seta ite 
Ff > 
ay, 


ra 


—rec. lob, inf. 


telenc. med —— x CLs j te dteane olf- 


Fig. 5 
tect opt 
be Opt. optoc 
dec. tr. olf- yh com. post. 
sacc. dors é corthah, 
h + nucl. hab. tr. tect-hab. 
parapn. deat. lat.d. R 
com.hah.amyel. en me" so eas 
+nuel.Bellonci y_aquaed 


fasc.retrofl.d. \ 
p-in erc.dienc, 


nucl. hab, d.m. € Lee Fe AGE. : oo dec.tr. schaciv, 

S. praeopt. | fasc.long. med. 
s.tel-dienc.inb. mesenc, 
com. Supra opt. 


tr. lob=bulb. 


nucl.praeopt, —— 


fase telene basi? 
telenc. med. == hypothal. 


tr. striog olf 
hypothal 


lob int 


dec. tr. pallis 


Fig. 6. 23 


IO4 


It must be pointed out that the terms stria medullaris and commissura 
habenularum are used here in a broader sense than in higher Vertebrates, 
since, in Selachians, as in Cyclostomes, these bundles are largely com- 
posed of commissural fibres of the primordium hippocampi. 

The various tracts making up the stria medullaris, principally are known 
by the researches of JOHNSTON (1911), who to a great extent succeeded 
in clearing up the composition of this complicated fibre system. In the 
following description, however, the more appropriate nomenclature devised 
by HERRICK (1910, ’33) is adopted. 

The stria medullaris is made up of myelinated and unmyelinated fibres, 
of which the latter form by far the majority. 

We shall first try to analyse the myelinated part of the stria medullaris. 
On cross-sections through the beginning of the ganglion habenulae 
(fig. 1), as also on longitudinal sections through the commissura habenu- 
larum (figs. 5—7, 8), the majority of the myelinated fibres is seen covering 
as a cap the upper side of the unmyelinated part of the stria, On closer 
inspection, however, this cap appears to consist of two separate bundles. 
of about equal size, one dorsomedial and the other dorsolateral to the 
unmyelinated stria. 

The dorsomedial bundle, together with the unmyelinated part of the 
stria, may be followed forward in horizontal direction along the dorsal 
margin of the telencephalon medium, and appears to arise from three 
components, one of dorsal, the other two of ventral origin. 

The dorsal component, according to HerricK’s nomenclature, is the 
tractus cortico-habenularis medialis, the tractus cortico-habenularis simply 
of JounsTon. This tract arises from the primordium hippocampi, collecting 
in its hindmost part, immediately lateral to the ventricle, Also the un- 
myelinated part of the stria arises in the primordium hippocampi, chiefly 
at least. Like the fibres of the tractus cortico-habenularis medialis the un- 
myelinated fibres collect caudally in the primordium hippocampi. Already 
here, at their beginning, the myelinated bundle lies at the medial side of 
the unmyelinated. 

On leaving the primordium hippocampi the comparatively weak, but 
well-circumscribed tractus cortico-habenularis medialis is joined by the 
foremost of the two ventral components of the medial myelinated bundle, 
viz., the tractus olfacto-habenularis of JoHNSTON. Its fibres arise from 
the tuberculum olfactorium and fhe lateral olfactory nucleus, and immedia- 
tely behind the foramen interventriculare ascend to partake in the for- 
mation of the stria. This bundle is regarded by me as the combined 
tractus cortico-habenularis lateralis and olfacto-habenularis anterior, in 
Herrick’s terminology, the former being represented by the fibres from 
the lateral olfactory nucleus, the latter by those from the tuberculum 
olfactorium. 

The hindmost of the two bundles reinforcing the medial myelinated 
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part of the stria during its course in the telencephalon medium, is called 
tractus taeniae by JOHNSTON and, according to him, probably corresponds 
to HErrIck’s tractus habenulo-striaticus, but may include the tractus 
cortico-habenularis lateralis of this author. In my opinion it is the com- 
bined tractus strio- and amygdalo-habenularis of HERRICK, which are 
joined by a part of the tractus olfacto-habenularis medialis, coming from 
behind. The latter arises from the nucleus praeopticus and runs medial 
to the basal forebrain bundle. 

Contrary to the medial myelinated bundle, the lateral bundle is of 
single origin. It is the tractus olfacto-habenularis lateralis of HERRICK 
(posterior of JOHNSTON), which, like the tractus olfacto-habenularis me- 
dialis, arises from the nucleus praeopticus, but runs lateral to the basal 
forebrain bundle. The fibres composing it ascend parallel to the periphery 
of the telencephalon medium, running partly through and partly medial 
to the tractus palliii More caudally they also come forth between the 
bundles of the optic tract. 1) 

In the transverse WEIGERT-PAL-paracarmine series of Scyllium a small 
fibre bundle was observed seeming to come from the optic tract and joining 
the tractus-habenularis lateralis, which in its compactness quite resembled 
a bundle of the optic tract. On closer inspection, however, it appeared 
merely to be a small bundle of the tractus olfacto-habenularis lateralis, 
ascending through the tractus pallii. 

Having thus ascertained the origin and nature of the two principal 
myelinated fibre bundles of the stria, we now shall describe their behaviour 
in the commissura habenularum. Here they form a very asymmetrical 
decussation fronto-dorsal to the unmyelinated stria, the medial bundle 
crossing foremost (figs, 3, 5—8). 

On the right side the two bundles, having entered the pars dorsalis 
(the large-celled part) of the lateral nucleus, indistinguishibly fuse, their 
fibres diverging and splitting up, and forming with the emerging myeli- 
nated fibres of the fasciculus retroflexus the network, by which this part 
of the nucleus stands out so strikingly in myelin stained preparations 
(figs. 1—3, 6). Having passed the median plane the two bundles resume 
their compactness, and again become independent of one another (fig. 3). 
Evidently most of their fibres, not only of the right but also of the left 
bundles, end in the large-celled right nucleus, synapsing there with the 
neurons of the myelinated part of the fasciculus retroflexus. In Petro~- 
myzonts, according to JOHNSTON (1913), the left stria, sensu strictiori, 
of course (i.e, without the commissural fibres of the primordium hippo- 
campi), almost exclusively goes to the right ganglion. 

Besides the medial and lateral bundles just described, which constitute 


1) In addition to the principal bundle there is a separate posterior part of the tractus 
olfacto-habenularis lateralis, which will be discussed in the second part of the paper in 
the section on the nucleus commissurae hippocampi. 


356 


the majority of the myelinated fibres of the stria medullaris, there are 
yet other myelinated fibres partaking in the formation of this bundle, or 
better said of the commissura habenularum. They cross in its hindmost 
part (figs. 3—8) and belong to two categories, those lying at the peri- 
phery of the commissure being of a different nature from those lying 
more inward. 

We shall first deal with the peripheral fibres. They are united to 
small bundles, which run through or immediately over the fasciculus 
retroflexus, thus making the impression of being crossing fibres of the 
latter (figs. 3, 4). The hindmost of them, in cross-sections, may be con- 
fused with the foremost fibres of the commissura posterior, which begins 
to appear at this level. The fibres in question, however, run ventral to the 
recessus epiphyseos, between this and the ganglion habenulae (figs. 4, 
5—8), whereas the foremost fibres of the commissura posterior run dorsal 
to the subcommissural organ, into which the recessus epiphyseos opens 
(figs. 5—8). : 

A small part of the foremost of these peripheral myelinated fibres of 
the stria, having arrived at the median plane, ascend on either side 
of it, and at the level of the dorsal lateral habenular nuclei go to the 
other side and end in the latter. 

The ultimate origin of these fibres could not be determined, They 
come from before, ventromedial to the unmyelinated stria (figs. 1, 2), 
and, in our preparations, a little in front of the ganglion habenulae are 
lost out of sight. No doubt they are identical with the fibre bundle 
JoHNsTON describes as leaving the medial forebrain bundle just in front 
of the ganglion habenulae. JoHNSTON per exclusionem considers them 
as tractus septo-habenularis, an interpretation which seems rather plausible 
and, with some reserve, is adopted by us !). 


Figs. 7 and 8. Scyllium canicula. Projections on the median plane of left (fig. 7) and 
right (fig. 8) ganglion habenulae and their environment. 22. For these reconstructioas 
the transverse WEIGERT-PAL-paracarmine series was used after which figs. 1—4 were 
drawn, whose position is indicated by interrupted lines. Since in this series no indicator 
liaes were traced, the reconstructions were made with the aid of the sagittal WEIGERT— 
PAL-paracarmine series. As in Necturus (1943, fig. 8) and Bdellostoma (1943a, fig. 2) 
the magnification was so chosen that the distance between the front of the nucleus 
commissurae hippocampi (in 1943 called eminentia thalami) and the end of the commissura 
posterior is equal to the average of these distances on the left and right side in Petromyzon 
fluviatilis (1943, figs. 6, 7), which are approximately the same. d.c.-h., decussation of 
lateral and medial cortico-habenular, medial and anterior olfacto-habenular, and amygdalo- 
and strio-habenular tracts; d.o.-h., decussation of lateral olfacto-habenular tract; dec.tr.sept.- 
hab. -+ c.i-v., see explanation of abbreviations of figs. 1—4. 


1) In JOHNSTON's fig. 10, by a lapse, the designations of the tractus septo-habenu- 
laris and the crescent-shaped fibre bundle he calls optic radiation, are interchanged. 
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Also BACKSTROM (1924) may have seen these fibres, which be describes 
as a collection of fine fascicles given off by the medial forebrain bundle 
to the stria medullaris. He, however, interprets them as tractus cortico- 
habénularis, meaning with this term the tractus cortico-habenularis me- 
dialis of Herricx’s terminology, the bundle, consequently, arising from 
the primordium hippocampi. The tract described by JOHNSTON as 
tractus cortico-habenularis (medialis Herrick) is called by BACKSTROM 
tractus pallialis praeopticus. As clear from the above, we share JOHNSTON’s 
interpretation of the two bundles concerned, though with some reserve 
in the case of the tractus septo-habenularis. 

The second category of myelinated fibres crossing in the hindmost 
part of the commissura habenularum, viz., those lying more inward, 
consists of widely scattered single fibres (figs. 3, 5—8). They come forth 
medial to and from the inner layers of the optic tract (fig. 3), and are held 
by me to be derived from the tractus olfacto-habenularis medialis. When 
dealing with the nucleus of BELLoncr, I shall return to them at large. 

We now proceed to the unmyelinated part of the stria medullaris, 
which forms by far the larger part of the bundle. Accompanied by the 
lateral and medial myelinated bundles it comes from before along the 
dorsal margin of the telencephalon medium. : 

The unmyelinated stria generally is held to consist of commissural 
fibres only. According to JOHNSTON (1911), followed in this by Stuart 
TuHomson (1919), it is a commissure of the primordium hippocampi, but 
according to BACKSTROM (1924) it contains, in addition, a general pallium 
commissure. These authors call it commissura pallii posterior. KAPPERS, 
on the other hand, holds that the unmyelinated stria represents the com- 
missural fibres of the primordium piriforme, which he calls commissura 
superior telencephali. 

My attitude in this matter is conciliatory. No doubt the unmyelinated 
part of the stria largely is made up of commissural hippocampal fibres, 
but I think it quite probable that the bundle is reinforced by ventral 
fibres, representing the commissura superior telencephali of KApPERS. The 
presence, on the contrary, of a general pallium commissure, as maintained 
by BAckstrOM, I think excluded. In addition, however, to the commissural 
fibres, in my opinion, unmyelinated fibres, either direct or decussating, of 
the various habenulo-petal tracts may partake in the formation of this 
large bundle. 

Closing the description of the components of the stria medullaris, a 
remark has yet to be made about the position of its myelinated and un- , 
myelinated fibres with regard to each other. According to Kappers, in 
the commissura habenularum the myelinated fibres surround the un-~ 
myelinated bundle like at thick myelin sheath surrounds a big axis- 
cylinder, a behaviour, according to this author, often met with when 
myelinated and unmyelinated fibres run together. In the case under 


‘ 
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consideration this statement holds good for the majority of fibres, our 
medial and lateral myelinated bundles and also the hindmost part of 
the posterior crossing fibres (the tractus septo-habenularis) lying at the 
periphery of the unmyelinated bundle. The fibres, however, derived from 
the tractus olfacto-habenularis medialis, lie inside it, as also is plain 
from Kappgrs’ figure (1920, fig. 41). Moreover, the myelinated fibres do 
not form a closed ring, as indicated in this figure, the frontal und ventral 
ones of them being emerging fibres of the fasciculus retroflexus (figs. 5, 6). 


The tractus tecto-habenularis. 


In addition to its principal impulses, chiefly olfactory, coming from 
before by way of the telencephalic habenulo-petal tracts united to the 
stria medullaris, the ganglion habenulae also receives impulses from 
behind, from the mesencephalon, They are carried by a bundle of loosely 
arranged myelinated fibres, which are derived from two sources. The 
majority arise from the tectum opticum and represent the tractus tecto- 
_habenularis. They run, on either side of the subcommissural organ, 
through. or immediately ventral to the pars intercalaris diencephali and 
thus, like the latter, the commissura posterior and the subcommissural: 
organ, are horse-shoe-shaped (figs. 5, 6). 

The bundle described by us as tractus tecto-habenularis, was already 
seen by Epincer (1892), who, however, regarded it as running in the 
opposite direction and accordingly called it tractus ganglii habenulae ad 
mesocephalon dorsalis. The large fibre bundle, described by B. HALier 
(1898) in Scyllium canicula under the latter name, which according 
to him, can be traced into the region of the oculomotor, only for a small 
part corresponds to our tract, being almost entirely an optic bundle, 
running on the medial side of the tectum opticum. 


The tractus tegmento-habenularis. 


The second group of fibres going from the mesencephalon to the 
ganglion habenulae, comes from the tegmentum and joins the tractus tecto- 
habenularis at its convexity (fig. 5). As far as I know such a tract hitherto 
has not been described, Kappers, HuBer and Crossy (1936), however, 
in the first volume of their text-book, without further reference, mention 
a tractus habenulo-tegmentalis, going to the dorsal tegmental nucleus of 
VON GUDDEN. 


Anatomy. The model of Lite in connection with the growth of the 
nerve-fibre. By R. BRUMMELKAMP. (Communicated by Profi Cot 
ARIENS KAPPERS.) 


(Communicated at the meeting of October 27, 1945.) 


1& 


Lituz has invented a model by the help of which numerous nervous 
phenomena can be imitated. In its most simple form this model consists 
of a stretched iron wire (piano-string), which is plunged into nitric acid 
of a certain strength (specific gravity 1.42), so that on its surface a thin 
layer of high iron-oxide is formed. If one “excites” such a wire by damag- 
ing this oxide-layer locally by an electrical, chemical, thermical or mechani- 
cal impulse, a passing oxidation-reduction-process runs across its surface, 
which, physically speaking, shows a striking resemblance with the ‘’con- 
dition of excitation” proceeding along an excited nerve-fibre. The corres- 
pondence is so great that one is inclined to consider the physical, powers 
which work in both processes as identical. 

The rapidity with which both processes proceed is of the same order; 
the all-or-none-law obtains for he excited place; each exited place returns 
automatically into the condition of rest; during this return there is a total 
or partly refractional period; at all points similar reactions follow one 
another, accompanied by an electric phenomenon; the reaction is introduced 
by a change in the permeability of a surface layer; the excitatory current 
can be delayed, resp. blocked by an electric current, also by a chemical 
action; during a partly refractional period currents with a decrement can 
arise: a certain minimal intensity is necessary for a local excitation; 
without a local excitation no proceeding current arises; several stimuli in 
themselves subliminar and following one another become active by sum~ 
mation: an electric current of too little strength, independent of the duration 
of its action, has no effect; it is necessary that a supraliminary current 
acts for some time; among other things the duration of the action depends 
on the strength of the current used; the model shows the phenomenon 
of the gradually increasing impulse; a place which is in a condition of 
excitation shows a negative charge with respect to the non-excited part. 
All these properties are characteristic both of the nerve-fibre and ot 
Litule’s model. 

I have asked myself whether perhaps, besides the physiological properties 
of the nerve-fibre, the way of growing of the nerve-fibre can also be 
imitated in the model. 

SpEDEL has studied the growth of the nerve-fibre daily by observing 
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the tail-fin of the larva of a frog. He found a) that the fibre at its ex- 
tremity grows out by lengthening itself (in the direction of the axis of 
the fibre); b) that the side-branches which spring from the fibre form an 
angle with the axis of the fibre, approaching more and more a right angle 
as the side-branches spring further from the extremity of the fibre, so that 
c) at some disctance of the extremity the side-branches stand perpendic~ 
ularly on the axis of the fibre (fig. 1). The movements which the free 


Bigee 1, 


Schematic growth of a nerve fibre. 


extremities of the fibre and the side-branches make in their growth give 
the impression as if the way is sought gropingly, while small disturbances 
must be conquered and the extremities must turn aside now to the right 
and then again to the left over small distances. One gets the impression 
as if there are invisible (submicroscopic) structures which influence the 
way which the nerve takes at a given moment. 

Box showed already before that the perpendicular growth mentioned 
under c) is also found in the neurites of young neuroblasts, situated in the 
neighbourhood of a fibre-bundle. 

Wess proved by experimentation that the direction of the movements 
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of the offschoots of a young neuroblast can be determined by the micro- 
structure of the surroundings. The experiments of WEISS are in agreement 
with the observations of Harrison; both say that the direction of the 
growth of a nerve-fibre orientates itself to the structures present in the 
surroundings; with Weiss these are directed micells, with Harrison 
fine cobweb-threads. 

It will be explained below that by means of the iron wire of LILLIE 
field-powers arise which act in a directing manner on little bipolar bars, 
present in the surroundings of the wire and the question is asked whether 
the nerve-fibre may also be supposed to have such directing powers, 
which may then lead to such changes in the microstructure of the sur- 
roundings of the nerve-fibre, resp. of the positions of the bipolar micells. 
present in the nerve-fibre itself and that from this the way of growing 
of the neurite can be derived. 


Experimental part. 

The following experiments were made. 

A shallow glass bowl of 20 by 15 by 5 cm. is half filled with nitric acid 
and into this a bundle of about ten piano-strings, each 1 mm, thick and 
14 cm. long, is plunged. There arises a thin, metal-like layer of a high 
iron-oxide on the surface of the wires, 

We now bring a small iron bar of 3 cm. long in the surrounding elec- 
trolyte, after one half of the bar has been protected from the electrolyte. 
by enveloping this half with a layer of paraffin. This iron bar is kept 
floating by mounting it on a paraffined piece of cork. Under the influence 
of the electrolyte the non-paraffined part of the bar will also envelop 
itself with a layer of high iron-oxide and thus obtain a surface-charge 
equal to that of the membrane of the iron bundle, while the paraffined 
(the non-oxidated) part takes an opposite charge. So the bar has the 
function of a small dipole. (A non-paraffined bar can also act as a bipole, 
when the charge accumulates at one pointed extremity.) 

In these experiments the level of the nitric acid is so high that the 
floating bar and the iron bundle lying on the bottom of the bowl do 
not touch. 

If we place the bar opposite the middle of the bundle and 5 cm, later- 
ally from this, parallel to the bundle, the bar turns 90 degrees until its 
paraffined end is directed towards the bundle and then moves towards 
the bundle, after which it remains standing perpendicularly on the bundle 
(fig. 2). The intensity of this attraction appears among other things to 
be dependent on the number of wires of which the bundle consists. 

If we place the bar with its non-paraffined part opposite the middle 
of the bundle, perpendicularly on it, it first moves from the bundle over 
a distance of about 5 cm., then turns 180 degrees and then moves with 
its paraffined part in front, towards the bundle, after which it remains 
standing perpendicularly on it (fig. 3). 
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If we place the bar with its paraffined end perpendicularly on the 
bundle at a distance of 7 cm. from the free extremity (i.e. opposite the 
middle of the bundle) it remains standing in this position. If the distance 
is lessened to 6 cm., the position of the bar changes from prependicular 
to an angle of about 65 degrees in the direction of the extremity of the 
bundle, If this distance decreases to 5 cm. the angle in question becomes 
about 45 degrees (fig. 4). . 


Oo 
= 
1 
10 
Big. * 2. Biques: 
Placing of the “micells’’ perpendicular to Position of the “micells’” perpendicular to 
the middle of the bundle. . the middle of the bundle. 


If we now place the bar a little more in the direction of the extremity, 
it shifts forward spontaneously in its entirety and puts itself in the longi- 
tudinal axis of the bundle; then it moves at first slowly, but gradually 
quicker, towards the extremity of the bundle where it stops as soon as 
the middle of the bar has nearly reached the free extremity of the bundle 
(fig. 5). 

If we put the same bar alternately at the two extremities of the bundle, 
it takes up the positions of fig. 6, If the phenomenon was of a magnetic 
kind, the bar would be have to take up the same position at both extre- 
mities of the bundle; if, on the contrary, electrostatic powers work, the 
positions are equal to those of fig. 6. The positions of the bar evidently 
correspond to the power-lines of the electric field round the iron bundle. 

If two bars are in the bowl, they either put themselves in such a 
position that one is the lengthening-piece of the other, with the paraffined 
end of the one bar against the non-paraffined end of the other, or they 
put themselves beside each ‘other, so that the opposite poles touch. If 
there are more bars, they may form bundles, e.g. because the bars put 
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themselves in such a position that the one is the lengthening-piece of the 
other or arrange themselves in such a way beside one another that the 
pole of one bar comes to lie against the middle of the neighbouring bar. 
Thus long-drawn bundles may arise. 

If there is also a bundle of wires in the bowl, the bundle of bars is 
inclined to stand perpendicularly on the bundle of wires, when the bars 
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Fig. 6. 

Position of the ‘‘micells” 
Bigot. Fig. 5. from which is concluded 
Position of the ‘‘micells’ | Movement of the “‘micells”’ that the phenomenon has to 
according to the field to the free extremity of the be ascribed to electric and 

powers of the electric field. bundle. not to magnetic forces. 


are opposite the middle of the bundle of wires; if the distance towards 
the extremity is lessened, the bundle of bars nestles up to the bundle of 
wires and then replaces itself in its entirety some distance towards the 
extremity of the bundle of wires (fig. 7 and 8). If in this case the bundle 
of bars is so long that one of its extremities reaches across the middle 
of the bundle of wires, this end is swung laterally, until it stands per- 
pendicularly on the bundle of wires (fig. 9). 

If we suspend a bar in the bowl on a glass wire, in the neighbourhood 
of the bundle, this bar is repulsed. If we now damage the surface-membrane 
at one of the extremities so that an oxidation-reduction-process runs 
across the bundle (current of negativity) the bar is attracted by the wire 
as soon as the current of negativity reaches the bar. This attraction in- 
creases in proportion as the bundle contains more wires. 

Summarising we can say that the bars under the influence of the sur- 
face-charge of the iron bundle move towards it, placing themselves in 
accordance with the power-lines of the electric field round the bundle, 
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i.e. at the extremity of the bundle as its lengthening-piece and laterally 
from the bundle under angles which approach more to 90 degrees in 
proportion as the distance from the extremity of the bundle increases. 
Equal charge of bar and bundle causes repulsion, opposite charge attrac- 
tion. Excitation of the bundle leads to attraction of a bar which was at 
one time repulsed, as soon as the condition of excitation runs along the bar. 

It appears among other things from the above-mentioned experiments 
that the positions which the bipolar bars take up, correspond with the 
positions which the growing neurite shows at its extremity and at: its 
side-branches, 


it 


Fig. 8. Fig. 9. 


Position of four “micells’’ Thickening of the bundle 

Fig. 7. perpendicular to the middle by apposition of ‘‘micells” 

Placing of a pair of of the bundle. and the arising of an off- 
“micells”’. shoot in the midst of it. 


If we suppose that the nerve-bundle in vivo carries a surface-charge 
and that in the surroundings of the nerve-bundle there are bipolar micells 
in the form of bars (macromolecular albumina) an arrangement !) of these 
micells must arise corresponding to that of the bars of our model- 
experiments, an arrangement which, as we said already, corresponds with 
the direction of the growth of the neurite and its side-branches. We can 
now easily understand (see experiment of Weiss) that led by the micro- 
structures of the surroundings the nerve-fibres seek their way through 
the surroundings, giving expression to the arrangement of the macro- 
molecules of the surrounding medium. 


1) This arrangement could perhaps be experienced by means of the polarisation- 
microscope. . 
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It is clear, however, that the field of action of the surface-charge is 
not limited to the micro-structures of the surroundings, but also exerts 
a directing influence on the micells, occuring in the offshoots of the nerve- 
fibre itself 2). This directing influence generally coincides with that which 
is exerted on the micells of the surroundings, so that the two actions 
strengthen each other. 


I. 


To the above we add the following supplementary remark. It has 
appeared from experiments made by Burr, DETWILER, Jutius a.o, that 
there is an attracting action between nerve-fibres and quickly growing 
cells (normotaxis); this attracting, action is strengthened if these are nerve- 
cells, which together with the nerve-fibre are in a condition of excitation 
(neurobiotaxis, ARIENS KAPPERS). Probably the normotaxis should be 
attribued, at least part, to the high metabolsm of the quickly growing 
cells, Here acids form themselves, which, by driving the H’-ions back, 
give a positive charge to the cellular colloids. In the nerve-fibre this 
condition is not fulfilled; thus an electric potential-difference arises between 
the cell and the fibre; The neurobiotaxis can be considered as a streng- 
thened form of normotaxis, for if a nerve-fibre and a neighbouring nerve- 
cell are continuously excited, currents of negativity continuously run 
across the nerve-surface and at the same time the cellular metabolism is 
heightened (greater formation of acids, higher positive charge of the 
cellular colloids), so that the potential-difference between cell and fibre 
increases, From our experiment with the iron bundle of Lite it appears 
that the potential-difference between the "wire that is being excited’ and 
an iron bar suspended opposite this wire is sufficient to bring about an 
attracting action over a macroscopic distance. Mutatis mutandis the same 
can certainly be the case when the microscopic distance between an ex- 
cited nerve-fibre and a neighbouring nerve-cell: is bridged. Unfortunately 
quantitative data concerning this are still lacking. 


Summary. 


LILuiz’s model does not only give a clue for explaining the physiological 
properties of nerve conduction but may also help us to explain the way 
of growing of the nerve fibre. 

The simplest way is to consider the powers which influence the growth 
of the nerve fibre as powers in an electric field. 

The micro-structure of the surroundings of the nerve fibre can be 
derived from these field powers. The same obtains for the arrangement 
of the micells partaking in the structure of the offshoots of the nerve 


2) In this aspect we refer to the experiments of HALLIBURTON who found that 
anhydrating of the neuron axis leads to a regular arrangement of the enclosed micells 
from which it is concluded that these micells have the shape of a bar (baccolites). 
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fibres. LiLLiz's model and the nerve fibre correspond in having the same 
spatial pattern. 

As the experiments described with the lifeless model only allow of a 
conclusion made by analogy and are not as valuable as experiments on 
the living object, the correspondence between the observations recorded 
in this paper and the growth of the nerve is striking. 

The phenomenon of neurobiotaxis finds a place fitting in with the 
whole of our considerations. 


Samenvatting, 


Het model van Lituik opent niet slechts de mogelijkheid een verklaring 
te geven van de physiologische eigenschappen van een zenuwvezel, doch 
kan ons ook een inzicht verschaffen in de wijze van groei van den zenuw- 
vezel. 

Het eenvoudigst komt men uit door de krachten, die invloed hebben 
op den groei van den zenuwvezel, op te vatten als krachten in een elec- 
trisch veld. 

De microstructuur van het milieu rondom den zenuwvezel kan uit deze 
veldkrachten worden afgeleid. Dit zelfde geldt voor de rangschikking 
van de micellen, waaruit de uitspruitsels der zenuwvezels zijn opgebouwd. 
Beide structuren hebben eenzelfde ruimtelijk patroon en dekken elkaar. 

Ofschoon de beschreven proeven met het levenlooze model natuurlijk 
slechts een analogie-besluit toelaten en niet de waarde hebben van proe- 
ven op het levende object, is toch de overeenkomst tusschen de waar- 
nemingen, waarover hier bericht werd, en den groei van den zenuwvezel 
opvallend goed. 

Het verschijnsel der neurobiotaxis vindt in het kader onzer beschou- 
wingen een plaats, 


Zusammenfassung. 


Das Modell von Lituie erschlieszt nicht nur die Méglichkeit eine Er- 
klarung der physiologischen Eigenschaften einer Nervenfaser. zu geben, 
sondern kann uns auch einen Ejinblick in das Wachstum der Nervenfaser 
vermitteln. 

Am zweckmaszigsten kommt man dadurch dazu, dasz man die Krifte, 
die auf das Wachstum der Nervenfaser Einflusz haben, als Krafte in 
einem elektrischen Feld auffaszt. 

Die Mikrostruktur der Umgebung der Nervenfaser kann aus diesen 
Feldkraften abgeleitet werden. Dasselbe gilt fiir die. Anordnung der Mi- 
zellen, aus denen sich die Auslaufer der Nervenfasern zusammensetzen. 
Beide Strukturen haben ein gleiches Raummuster und decken sich. 

Obwohl die beschriebenen Experimente am lebenlosen Modell natiir- 
lich blosz einen Analogieschlusz erlauben und nicht den Wert der Experi- 
mente am lebenden Objekt haben, ist dennoch die Ubereinstimmung, 
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zwischen den Beobachtungen woriiber hier berichtet wird und dem 
Wachstum der Nervenfaser, auffallend gut. 

Das Phanomen der Neurobiotaxis findet im Rahmen unserer Betrach- 
tungen einen Platz. 


Résumé. 

Le modéle de LILLIE ouvre non seulement la possibilité de donner une 
explication des propriétes physiologiques du fibre nerveux, mais encore 
il peut nous faire comprendre la facon de croitre de ce fibre. . 

Le plus simple pour nous est de se représenter les forces qui influent 
la croissance du fibre nerveux comme des forces dans un champ électrique. 

La microstructure du milieu entourant le fibre nerveux peut etre déduit 
de ces forces, Ceci est de méme pour l’arrangement des micelles qui con- 
stituent les bourgeons des fibres nerveux. Les deux structures ont le 
méme ordre et se couvrent, 

Quoique les expériences avec le modéle, que nous avons décrites, ne 
permettent naturellement qu'une conclusion analogique et n’aient pas la 
valeur d’expériences sur des objets vivdnts, quand-méme l’analogie entre 
les observations mentionnés ci-dessus et la croissance du fibre nerveux 
est remarquablement bonne. 


Le phénoméne du neurobiotaxis trouve une place dans le cadre de nos 
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Anatomy. — Comparative anatomy of the caudal part of the human and 
subprimate cerebellum, By J. M. ScHoLTEN. (Communicated by 
Prof. C. U. ArrENS KappERs.) 


(Communicated at the meeting of October 27, 1945.) 


In a former communication we tried to homologize the various portions 
of the cerebellum of the subprimate with those of the human cerebellum. 
Among other things we came to the conclusion that BRADLEY’s para- 
flocculus in man is represented by the lobus biventer and the tonsil. In 
order to test this result still further we now shall see in how far the two 
lobes exhibit any similarity in their development, for, if the paraflocculus 
is actually homologous with the lobus biventer and the tonsil, the onto- 
geny of these portions of the cerebellum will undoubtedly be analogous, 
the cerebellum of all mammals constructed according to the same rules 
(under the influence of vestibular, spino-cereballar and primitive olivary 
fibres, to which are added impulses from higher levels reaching it via 
pons and principal olive). 

Besides a study of the order in which the first cerebellar fissures 
originate has tought us that this order is the same in homo as in the sub- 
primates, namely as follows: fissura uvolo-nodularis with her lateral 
elongation (fissura flocculi sive postero-lateralis), fissura prima, fissura 
secunda, fissura praeculminata, followed immediately by the sulcus prae- 
pyramidalis. (BRADLEY ‘03, ‘04, '05, ELLioT SMITH '03, BoLk ‘06, LANGE- 
LAAN ‘19, JACOB '28, LaRSELL & Dow '35). 

Considering these two points it is highly probable that there must be 
also a similarity in the mode of origin between the fissures limiting the 
paraflocculus on one hand and the lobus biventer and tonsil on the other. 

Our study on the origin of the paraflocculus in sub-primates begins 
at the stage when the fissura uvulo-nodularis, f. postero-lateralis and 
{, prima have been (are) already formed. 


I. The fissura parafloccularis. 


According to Etuiot Smitu ('03) the sulcus parapyramidalis originates 
bilaterally. It is probable, however, that this is not the fissura parafloccu- 
laris, For this see figure 5, from which it will be evident that this fissure 
lies much more caudally than the others, 

BraDLey (03, '04, '05) showed that the fissure originates bilaterally 
in the corpus cerebelli as this author clearly demonstrated in the cerebellum 
of the pig, seen from the caudal side, reproduced in our figure I (Plate ]). 

In the course of its further development this fissure extends medially 
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independant of any groove of the vermis. The same is seen in the rabbit, 
the sheep and the calf. Earlier Stroup ('95) showed this for the cat, 
LARSELL and Dow ('35) could confirm this for the opposum. 

Our observations agree with those of the last mentioned authors, Fig. 2 
1s the cerebellum of the calf, 814 cm. in length. The figure speaks for itself, 


II. Sulcus intratonsillaris. 


This fissure divides the paraflocculus in two parts, a ventral and a 
dorsal one. Fig. 2 shows that it originates laterally. Adjacent to it, the 
fissura secunda may be observed extending sidewards. Later these two 
fissures meet each other as is shown in figure 3, On the right the fissures 
have approached each other very nearly. Our observations are in entire 
agreement with those of Braptey. Although LARSELL and Dow make 
no mention of this fact, it can be deduced from their figures 15 and 16 
that they, too, observed that the fissura intratonsillaris originates in 
this way. 


Ill. Fissura secunda. 


Concerning the origin of this fissure, ELtior SmitH ('03) has expressed 
various opinions. According to his first scheme — fig. 4 — this fissure 
is continuous with the sulcus intratonsillaris. Later, however, it appeared 
to him (see his second scheme — see fig. 5 left) that the fissure is con- 
tinuous with the fissura floccularis — which borders the lobus flocculo- 
nodularis of the corpus cerebelli — or with a groove in the paravermis. 
LarsELL and Dow say that the fissura secunda extends but little laterally. 
BraDLey observed that the fissure extends laterally into the paraflocculus 
which has meanwhile appeared, and thus — together with the sulcus 
intratonsillaris — divides the paraflocculus into a ventral and a dorsal 
part. This likewise we can confirm (see figure 3). 


IV. Fissura praepyramidalis. 


This groove also originates in the median line and develops in lateral 
direction. On this point the opinion of all authors agree, although not 
upon the question as to whether or not the sulcus praepyramidalis meets 
the fissura parafloccularis. 

BrapLey and Assiz ('34) mention the confluence of the two fissures 
respectively in the pig and in Echidna. LarseLti and Dow hold the same 
opinion. According to ELtiot SmiTH the praepyramidal fissure may behave 
in various ways, being sometimes continuous with the fissura parafloccu- 
Jaris, sometimes passing through area C, — in which case it is continuous 
with the sulcus parapyramidalis. In the larger mammals, however, the 
fissura parafloccularis is not continuous with any important groove. Fig. 5 
right represents both cases. Although Stroup does not mention the fact, 
in the figures of this author there is no continuity between the fissura para- 
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floccularis and his sulcus uvularis. In our opinion, however, the latter is 
the fissura praepyramidalis 1) as illustrated in figures 7 and 8, which 
show that the fissura parafloccularis ends at some distance from the 
sulcus pyramidalis. The former groove if prolonged medially, will inter- 
sect the pyramis, with the result that besides the paraflocculus, another 
part of the corpus cerebelli coincides with the pyramis. This part is the 
lobus paramedianus, as the study of the adult cerebellum already taught 
us ('43). The connection of the lobe with the pyramis is made by a lamella 
hidden in the depth of the fissure between the lobus medius medianus 
Incvar and the pyramis, but continuing into this last sub-lobe. At first 
glance it would seem as if the sulcus praepyramidalis passes over into 
the sulcus parafloccularis. A closer inspection, however, reveals that the 
sulcus proper, in the depth between the pyramis and the portion of the 
vermis lying rostrally to it, is bridged laterally by the aforesaid lamella 


of the lobus paramedianus. The merging of the two grooves is thus merely 
a seeming one. This, in our opinion, is the explanation of the different 
statements which are to be found in literature 2). 


V. The development of the paraflocculus of the subprimates takes 
place as follows: Shortly after the fissura secunda appears in the median 
line, the praepyramidal sulcus can be seen, also first in the median plane. 
Soon after the sulcus parafloccularis makes its appearance, bilaterally, 
in contrast with the two former. In this way a lobe is cut off from the 


1) The term sulcus uvularis for this fissure is used by Stroud because it bounds 
the uvula rostrally. The pyramis according to Sfroud is rudimentary in the animal in 
question, the cat. This, however, is not the case as can be seen from the arbor vitae. 
Besides the sulcus uvularis exhibits the typical appearance of the sulcus praepyrami- 
dalis for which reason we consider it to represent this sulcus. 

2) For another point of importance, our conception of a secundary fissure, see sub X. 
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corpus cerebelli. This lobe, the paraflocculus, is bounded caudally by the 
fissura postero-lateralis (s. floccularis) already present at that time, 

The fissura parafloccularis extends itself medially, thus demarcating 
more and more the paraflocculus. At the same time the fissura secunda 
extends further laterally as far as into this lobe thus dividing it into 
two parts. Thereby this fissure becomes continuous with the sulcus intra- 
tonsillaris, which had already begun to form in the paraflocculus. 

Like the fissura secunda also the sulcus praepyramidalis grows laterally. 
It terminates at some distance from the median line and this does not 
meet the fissura parafloccularis. This groove — if prolonged sufficiently 
— will intersect the pyramis, 

We shall now turn our attention to the human cerebellum commencing 
with a consideration of the 


VI. Sulcus inferior posterior, 


separating the lobus biventer from the rest of the hemispheres. 

BrapLEy found the origin of this fissure to be bilateral as. is clearly 
demonstrated in one of his figures (see fig. 11). From the figures given 
by LaNGELAAN ('19) this author observed the same, as did INcvar ('18). 
According to Bot ('06) this groove is formed by the sulcus praepyra- 
midalis which extends laterally, which view is shared by JACOB ('28). 
We, however, were able to establish that the groove originates as BRADLEY 
described, with this difference that the place of origin is not the border 
of the cerebellum, but is situated between this border and the vermis. 
(See figure 12.) 


VI. Sulcus praetonsillaris sive sulcus inferior anterior. 


This fissure separates the tonsil from the lobus biventer. The general 
opinion is that it originates bilaterally, grows out medially and meets 
the fissura secunda (ELuiot Smitu, Bork, INcvar, LancELaan). At the 
same time, however, INGVAR states that the sulcus praetonsillaris does not 
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extend ar far as the border of the cerebellum, so that the tonsil remains 
still connected with the rest of the hemisphere. Our own observation con- 
firms entirely with INcvar’s statement (see fig. 22). 


VII. Fissura secunda. 


As for the development of this groove, there is general unanimity, 
namely, that it originates in the midline, It then develops laterally and 
becomes continuous with the sulcus praetonsillaris. We can only con- 
firm this. 


1X. Sulcus praepyramidalis. 


All authors agree that this fissure makes its appearance in the midline 
shortly after the fissura secunda, extending laterally. A point of contro- 
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versy, however, is whether it passes over into the sulcus inferior posterior, 
or not. According to SmirH and LANGELAAN it does so. BoLk and JACOB 
regard the groove as the lateral elongation of the fissura praepyramidalis. 
INGvaR speaks of its merging into the fissura parafloccularis. Our obser- 
vations are as follows: In fig. 13 is shown that the sulcus praepyramidalis 
terminates suddenly at some distance from the midline. This is a striking 
fact as the groove is fairly deep up to the end, More laterally there begins 
what we would term a secondary groove (see below). Laterally — albeit 
at some distance from the border — the sulcus inferior posterior begins, 
thus refuting BoLKs theory. In earlier stages — see fig. 14, plate I] — 
it appears that the last-named groove runs caudally to the sulcus prae- 
pyramidalis and finally becomes continuous with a fissure of the pyramis, 
as can be seen in fig. 15. 

In the depth of the groove which lies between the pyramis and the 
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lobus medius medianus, there is a lamella connecting the pyramis and 
the lateral part of the lobulus gracilis (fig. 16). The situation here re- 
presented is the continuation of that represented in figure 17, Plate III. 
From this it is evident that a part of the hemisphere lying dorsally to the 
sulcus inferior posterior, is connected with the pyramis. The sulcus prae- 
pyramidalis proper is thus but short, being "'bridged” at some distance 
from the midline by the aforesaid lamella to what will be later the lobulus 
gracilis, 

The situation thus arising is liable to lead to confusion and explains 
that there are various opinions regarding this problem. 

Incvars conception, cited above, we cannot share, for the reason what 
this author regards as fissura parafloccularis appears from the text to be 
actually the fissura floccularis. This latter fissure is certainly not con- 
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tinuous with the sulcus praepyramidalis. Before going further into this 
matter it will be necessary, however, to explain the terms primary and 
secundary groove. 


X. Wehold the opinion that two kinds of fissures are to be distinguish- 
ed on the cerebellum and that this differentiation is due to the mode of 
origin. We would designate as primary such a groove as is formed by 
two adjacent regions each of which later has a principally different 
function. Such one we term the sulcus uvulo-nodularis, the fissura prima 
and the sulcus praepyramidalis. The primary groove originates, as it 
were, by the evolution of two different regions which it separates. From 
their nature, all early formed sulci are primary. — The secundary fissure, 
on the contrary, separates regions with the same function, It appears 
later in the ontogeny, a part of this region developing more strongly than 
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the adjacent part, it is wide, shallow and not sharply demarcated from 
the surroundings. A secundary groove is, in our opinion, the sulcus para- 
medianus, which separates the vermis from the hemispheres and which 
originates by the excessive growth of the latter in connection with the 
first named. 

By reason of the different genesis of the primary and secundary fissures. 
their course is also different. The primary fissures run transversally, the 
secundary sagittally. Although we do not ascribe to the secundary fissures 
the significance of a primary one, it may happen that when a primary 
groove passes into a secundary one, this creates the impression that the 
latter is a continuation of the former or, in other words, that there is an 
intimate association between them. This, however, is not the case, as is 
shown above. 


XI. IncvaR mentioned that the sulcus praepyramidalis ends in an 
"Einkerbung” behind the “globular” cerebellar hemisphere, This is so 
indeed. But the said "Einkerbung” is clearly formed by the strong growth 
of the lobus ansoparamedianus, in other words, the "Einkerbung” is a 
secundary fissure. It is therefore not correct here to speak of the con- 
tinuation of the sulcus praepyramidalis, as the last-named groove is a 
primary one. The same holds good for the sulcus parafloccularis (or 
properly speaking, the sulcus floccularis, see above) which according to 
INGVAR also ends in the ‘‘Einkerbung”, We would rather compare this 
situation to a fissure in the earth, ending in a valley between two hills. 
To consider the valley as the continuation of the fissure would be an error. 


XII. We should now consider the genesis of the human paraflocculus 
herein-after to be termed "Nebenflocculus HENLE’. In LANGELAANS 
opinion ('19) this is the remnant of that part of the lobus uvulo-tonsillaris 
that atrophies owing to the pressure exercized by the developing hemis- 
phere, Our observation, on the contrary, was that the secundary flocculus 
is attached to the stalk of the flocculus. Besides the sections of the cere- 
bella of human fetuses showed us that only the flocculus and the Neben- 
flocculus HENLE” had been myelinised. This was not the case with the 
cerebellar hemispheres. A strong fibre bundle connecting both flocculus 
and 'Nebenflocculus” could also been detected. 

From the situation thus described it is evident that the Neben- 
flocculus” belongs to the flocculus and that the two form one 1); 


1) This is in agreement to what Hayasut ('24) states, viz. that the flocculus consists 
of two parts: the flocculus sensu strictiori and ,,Nebenflocculus”. Besides, several cases 
of atrophia neocerebellaris have been described, whereby the ,Nebenflocculus” proved 
to be intact (BROUWER '12 and others). This may be an argument in favour of our 
view as described above. 
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XIII. If we now compare the development of the various fissures in 
the sub-primates with those as we described them in man, we can make 
the following statements: 

1) The development and relations of the sulci uvulo-nodularis, prae- 
pyramidalis and of the fissurae secundae are the same in man as in the 
subprimates, 

2) The human sulcus praetonsillaris develops in the same way as the 
sulcus intratonsillaris in lower mammals, the only difference being that the 
latter in the subprimates is first formed in the border of the cerebellum, 
whereas the human sulcus praetonsillaris can be observed first at some 
distance from this border. j 

3) What was sub 2 respecting the sulci praetonsillaris and intra- 
tonsillaris holds good also for the sulci inferior posterior and parafloccu- 
laris, the only difference being again that the former in contrast to the 
latter, is first formed at some distance from the border of the cerebellum. 

4) The relation of the sulcus praetonsillaris with respect to the fissura 
secunda is the same as that of the sulcus intratonsillaris with respect to 
this fissure. 

5) The same holds good also for the sulci inferior posterior and para~ 
floccularis with regard to the sulcus praepyramidalis. 

With these points in mind we consider the sulcus praetonsillaris as 
being homologous with the fissura intratonsillaris and we hold the opinion 
that the fissura parafloccularis of subprimates is represented by the human 
sulcus inferior posterior, 

The difference as regards the place of origin of these grooves, whether 
en the boundary of the cerebellum, or in the middle of the hemisphere, 
we do not consider of any decisive importance, considering the excessive 
development of the human hemispheres whereby it is very well possible 
that the place of formation may shift medially. 

From the above it follows that the paraflocculus of subprimates is ho- 
mologous with the human lobus biventer and the tonsil. : 


Abbreviations used in all figures. 
C. Caudal Lat. Lateral 
D. Dorsal M. Median 
F. inf. post. Fissura inferior posterior N. Nodulus 
F. pr. pyr. Fissura praepyramidalis Ne floc. ""Nebenflocculus HENLE” 


F, pfl. Fissura parafloccularis P. Pyramis 
F. floce. Fissura floccularis Pfl. Paraflocculus 
F. sec. Fissura secunda Pf.d. Paraflocculis dorsalis 
Floc. Flocculus Pf. v. Paraflocculus ventralis 
L. Left R. Right 
L. anso. pm. Lobus anso-para- T. Tonsil 
medianus Ro. Rostral 
L. biv. Lobus biventer U. Uvula 


L. gr. Lobus gracilis V. Ventral 
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Comparative Physiology. Tonusverlaging en -verhoging door prikke- 
ling van de kruipvoet van Helix pomatia L1), By D. J. DE Jona. 

_ (Uit het laboratorium voor Vergelijkende Physiologie der Rijks- 
Universiteit te Utrecht.) (Communicated by Prof. J. M. BuRGERs.) 


(Communicated at the meeting of October 27, 1945.) 


A. Inleiding. 


Wanneer een gladde holle spier belast wordt, is in het algemeen de in 
de spier aanwezige spanning aanvankelijk onvoldoende om de last te 
dragen. De spanning neemt onder gunstige proefvoorwaarden geleidelijk 
toe en ten slotte wordt een evenwicht bereikt tussen last en spanning. 
De last wordt dan door de spier gedragen, deze handhaaft daarbij haar 
lengte. Wordt de spier nu geprikkeld, dan volgen een samentrekking en 
een ontspanning. Registreeren wij deze bewegingsverschijnselen op een 
draaiend kymografion, dan superponeren zich op een horizontale lijn de 
verkorting (uitslag naar boven) en de teruggang naar de rustlengte. Wij 
kennen zulke myogrammen ook van de reacties der dwarsgestreepte 
skeletspieren op een door hen ontvangen prikkel. Hetzelfde geldt in be- 
ginsel voor het mechanogram, dat wij kunnen registreeren van prikkel- 
reacties van een gladde spier, vddrdat het evenwicht met de last is in- 
getreden. Zo lang er niet geprikkeld wordt, is het myogram een gebogen 
lijn, die aanvankelijk steil daalt en daarna steeds vlakker gaat verlopen, 
naarmate de spanning toeneemt. Dit mechanogram komt in_uiterlijke 
vorm overeen met de z.g. BincHAM-kromme, waarvan de betekenis door 
H. J. Jorpan en zijn medewerkers bij herhaling is uiteengezet (6, 7, 10 
en 17). 

Met betrekking tot de reactie op prikkeling van de slakkevoet, een 
holle gladde spier van een Evertebraat, heeft JorDAN twee vormen onder 
scheiden: de spierschok en de tonische contractie. De eerste bestaat uit 
een snelle samentrekking en onmiddellijk daarop volgende ontspanning, 
waarvan het myogram overeenkomt met dat der aan skeletspieren op te 
wekken schokken. Het verschijnsel superponeert zich echter niet op een 
horizontale rustkromme, doch op de BincHAM-kromme. Met dit reactie- 
type kan de slak echter niet volstaan. Er moet een contractie bestaan, 
waardoor de oorspronkelijke spiertoestand weer hersteld wordt, m.a.w. 
daarna moet een kromme te registreren zijn, die vanaf het niveau van de 
contractietop parallel loopt aan de kromme, welke aan de prikkeling 
voorafging. Dit wordt dus een kromme, die zich niet superponeert op de 
BiNGHAM-kromme, maar daarvan een herhaling geeft (herhalingskromme). 


1) Onderzoek verricht met steun van het Prov. Utr. Genootschap. 
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De spier heeft dan ook de rekkingsweerstand hersteld en daaraan voldoet 
de spierschok niet. Deze vorm van contractie, waarvan het bestaan theore- 
tisch werd afgeleid (4), werd als tonische of langzame contractie ook 
naar haar wezen van de spierschok onderscheiden, De spierschok werd 
herleid tot de reactie van de slakkevoet in de toestand van een elastisch 
lichaam, de tonische contractie zou door stromingsverschijnselen binnen 
de spier als plastisch lichaam de oorspronkelijke toestand weer herstellen. 

De MarEES VAN SWINDEREN (18) kon door temperatuursschommeling 
een zodanige prikkeling uitoefenen, dat de langzame contractie volgde; . 
de decrescente van het myogram leverde een nieuwe BincHAM-kromme. 
waarop de door andere prikkeling opgewekte spierschokken zich super- 
poneren, JORDAN (5) kon bij Aplysia door snelle temperatuursverhoging 
(van 6° op 25° C) ook een langzame tonische contractie opwekken, die 
zich van de snelle spierschok duidelijk liet discrimineren. Men slaagde 
echter niet erin, de tonische contractie door electrische prikkeling op te 
wekken. Dat probleem moest dus nog tot oplossing worden gebracht, en 
wel om de volgende reden. Het dier is immers niet in staat door tempe- 
ratuursschommelingen impulsen op te wekken; in de normale biologie 
kunnen die schommelingen dus geen doorslaggevende rol spelen. Elec- 
trische prikkels hebben daarentegen het voordeel, dat zij bij spier en 
zenuw verschijnselen veroorzaken, die het meest overeenkomen met die. 
welke door adaequate prikkels worden opgewekt, terwijl voorts ook de 
sterkte der electrische prikkeling op eenvoudige wijze is te regelen. — 

N. Postma vond bij zijn tonus-onderzoek het eerst enige factoren, die 
het hunne bijdragen tot het optreden van een tonische contractie: de 
spier mag tijdens de contractie niet belast zijn (12) en de faradische prik- 
keling mag niet te sterk zijn en niet te lang duren (11, p. 65). J. A. Maas 
(10) constateerde vervolgens, dat zelfs een geringe uitwendige weerstand 
(o.m. de wrijvingsweerstand in de registratie-apparatuur), door de slakke- 
voet tijdens de samentrekking ondervonden, storend werkt. Hij verving 
verder de electrische prikkeling door mechanische, n.J. door met de punten 
van een stomp pincet over de flanken van de slakkevoet te strijken, Van 
deze zelfde prikkeling gebruik makende, kon PosTMA (14) nog vaststellen, 
dat de grootte van de reklast tijdens de aan een contractie voorafgegane 
rekking niet onverschillig is: slechts een z.g. indifferente last waarborgt 
bij reflectorisch opgewekt tonusherstel een congruente herhaling van de 
Bincuam-kromme. Voor wat de invloed van prikkelsterkte en -duur be- 
treft, was het probleem nog steeds niet geanalyseerd; mij werd nu op~ 
gedragen dit nader te onderzoeken, : 

Bij de desbetreffende proeven konden wij aansluiting zoeken bij er- 
varingen, die Postma had opgedaan bij prikkeling van zenuwcentra (16) 
en van de voetzenuwen (14, 15). Het onderzoek werd geheel in overleg 
met hem uitgevoerd; voor de van hem ondervonden hulp en belangstelling 
moge hier hartelijke dank worden betuigd. 
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B. Probleemstelling en methodiek. 


De BincHAM-kromme, verkregen van een belaste slakkevoet, is een 
rekkingskromme. De helling daarvan geeft een indruk van de tegen de 
rekking geboden weerstand; naarmate de kromme steiler loopt, is er een 
groter verschil tussen de aanwezige spanning of tonus en de reklast. 
JORDAN (3) heeft gevonden dat die tonus geregeld wordt door het pedaal- 
ganglion. Postma (16) stelde vast, dat die regeling geschiedt door middel 
van impulsen, welke door het tonuscentrum langs de pedaalzenuwen 
naar de voet worden uitgezonden, Daarbij zijn te onderscheiden tonus- 
verlagende en tonusverhogende impulsen. Postma heeft deze met behulp 
van electrische prikkeling kunnen opwekken. 

Bij prikkeling van het pedaalganglion, terwijl de spier door een con- 
stante last wordt gerekt, krijgen wij volgens Postma de volgende ver- 
schijnselen: Bij zeer zwakke, subliminale prikkels gebeurt er niets. Wordt 
echter een drempelwaarde overschreden (fig. 3, R.A. = klosafstand: 
30 cm), dan treedt weerstandsverlies op. Met voortschrijdende verster- 
king van de prikkel neemt de verlaging van de weerstand toe, totdat 
klaarblijkelijk een nieuwe drempel (fig. 3, R.A.: 28 cm) wordt over- 
schreden. Dan treedt een biphasische reactie op, beginnende met een 
kleine contractie, welker decrescente dieper daalt dan het voetpunt 
waarbij de crescente begon; hieruit blijkt dus een nakomend tonusverlies. 
Met nog verder toenemende prikkelstrekte neemt de contractie toe even- 
als de tonusverlagende werking, terwijl. deze laatste vanaf een zekere 
intensiteit (fig. 3, R.A.: 26 cm) weer geringer wordt. Tenslotte verdwijnt 
de doorzakking geheel en houden wij alleen een op de rekkingskromme 
gesuperponeerde contractie over. Men verwekt dus bij een zwakke prik- 
keling tonusverlies, bij sterke prikkeling kortstondige contractie, en bij 
prikkeling met matige sterkte een combinatie van beide verschijnselen. 

Prikkeling van de zenuwstammen, welke van het pedaalganglion naar 
de voet lopen, geeft een zelfde verband tussen prikkelsterkte, tonusver- 
lagende werking en opwekking van contractie te zien. Het mechanogram 
geeft echter vaak bij toenemende prikkelsterkte het volgende beeld: Eerst 
geen verstoring van het verloop der rekkingskromme, d.w.z. de prikkel is 
subliminaal voor alles. Na overschrijding van de drempel volgt weer- 
standsverlaging, die eerst toe~- en daarna weer afneemt, vervolgens een 
intensiteits-gebied, dat ,,niets’’ oplevert en ten slotte contractie. Dat 
,niets” is slechts schijnbaar rust en komt tot stand, doordat de beide tegen- 
overgestelde reacties elkaar opheffen. Er is dan een summatie in plaats 
van combinatie der effecten. Waar JORDAN (3, p. 579/80) schreef met 
toenemende prikkelsterkte ,,niets’’ of contractie te verkrijgen, had hij 
stellig met dit evenwichtsgebied te doen. Eerst Postma heeft dus van 
tonusverlagende of tonolytische impulsen bij het onderzoek gebruik ge- 
maakt. Tijdens zijn onderzoek betreffende de tonische contractie werd 
de mogelijkheid van het opwekken dier tonolytische werking echter nog 
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niet voldoende beheerst. Postma leidde toen de prikkelstroom direct door 
de voet. Het ging er nu dus om, in het bijzonder na te gaan, of dezelfde 
afhankelijkheid van prikkelsterkte en effect ook is aan te tonen bij prik- 
keling van het perifere (in de voet gelegen) zenuwnet. Zoals gezegd, 
was ons probleem dus: de invloed na te gaan van de intensiteit der Fara- 
dische prikkeling op de periferie (voet en zenuwnet) bij het opwekken van 
de tonische contractie. 


Wij maakten bij ons onderzoek gebruik van de herhalingskromme 
(Postma 11, 12, Maas 10). Nadat de eerste rekkingskromme opgenomen 
is (de z.g. originele kromme, ,,O.K.’» Maas) met een reklast, die naar 
schatting de indifferente last zo goed mogelijk benadert, wordt de reklast 
verwijderd. Vervolgens wordt de schrijver opgetrokken, zodat de door 
reflectorische (mechanische) prikkeling op te wekken contractie zich kan 
voltrekken, zonder dat uitwendige weerstand wordt ondervonden. Is 
door de samentrekking de draad naar de schrijver weer gestrekt, zodat 
de spier zijn oorspronkelijke verkortingsgraad heeft bereikt, dan wordt 
opnieuw met de eerst gekozen last gerekt, telkens gedurende 10 minuten: 
dan registreren wij de eerste herhalingskromme. Wijkt deze duidelijk van 
het verloop der oorspronkelijke kromme af, dan wordt voor de volgende 
herhalingskromme een andere reklast genomen: kleiner dan de eerste in- 
dien de kromme steiler liep, groter in geval van een vlakker verloop. Hebben 
wij door een gelukkige keuze direct de indifferente last te pakken, dan 
blijkt dat uit de congruentie der eerste twee herhalingskrommen onderling 
en met de originele kromme. Behoudens geringe schommelingen, vertonen 
de onderlinge verschillen geen gang, die zich met de rangorde der krom- 

-men in een bepaalde richting — hetzij als tonusverlies, hetzij als tonus- 
toename — aftekent. Is de indifferente last op deze manier gevonden, 
dan voltrekt zich dus telkens de volkomen tonische contractie, die behalve 
de verkortingsgraad ook de weerstand tegen rekking herstelt. 

Daarna kan dan — bij handhaving van de gevonden indifferente last — 
de mechanische prikkeling vervangen worden door Faradische, waarvan 
de sterkte achtereenvolgens wordt opgevoerd door verschuiving van de 
secundaire inductieklos naar de primaire. Er wordt dus begonnen met een 
grote klosafstand (R.A.), d.w.z. zwakke prikkeling. Daar de voetspieren 
individueel zeer verschillend reageren op de prikkelsterkten, doordat de 
drempelwaarde grote verschillen vertoont, hangt er veel af van het geluk, 
of de gekozen sterkte juist geen verandering van de tonische toestand blijkt 
te geven. Wij krijgen dan met Faradische prikkeling na het optrekken 
van de schrijver even goed tonische contractie als door de mechanische 
prikkeling. Blijkt de tonus wel gewijzigd te zijn — wijkt de herhalings- 
kromme dus af van die met indifferente last en mechanische prikkeling — 
dan moet nog worden gecontroleerd of de verandering een gevolg is van 
een prikkeleffect op de tonus zelve, dan wel van een drempelverschuiving 
ten opzichte van de indifferente last. Tijdens de reeks van waarnemingen 
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wordt daarom na een door Faradische prikkeling opgewekte verandering 
van tonus (en na de op de contractie volgende rekking) weer mechanisch 
geprikkeld, om te zien, of de wijziging zich niet voortzet. Hadden wij 
b.v. met tonusvermindering te doen, dan bleek deze meestal weer terug 
te gaan; soms werd de oorspronkelijke weerstand geheel hersteld. In zulke 
gevallen mag de bij Faradische prikkeling optredende verandering van 
rekkingsweerstand inderdaad aan die prikkeling worden toegeschreven. 
Alleen op den duur trad tonusverlies op of kwam — vooral bij sterke 
prikkeling — daarvoor contractuur in de plaats, welke verandering zich 
ook voortzette bij aanwending van reflectorische prikkeling en met gebruik 
van de last, die eerst ,,indifferent’”’ was. Klaarblijkelijk verouderde het 
proefobject te veel, ten gevolge waarvan het dan niet meer bruikbaar was. 

Met betrekking tot het gebruik van geringe prikkelsterkten valt op te 
merken, dat daarbij alleen samentrekking en gelijktijdig tonusverlies 
zouden zijn te verkrijgen, indien de prikkeldrempels voor contractie en 
tonolyse niet voor alle elementen van ons proefobject gelijk zouden zijn. 
Inderdaad bleken deze elementen zich als het ware hetero-liminaal te 
gedragen. Bij zeer geringe prikkelsterkten moet langer geprikkeld wor- 
den dan bij grotere, om door middel van haar contractie-verwekkende 
werking tenslotte de oorspronkelijke verkortingsgraad van de spier her- 
steld te krijgen. Langdurige prikkeling stompt echter af; om dit te voor- 
komen werd de prikkeling, zo nodig enige malen, om de seconde onder- 
broken. 

Bij het oudere onderzoek werd de prikkelstroom toegevoerd door stan- 
niolreepjes, waarover de spier werd gelegd (Jorpan 8, DILLEWIJN en 
’s Jacos 1), of door spelden, waarmee de voet in de registratie-apparatuur 
werd bevestigd (HERTER 2, Postma 11). Wij hebben de stroom niet over- 
langs door het object geleid, maar in verticale richting. De ene electrode 
werd gevormd door het met stanniolpapier bedekte rektafeltje met aan- 
sluiting t (Fig. 1); de andere electrode bestond uit twee evenwijdige 
beugels van zilverdraad (b, en bg), die ieder op een flank van het proef- 
object worden geplaatst. De electrodehouder f is daartoe met behulp 
van een micrometerschroef verstelbaar in verticale richting. 

Ideaal zou het natuurlijk zijn, als aan één en hetzelfde object de 
gehele schaal van prikkelsterkten getoetst zou kunnen worden. Dit bleek 
echter onmogelijk, daar de proefobjecten te veel verouderen tijdens de 
waarnemingen, Immers iedere rekking vordert 10 min en de verwijdering 
van de reklast, het optrekken van de schrijver, alsmede de opwekking 
van de tonische contractie minstens 3 min, elke opname dus ten minste 
13 min. De bepaling van de indifferente last geschiedt aan minstens drie 
krommen, soms echter aan zeven. Daarna vergt iedere opname na elec: 
trische prikkeling en de daarbij behorende contréle met reflectorische 
ongeveer 30 min. De bepalingen van de indifferente last en van een drie- 
tal punten der intensiteitsschaal eisen dus gemiddeld rond 150 min, zodat 
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het praeparaat dan ondertussen bijna 3 uur oud is. Wij moesten daarom 
met meerdere objecten werken, doch waar de voetspieren individueel zeer 
verschillend reageren op de prikkelsterkte, diende een methode te worden 
gevonden om de resultaten der waarnemingen, verricht bij verschillende 
voeten, tot een bepaalde basis te herleiden, teneinde quantitatief ver- 
gelijkbare gegevens te kunnen verkrijgen, die elkaar tot een volledige reeks 
zouden aanvullen. 


Li, 


d1f, 


Fig; 1. 
Schets van de electroden voor Faradische prikkeling, welke electroden de stroom direct 
op de voetspier en zijn zenuwnet overdragen. Overige toelichting in de tekst. 


Daartoe werd voor elk proefobject de bij de indifferente last met 
reflectorische prikkeling verkregen herhalingskromme als basis genomen. 
Voor de berekeningen bezigden wij het gewicht van het papieroppervlak, 
dat omsloten werd door de abscis (aan de bovenzijde), de ordinaat (op 
de rechter zijde) en de kromme van links-boven naar rechts-onder (vgl. 
N. Postma 13, p. 1154). Dat oppervlak werd op 100 gesteld en de ver- 
anderingen in het verloop der krommen werden daarop omgerekend. Bij 
verhoging van de tonus wordt het oppervlak dus kleiner dan 100, bij 
tonolytische werking der prikkels groter dan 100. 

Bij de Faradische prikkeling werd altijd met grotere klosafstanden be- 
gonnen en vervolgens de prikkelsterkte verhoogd door de afstand kleiner 
te maken, 


C. Resultaten en bespréking. 


Het kwam er nu dus op aan na te gaan, of met toenemende prikkel- 
sterkte achtereenvolgens waar te nemen waren: le. toenemend weerstands- 
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verlies, met een maximum, waarna een vermindering daarvan zou ver- 
schijnen; 2e. eventueel een overgangsgebied, waar de kromme zich hand- 
haaft op een waarde van omstreeks 100 %; en 3e. een toenemende ver- 
hoging van de tonus. Inderdaad werden verschillende delen van deze 
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Fig. 2. 
De bovenste figuur geeft de tonus-verlaging of -verhoging; T = tonus; 100% = tonus 
ongewijzigd. De onderste figuur geeft de bijbehorende prikkelsterkten (= PS) in cm 
afstand tussen secundaire en primaire inductieklos. De dik getrokken lijnen a-b-c en d-e 
zijn afgeleide krommen. Overige toelichting in de tekst. 


reeks van effecten aan onderscheidene voeten gevonden. Tabel I geeft 
een overzicht van het geheel der resultaten. In fig. 2 zijn enige hiervan 
in een aaneensluitende reeks tot een grafische voorstelling samengesteld. 
Beschouwen wij de waarden, verkregen van object XXVII, bij wijze van 
voorbeeld nader: 

De drie herhalingskrommen (opgenomen met de voor dit object in- 
differente last) leverden 218,75, 218,75 en 239,5 mg, dus gemiddeld 
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225,5 mg, hetgeen op 100% gewaardeerd wordt. Daarop omgerekend 
krijgen wij dan voor de herhalingskrommen 97, 97 en 106 %; deze waar- 
den zijn links bovenaan aangegeven. Zo is op de abscis van 100% voor 
ieder object de speling te beoordelen van de herhalingskrommen, opge- 
nomen na herstel door reflectorische prikkeling. Wervolgens werd de 
tonische contractie opgewekt door Faradische prikkeling; in de onderste 
helft van de grafiek zijn de prikkelsterkten opgegeven in cm klosafstand 
Zo vonden wij voor nummer XXVII na elkaar: 


Klosafstand 9 cm: oppervlak 106 %, contrdle refl.pr. 108 %; 


1h Fe 168 %, ” e 152); 
Soe: _ 176 %. 


De eerste Faradische prikkeling was dus nog subliminaal, de tweede 
werkte sterk tonolytisch, de derde voegde daaraan nog iets toe. 


TABEL 1. 


Effecten De pijlen geven de opeenvolging 


Subliminaal 


toenemend 
“maximum 


afnemend 


Indifferent 


Tonolyse 


Toenemende prikkelsterkte 


Tonusverhoging 


Aantal gevallen: 


Zo werden naast elkaar de uitkomsten van de objecten XXVII, IX, 
XXX, XIII, VII en XX in grafiek gebracht en leverde iedere spier een 
deel van het schema. De verschillende reacties hebben echter één beginsel 
gemeen, namelijk dat met toenemende prikkelsterkte een bepaalde volg- 
orde der verschijnselen optreedt, hetgeen duidelijk in tabel 1 is te zien, 
indien men van de pijlen naar links opzoekt, welke effecten aan verschil- 
lende objecten achtereenvolgens werden verkregen. De meest overtuigend: 
combinatie geeft wel de middelste pijl met de omslag in de tonolyse (3 maal 
waargenomen, w.o. object XXX afgebeeld in fig. 2). Daarom is het ge- 
oorloofd bij de samenstelling der grafiek die volgorde in acht te nemen. 
Dan tekent zich uit het geheel der waarnemingspunten een kromme a-b-c 
af, zoals die van één object verkregen zou kunnen zijn, indien de gehele 
reeks waarnemingen daaraan uitvoerbaar was. De bijbehorende lijn der 
prikkelsterkten is dan weer te geven met de kromme d-e. Wij vonden 
dus door prikkeling van de slakkevoet zelve — evenals Postma bij prik- 
keling van de pedaalzenuwen — twee intensiteits-gebieden, waarbij de 
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Faradische prikkeling geen verandering van de tonische toestand ten ge~- 
volge heeft. Bij de grotere klosafstanden is de prikkel klaarblijkelijk sub- 
liminaal, bij de sterkere prikkeling heffen tonusverlaging en -verhoging 
elkaar op, zodat de summatie een evenwicht oplevert. Wij kunnen een 
dergelijk gebied van prikkelsterkten ook verwachten, Immers, zetten wij 
de door Postma bij prikkeling van het tonuscentrum verkregen combinatie 
der tegengestelde effecten op een assenstelsel uit, zoals fig. 3 ze weer- 
geeft, dan was er bij klosafstand 2534 cm een gebied, waar de con- 
tractie een zelfde uitslag naar boven gaf als de tonolyse-naar beneden, 
Prikkelt men het centrum, dan treden beide reacties na elkaar op en zija 
zij als zodanig te onderscheiden. Prikkeling van de periferie wekt ze 
klaarblijkelijk simultaan op. Postma vond bij prikkeling van de pedaal- 
zenuwen beide -reactie-typen, bij het ene object successief, bij het andere 
simultaan. 
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Fig. 3. 
Krommen, afgeleid uit Abb. 3 der publicatie van JORDAN en POSTMA (9), p. 1174. 
Op de abscis de prikkelsterkten in cm klos-afstand (= RA), op de ordinaten de tonus- 
verlaging naar beneden, de contracties naar boven. De zwaar getrokken kromme a-b-c 
geeft de algebraische summatie van de krommen, welke door de tonolyse-punten en 
door. de contractie-punten getrokken kunnen worden. Die kromme stemt principieel 
overeen met de gefingeerde kromme uit fig. 2. 


D. Samenvatting. 


Wij onderzochten de invloed van de prikkelsterkte op het tonusherstel, 
verkregen door middel van een tonische contractie, opgewekt door Fara- 
dische prikkeling van de slakkevoet zelve. 

Het mechanogram geeft bij toenemende prikkelsterkte achtereenvolgens: 
eerst niets (d.w.z. de prikkel is subliminaal voor alles), daarna tonusver- 
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laging, vervolgens niets en ten slotte tonusverhoging. Dat tweede ,,niets” 
is slechts schijnbaar rust en komt tot stand, doordat de beide tegenover- 
gestelde reacties elkaar opheffen (summatie). Hierdoor is het verklaar-~ 
baar, dat bij opwekking van tonusherstel door electrische prikkeling na 
rekking in sommige gevallen een juist herstel werd verkregen (PosTMA 
1935), en in andere gevallen of verlies of verhoging van de weerstand, 
als de samentrekking de verkortingsgraad hersteld had. 

Wij vonden dus een zelfde verband tussen prikkelsterkte en prikkel- 
effect, als PoStma heeft waargenomen bij prikkeling van het pedaal- 
ganglion en van de pedaalzenuwen. 


Zusammenfassung. 


Wir untersuchten den Einfluss der Reizstarcke auf die Wiederher- 
stellung des Tonus, wenn die tonische Kontraktion mittels Faradischer 
Reizung des Helixfusses ausgelést wurde. Wir fanden die gleiche Gesetz- 
massigkeit wie Postma bei Reizung der Pedalganglien und der Pedal- 
nerven: Tonuslésung mit eben iiberschwelliger Reizung, Tonuserhéhung 
mit Reizen grésserer Intensitaten und dazwischen tauscht das Mechano- 
gramm Ruhe vor, weil die antagonistischen Effekte der ,indifferenten” 
Reizung einander aufheben (algebraische Summation). 


Abb. 1. Aufstellung fiir Faradische Reizung des Schneckenfusses. 
Zur einen Elektrode dient der mit Stanniolpapier bedeckte Tisch des 
Dehnungsapparates; der Reizstrom erreicht hier die Sohle des Muskels. 
Die andere Elektrode endet in zwei paralleler Biigel (b,; und b.) und 
wird in ihrem Halter (f) mittels einer Mikrometerschraube auf den Riicker 
des Fusses gesenkt. Der Reizstrom passiert den Fuss also in vertikaler 
Richtung. 

Abb. 2. Grafische Vorstellung der Tonusanderungen, ausgelést durch 
Faradische Reizung des Muskels und seines Nervennetzes. Die Resultate 
verschiedener Fiisse sind mit romischen Ziffer und den dariiberstehenden 
Merkmalen angedeutet. Der Tonus wurde gemessen an den Oberflachen 
zwischen Dehnungskurve, dem Ordinat des Endpunktes und oberer 
Abszisse. Pro Fuss diente die Flache der Wiederhohlungskurven (der 
Fuss wurde zuerst mechanisch statt elektrisch gereizt) als Urmaass, dessen 
Mittelwert gleich 100 gesetzt wurde. Mittels diesen Urmaassen waren 
auch die Resultate verschiedener Fiisse vergleichbar. Flachenvergrosse- 
rung durch Tonussenkung liefert dan mehr als 100, Tonuserhéhung 
weniger. Man findet in der oberen Halfte der Figur einige Beispiele ab- 
gebildet. Der untere Teil gibt die zugehdrigen Reizstarcken in cm Roll- 
abstand an. Die dick gezeichneten Kurven a-b-c und e-d geben, die 
wircklich erhaltenen Daten beriicksichtigend, wieder, wie ein Fuss reagie- 
ren wiirde, wenn mit steigenden Reizstarcken die ganze Intensitatsskala 
an einem einzigen Muskel durchgemessen werden kénnte. 
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Abb. 3. Diese Kurven sind abgeleitet aus Abb, 3 einer Publikation 
von JorDAN & Postma (9, S. 1174). Die Abszisse gibt die Reizstacken in 
em Rollabstand. Auf den Ordinaten nach unten Tonussenkung, nach 
oben Kontraktion. Die dick ausgezogene Kurve a-b-c gibt die algebraische 
Summation der Lésungs- und Kontraktionskurven. Sie entspriche prinzi- 
piell der fingierten Kurve a-b-c der Abb. 2. 


Summary. 


Our problem was the relation between the strength of the stimulation 
and the restauration of the tonus by tonic-contraction which is evoked 
faradically in the foot-muscle of the snail and its nerve-net. We found 
the same connection as PosTMA stimulating the pedal-ganglion and the 
pedal-nerves: Tonolyse with just-liminal stimulation, tonus-enchancement 
with stronger stimuli. Between these intensities of weak and strong ex- 
citation there are “indifferent” stimuli which produce no effect in the 
myomechanogram: it seams that they maintain rest, in fact the antago- 
nistic effects compensate each other. 


Fig. 1. Arrangement for faradic stimulation of the foot muscle of the 
snail. The stanniol-cover of the extension table is one electrode; here the 
alternating current reaches the sole of the foot. The other electrode ends 
in two parallel bows (b, and by). By means of a micrometerscrew its 
holder (f) can be placed downwards on the back of the foot muscle. Thus 
the alternating current passes the muscle in a vertical direction. 

Fig. 2. Scheme of the tonus alterations evoked by direct faradic sti- 
mulation. The results obtained from different feet are marked with Roman 
numerals and the figures placed above the ciphers, Tonus is measured 
on the area enclosed by the extension curve, the ordinate of its end and 
the.upper abscissus. Per foot muscle the area of some (at least three) con- 
secutive repetitive graphs obtained by subjecting the foot to mechanical 
stimuli in stead of electrical ones, gives the standard: the average of these 
areas is fixed at 100. The standards of different feet enable us to compare 
the results obtained from these muscles. Tonus decrease is shown by in- 
crease of the area (more than 100), tonus increase by the opposite. The 
upper part of the figure shows some examples. The lower part gives the 
excitation-strengthes belonging to the data of the upper part. The curves 
a-b-c and d-e are constructed after the represented data. These grapbs 
give an impression how a foot will answer to stimuli of increasing strength 
if it should be possible to test one muscle with all intensities. 

Fig. 3 is derived from Abb. 3 in a paper of JorpAN & Postma (9, p. 
1174). Absciss: incraesing excitation intensities (in cm coil distance). 
Ordinate: downwards means tonolyse, upwards contraction. The curve 
a-b-c is constructed by algebraic summation of the tonolyse and con- 
traction graphs and is congruent with curve a-b-c in fig. 2. 
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Résumé. 

Nous avons déterminé l'influence de l'intensité de l'excitation sur la 
restauration du tonus par une contraction tonique provoquée en excitant 
au moyen d'un courant inducteur le pied de l’escargot et son réseau ner- 
veux, Nous avons trouvé une relation identique a celle que PosTma a 
constatée en stimulant le ganglion pédal ou les nerfs pédieux: Tonolysie 
avec des stimulus justement liminairs, tonogenése par excitation plus 
intense. Entre ces intensités de stimulation faible et forte, on trouve des 
excitants moyens qui ne causent aucun mouvement dans le méchano- 
gramme enregistré. En apparence ils n’attaquent pas l'état de repos du 
muscle, en réalité les effets antagonistiques s’équilibrent. 


Fig. 1. Arrangement pour la_ stimulation faradique. La couverture 
de papier d’étain sur la table de traction sert d'électrode. Elle apporte les 
courants induits a la sole du pied. L’autre électrode dont le porteur se 
meut verticalement par le moyen d'une vis micrométrique se termine par 
deux cuillers paralléles (b, et b,), Elles sont placées sur le dos du pied. 
Le courant induit traverse donc le muscle en direction verticale. 

Fig. 2. Schéma des modifications du tonus provoquées par la stimu- 
lation du pied. Les résultats obtenus sur différents pieds sont marqués 
de chiffres romains et distingués par les signes placés au-dessus des 
chiffres. Le tonus est mesuré a la superficie limitée par la courbe d’allonge- 
ment, l'ordonné de la fin de cette courbe et l’abscisse supérieure. Pour 
chaque muscle on trouve un témoin valide dans la grandeur moyenne des 
superficies appartenant 4 plusieurs (au moins trois) courbes successives. 
Celles-ci sont obtenues aprés des contractions toniques, provoquées par 
stimulation mécanique au lieu de stimulation électrique. La moyenne est 
fixée a 100. Ce témoin individuel peut: aussi nous servir de base pour 
comparer les résultats obtenus sur différents muscles. La diminution du 
tonus est signalé par un accroissement de la superficie au dela de 100. 
L’augmentation du tonus produit l'inverse. La moitié supérieure de Ja 
figure donne quelques exemples, La partie inférieure montre les intensités 
des excitants faradiques en cm distance de la bobine induite; elles sont 
reliées aux résultats, donnés au-dessus. Les courbes a-b-c et d-e sont 
construites en rapport avec les exemples donnés. Elles nous ‘donnent une 
idée approximative des réactions du muscle a des stimulus d'intensité pro- 
gressive, s'il était possible de parcourir toute l'échelle d'intensité avec 
un seul pied sujet. 

La fig. 3 est dérivée de la fig. 3 dans l'article de JorpAN & PosTMA 
(9, p. 1174). Abscisse: acroissement de I'intensité du stimulus. Ordonnés: 
du bas indiquent tonolysie, ceux du haut la contraction. La courbe a-b-c 
est construite par l’addition algébrique des courbes de tonolysie et de 
contraction; elle est équivalent 4 la courbe a-b-c de la fig. 2. 
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Comparative Physiology. — De la plasticité du pied de l'escargot (Helix 
pomatia Linné) et de ses types de raccourcissement et de rallonge- 
ment1). By N. Postma. (Communication du Laboratoire de 
Physiologie comparée de l'Université d’Utrecht.) (Communicated 
by Prof. J. M. Burcers.) 


(Communicated at the meeting of October 27, 1945.) 


A. Introduction, 


Aprés la série septénaire d’articles de JoRDAN, de DE JONG et de nous- 
mémes (10, 11, 12, 15, 16 et 6) dans laquelle nous avons décrit les 
réactions toniques du pied de l’escargot, le moment est venu d’envisager 
a nouveau la plasticité de ce muscle du point de vue de la physiologie 
comparée, 

Cette plasticité est une propriété importante du tonus musculaire. Le 
phénoméne consiste en ce que le muscle — pourvu que certaines con- 
ditions soient réalisées — comme une masse modelable, se laisse imposer 
n'importe quelle altération de longueur. Pour étudier la réaction plastique 
au muscle strié squelettique des Vertébrés, il est nécessaire de laisser 
le nerf moteur de ce muscle en connexion avec le systéme cérébro-spinal. 
Probablement grace aux liaisons neuro-myo-épithéliales chez les animaux 
inférieurs (Actinies, Mollusques) et aux articulations synaptiques périphé- 
riques des viscéres (l'estomac, l'utérus, la vessie, etc.) les muscles lisses 
avec des réseaux nerveux exhibent une réaction plastique malgré leur 
isolement du systéme nerveux central (céphalo-rachidien). — La fagon 
de réagir plastiquement est différente aussi: 

Si nous essayons de fléchir a l’articulation du genou la patte postérieure 
plus ou moins étendue d'un chat décérébré, les extenseurs opposent de la 
résistance jusqu’a ce que la force exercée menace de faire déchirer les 
muscles. Alors la jambe inférieure céde soudainement a la pression, 
jusqu’A ce que celle-ci devienne insuffisante: la nouvelle attitude plus 
fléchie est gardée. Il n'y a pas de tendance 4 reprendre la position 
initiale comme nous pourrions nous y attendre, vu l'action combinée de 
l'élasticité et du tonus des extenseurs. De méme la jambe inférieure se 
laisse étendre passivement. Ces mouvements sont extraordinairement 
brusques. Avant que les extenseurs cédent, des réflexes myotatiques 
ajustent le tonus des muscles a la force de pression progressive jusqu’a 
ce que le seuil d'un réflexe inhibitif soit franchi. Puis la résistance est 
totalement supprimée et ce freinage se maintient aussi longtemps que 
la pression pratiquée est supérieure au seuil de l'inhibition, Si la force 


1) Ce travail a bénéficié de l'aide de l'Assoc. d. 1, Prov. d'Utr. pour les Arts et les 
Sciences ,,Utr, Prov, Genootsch. v. Kunsten en Wetensch.”. 
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exercée descend au-dessous de cette limite, les réflexes myotatiques fixent de 
nouveau la patte. Les différences de tension musculaire se manifestent donc 
par sauts brusques, également quand l’extension est imposée (réactions 
d’allongement et de raccourcissement de SHERRINGTON 17, 18). Le jeu 
alterné de ces deux réactions détermine la plasticité du tonus. Ces mouve- 
ments plastiques des muscles du chat décérébré sont assouplis par des 
réflexes supérieurs. Nous remémorons l'inhibition cérébrale constante et 
l'action dynamogénique contenue des centres entre la moelle épiniére et 
le cerveau, avec les réflexes de posture et d’équilibre du corps, assurés 
par les liaisons intercentrales du cerveau, des couches optiques, des 
corps striés et du cervelet. — Au contraire le muscle strié isolé du systéme 
nerveux central montre une élasticité parfaite: aprés sa distension passive, 
il revient entiérement A son état primitif. On distingue aussi le comporte~- 
ment plastique de la préparation neuro-musculaire centrale sous le nom 
d',,élasticité faible” 2). 


Chez les muscles lisses des organes creux, l'antagonisme fixé par les 
rapports anatomiques tels que nous les connaissons dans les muscles 
squelettiques fait défaut. L’altération de longueur de ces muscles leur est 
imposée par l’'augmentation de volume ou le déplacement du contenu des 
organes (l'assimilation alimentaire, la croissance embryonnaire, le rem- 
plissage de la vessie). Donc ces muscles creux sont exposés a une traction 
et ils cédent a l'allongement de sorte que la force exercée doit vaincre 
constamment une certaine résistance. D’autre part, la tension permanente 
est insuffisante pour résister subitement A une augmentation de la pression 
interne. Le tonus s’adapte progressivement a la force de traction par le 
moyen du muscle qui n’a plus de relation avec le systeme nerveux vége- 
tatif, La réaction d'allongement fait penser a celle de la matiére plastique 
dans la nature inanimée. Cette réaction est caractérisée par un changement 
graduel de longueur; la pression diminuant, le muscle se raccourcit 
peu a peu. 

Le sac musculeux lisse est susceptible de réagir plastiquement d'une 
facon indépendante tandis que le muscle squelettique est subordonné au 
systéme nerveux rachidien. Les réactions plastiques périphériques des 
muscles lisses sont accélérées par les centres supérieurs; ceux-ci favorisent 
donc les extrémes: En premier lieu la résistance a l'allongement est abolie; 
d'autre part, l'extensibilité est supprimée de sorte que le muscle reésiste 
totalement a la force de traction et qu'il se comporte comme un corps 
parfaitement élastique. On peut comparer approximativement cette réaction 
avec celle d'une bulle de savon trés extensible. 

_A Jiinverse de ceux du muscle squelettique, les mouvements tolérés par 
les muscles lisses qui se trouvent en connexion avec le systéme nerveux 
central (chez les Vertébrés, le grand sympathique) sont plus brusques 


2) E, GLEY, Traite élémentaire de Physiologie, T. II, p. 981. 
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que ceux de l'objet musculeux périphérique. Dans ce cas, les mouvements 
rudes de la périphérie sont assouplis par des réflexes supérieurs qui mo- 
dérent consécutivement la résistance et font réagir l’objet comme un muscle 
a cliquet, 


Dans le systéme somatique des Vertébrés, les impulsions primaires — 
qui déclanchent la contraction des unités musculaires — et les influx in- 
hibitifs sont conduits en amont le long des voies afférentes a l’axe cérébro- 
spinal. En aval, les influx accélérants seuls sont portés secondairement 
par des axones efférents aux entités motrices du muscle. Ces ensembles 
de machines musculaires élémentaires sont composés de fibres innervées 
par le méme cylindre-axe (SHERRINGTON). Le nombre des unités motrices 
excitées est déterminé par le nombre d'impulsions secondaires dont dépend 
aussi le degré de contraction (tétanos). A son tour, le nombre de ces 
influx dépend du rapport entre les influx accélérants primaires et les im- 
pulsions inhibitives. Une baisse du nombre des influx moteurs secondaires 
aboutit a une démobilisation d’entités musculaires et cause une diminution 
du tonus. 

Les muscles lisses des viscéres regoivent a la fois du systéme nerveux 
central autonome le long des nerfs efférents des impulsions accélérantes 
et démobilisantes (CL. BERNARD). C’est pourquoi ces muscles sont capables 
de réagir plus promptement que sans de tels influx centraux inhibitifs. 
Et dans la périphérie, le méme antagonisme s'affirme par l'intermédiaire 
de cellules nerveuses dont les ramifications protoplasmiques s unissent 
en des réseaux nerveux qui traversent le tissu musculeux, Le rdle régula- 
risant de ces réseaux périphériques profite du principe antagonistique: 
tonogenése et tonolysie. 

Or, la différence de leur innervation, surtout celle du seuil de l’excitant 
de l'inhibition centrale dans les muscles rapides du squelette et celle de 
la tonolysie périphérique (et centrale?) chez les muscles non-striés, explique 
la différence de leurs propriétés mécaniques, telles que leurs réactions 
dites plastiques le donnent a penser. 

Cette récapitulation de faits acceptés généralement depuis longtemps 
(Paviow, BETHE, BIEDERMANN) était utile pour faire mieux comprendre 
antithése de la théorie neuro-musculaire du tonus posée par JORDAN 
(et VON UExKUELL 22, 23). 


A Végard des muscles creux lisses de quelques Invertébrés (Coelen- 
thérates, Mollusques, Ascidies) JoRDAN a distingué un troisiéme type d'in- 
nervation; il donne également une autre explication du comportement myo- 
géne pendant la réaction plastique de ces sacs musculeux. I] n’y constata 
pas l'intermédiaire d'impulsions pour la régularisation du tonus, ni que la 
tonogenése ni la tonolysie dépendissent d'influx comme nous les connais- 
sons du systéme nerveux des Vertébrés. La réaction plastique des muscles 
est attribuée a des propriétés mécaniques du tissu musculaire. 


ooe 


Quels étaient les phénoménes expérimentaux qui poussaient JORDAN a 
contredire les conceptions courantes? On va le voir ci-aprés. 

D’abord: Quel que fit l’excitant utilisé, JorDAN n’a jamais observé une 
distension du muscle au sujet neuro-musculaire étudié (e.a, le pied de 
l'escargot). Il a constaté soit l’absence de réaction, soit une secousse qui 
se termine par un relachement rapide et subit. Le muscle ne céde pas 
dans une mesure plus considérable a la force de traction exercée 4 nouveau 
par le poids de charge; il ne se rend pas non plus a une nouvelle tentative 
si auparavant il n'a toléré aucun allongement (7). Cependant la fonction 
tonolytique est prépondérante a la tonogenése chez l'objet qui posséde 
encore le ganglion suboesophagien ow se trouve le centre du tonus pédal. 
On pourrait donc s’attendre 4 ce que les axones tonolytiques des nerfs 
pédieux — qui avant l’extirpation du ganglion relient celui-ci au réseau 
nerveux du pied — réagissent premiérement ou du moins d'une maniére 
prépondérante 4a l'excitation. 

En second lieu, l’application de la cocaine en dose légére ne favorise 
pas la tonolysie quand on excite les nerfs pendant l’anesthésie progres- 
sive. Pourtant la cocaine en elle-méme cause une détente du muscle. Si 
des impulsions antagonistiques entraient en concurrence, la fonction 
accélérante devrait s'atténuer en premier lieu sous l'influence de la cocaine. 
Dans ce cas, le systéme tonolytique devrait l’emporter progressivement 
et finalement s’affirmer seul, aussit6ét que l’accélération serait totalement 
paralysée. JORDAN ne constata que des secousses ou méme une absence 
totale de réaction. 

Les résultats décrits ci-dessus démentaient donc les prévisions. De 1a, 
l'hypothése tout a fait logique que, par rapport a la régularisation du 
tonus pédieux, une activité des nerfs fondée sur la conduction d’influx 
antagonistiques serait incompatible avec le comportement musculaire con- 
staté. Au lieu d'un tel mécanisme, JORDAN supposait une influence réci- 
proque entre le muscle et le systeéme nerveux (le réseau nerveux et les 
ganglions superposés: le ganglion pédal et le cerveau) suivant le principe 
de l’,,isostasie’’ — cf. équipotentiel (7, 9). Le systéme neuro-pédal ten- 
drait A maintenir une condition d’activité équivalente. Une hausse du 
travail ganglionnaire exciterait l'action tonique musculaire, une baisse la 
diminuerait. Réciproquement, l’activité périphérique se répercuterait propor- 
tionnellement a ,,une diminution de potentiel’’ sur celle des centres 
supérieurs. 


Au cas d'une réaction musculaire sous la forme d'une secousse, dé- 
clanchée par une excitation accommodante, le raccourcissement rapide 
est suivi par un relachement instantané. Aprés la contraction, le muscle 
ne se laisse allonger 4 nouveau qu’a la fin de la descente de la secousse. 
Pendant le raccourcissement, la résistance tonique — présente aupara~ 
vant — n'est donc pas rétablie, de sorte que le myomécanogramme en- 


registré monte rapidement au sommet aigu, puis il fait une chute brusque. 
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Le rallongement ne répéte pas la réaction précédente d'allongement, mais 
i! change aprés le relachement brusque a angle vif, en faisant durer 
le comportement plastique. Jl est donc manifeste que le tonus nest pas 
simplement une fonction de la longueur musculaire mais encore de la 
résistance. De ces contrastes JORDAN a conclu que cette résistance ne serait 
pas fondée sur la contraction, produit de la synthése de secousses des 
entités musculaires, comme nous la connaissons chez les Vertébrés et 
gui assure un raccourcissement soutenu, comparé au tétanos parfait du 
muscle tétanisé, L’insuffisance tonique ne serait pas le résultat d'un anta- 
gonisme entre la contraction et la décontraction. commandées, avec une 
prépondérance de la derniére. 

D'autre part, JORDAN a constaté une correspondance remarquable entre 
les phénoménes toniques des muscles. lisses creux ef les phénoménes 
d’allongement se manifestant dans les modéles plastiques. Cette corres- 
pondance démontrerait lidentité des propriétés fondamentales du modeéle 
et de la masse musculeuse. L’état mécanique serait entretenu par des 
fonctions vitales, la réaction plastique serait purement physique, entiere- 
ment passive. JORDAN a attribué l’augmentation de la résistance pendant 
I'allongement a des effets mécaniques comme la ,consolidation”, en 
rapport avec la dimension du prolongement de la longueur et comme 
I',,accumulation” en proportion avec la vitesse de l’allongement (8, pour 
l'explication voir 14, p. 431). 

Toutefois, le physiologiste JoRDAN a donné du tonus des muscles creux 
des Invertébrés une image bien intéressante et suggestive, d'ordre pure- 
ment physique. Cette conception offrait en méme temps la possibilité 
d’accepter un principe tonique qui joue comme un frein fixé sans la dé- 
pense d'un surplus d’énergie, par un métabolisme accru. Ce qui serait en 
concordance avec l’absence d’une augmentation mesurable du CO? rejeté, 
bien que la résistance tonique s'agrandisse considérablement. 

Contentons-nous du résumé ci-dessus. 


Les nouveaux résultats, 


La trés séduisante et curieuse théorie de JoRDAN a suscité des critiques 
sérieuses e. a. de son maitre BIEDERMANN. Les réussites expérimentales des 
quatres derniéres années (1941-1945) nous permettent d'éliminer l'anti- 
thése agée de quarante ans, Enumérons les faits nouvellement acquis: 

1o. Nous avons réussi a déclancher une détente du pied de l'escargot 
au moyen de l'excitation des ganglions supérieurs (G. cérébroide et 
G. pédal 10, 9, 16) ainsi que des nerfs qui relient l'anneau oesophagien 
avec le réseau nerveux intramusculaire (13, 14, 15). Il suffit pour cela 
d’employer des stimulus faibles, de force au moins égale au seuil de la 
tonolysie. Une excitation plus forte ne déclanche qu'une contraction. 
Quand Jiintensité de la stimulation est modérée, les deux réactions anta~- 
gonistiques (contraction et décontraction) peuvent se compenser, de sorte 
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guen apparence il n'y a pas d’ébranlement ni d’effet musculeux. Dans 
d'autres cas les réactions se succédent: une secousse est suivie d'un hyper- 
relachement ou autrement dit d'une hypotonie. Nos expériences démontrent 
exactitude de notre point de vue d'une maniére plus convaincante que le 
dispositif expérimental de BiEDERMANN dans sa fameuse étude sur la phy- 
siologie comparée des mouvements péristaltiques (2, 3). 

20. Notre étude (10) de‘la fonction régulatrice du tonus des ganglions 
pédieux a révélé que nous avons affaire a deux centres: un centre dorsa! 
gui provoqgue l’accroissement du tonus et un centre ventral qui en cause 
la diminution. I] est possible d’exalter et de calmer ces centres, autant 
par des moyens chimiques que par l'action électrotonique du courant 
continu. 


Ces deux complexes de phénoménes éliminent d'une maniére concluante 
l'objection contre le fonctionnement du systéme nerveux — ici dans le 
pied de l’escargot — par la conduction d'iimpulsions, soit tonolytiques, 
soit accélérantes. La contradiction entre l'effet anesthésique causé par 
Vapplication de la cocaine du cété dorsal du ganglion sousoesophagien 
en lui-méme (tonolysie) et la réaction sous la forme d'une contraction, 
réponse a l’excitation du systéme nerveux malgré l'anaesthésie progres- 
sive, peut s’expliquer comme suit: Par la séparation locale des deux centres 
toniques, le centre ventral autonome tonolytique échappe en premier lieu 
a l'émoussement, de la une prépondérance de I'inhibition, En outre l'éche- 
lonnement de l'intensité des excitants employés doit avoir été insuffisant, 
tandis que l’excitant électrique est facile A graduer. 


Soumettons ensuite 4 la discussion la théorie musculaire physique de 
la réaction d’allongement plastique des sacs musculeux chez les Inver- 
tébrés. A l'égard de ce probléme nous disposons des nouvelles données 
suivantes: 

30. Souvent la résistance tonique au lieu d'étre constante montre pen- 
dant lallongement un acroissement progressif. Nous avons trouvé que 
cette augmentation n'est pas un phénoméne purement physique, fondé sur 
les propriétés mécaniques du muscle. C’est une réaction neuro-musculaire 
active, ce qui est prouvé par l'antagonisme entre l’accroissement du tonus 
causé par l’allongement et l'excitation tonolytique. L’influence répressive 
de celle-ci est moins effective sur la tonogenése, quand I'excitation est 
appliquée pendant la traction, que quand I'on provoque la répression avant 
gue l'allongement se fasse sentir (14, 15). 

4o. Nous constatons non seulément un réflexe d’allongement accélé- 
rant mais nous remarquons également que la tension est percue et méme 
dune maniére spécifique: la tension faible produite par une charge d'étire- 
ment plus légére cause une tonogenése; une charge plus lourde qui s'ex- 
prime par une tension forte fait diminuer le tonus (11, 12, 14). 
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Comment expliquer le mécanisme de ‘ces réflexes? Raisonnons d’abord, 
nos conclusions seront ensuite soumises au contrdle de l'expérience. La 
réussite de l'excitation tonolytique ouvre l’alternative: interaction au.moyen 
d'influx antagonistiques ou, sans impulsions, obéissant a la loi de liso- 
stasie. Au début, l'excitant était seulement appliqué au ganglion ou aux 
nerfs extra-musculaires. De la l'effet modérateur ne témoigne en faveur 
du réle d'impulsions concurrentes que par rapport a la régularisation 
centrale du tonus. Le trio de réflexes se produit cependant aprés que le 
pied est privé des ganglions supérieurs, dans la périphérie ainsi que dans 
la préparation neuro-musculaire centrale. La question se pose donc de 
savoir si, dans la périphérie, il s’agit également d'influx antagonistiques. 
Si l’expérience ordinaire montre que, en ce qui concerne la périphérie, les 
choses se passent suivant les rapports qui existent dans le systéme central 
oi tout argument contre le jeu d'impulsions antagonistiques est éli- 
miné, la méme théorie serait acceptable pour le pied privé du systéme 
nerveux extramusculaire. En collaboration avec M. DE JONG nous avons 
approché ce probléme en étudiant la loi qui relie l'excitabilité du systeme 
neuro-myo-épithélial’ pédieux au caractére de l'effet déclanché. Voici le 
résumé de |’étude: 

50. De Jone (6) a déterminé l’influence de la violence de l’excitant au 
moyen d'un courant inducteur appliqué au muscle pédieux. La sole ven- 
trale du pied reposant sur l'une des électrodes et l'autre électrode touchant 
Jes flancs pédieux du cété dorsal, les courants induits traversent tout le 
tissu musculaire. De cette maniére DE JONG a trouvé une relation identique 
a celle que nous-méme avons constatée en stimulant le ganglion pédal 
ou les nerfs pédieux: tonolysie avec des stimulus tout juste liminaires, 
hypertonic par excitation plus intense. Entre ces intensités de stimulation 
faible et forte, on trouve des excitants moyens qui restaurent le tonus 
(raccourcissement ef résistance tonique). En effet, si nous stimulons la 
préparation centrale et la préparation périphérique au moyen dintensités 
progressives, il s'agit ici d'une concordance de l'excitabilité successive 
des systémes de freinage et d'accélération des unités musculaires, On 
se trouve donc autorisé a conclure que le fonctionnement du systéme 
neuro-musculaire dans le pied de l’escargot peut étre formulé d’aprés 
la théorie courante des réflexes. De plus, les trois réflexes décrits ci- 
dessus (celui de traction et ceux de tension: le réflexe inhibitif et celui 
de tonogenése) nous mettent en état d’expliquer non seulement la réaction 
plastique musculaire et son analogie avec le comportement du modeéle 
inanimé, mais encore les différents types de contraction qui résultent 
de l'excitation du pied, dont la secousse (sans restauration de la résistance) 
et la contraction dite tonique (rétablissant la’ résistance) représentent 


deux formes différentes. 
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Nouvelles conceptions. 

lo. Nous appuyant sur les constatations précédentes, nous allons 
donner l'explication requise sur la nature de la réaction dallongement. 

a. Il est maintenant possible de comprendre pourquoi l'on peut s’atten- 
dre a la production d'une réaction a résistance constante: quand le réflexe 
d'allongement est suffisamment contrarié par le réflexe tonolytique de 
tension forte, la production du tonus est éliminée par la tonolysie. Cette 
combinaison d’éléments antagonistiques a été mise en évidence par JORDAN 
comme réaction d’allongement ,,idéale’’. De la, sa théorie que le tonus 
serait de nature physique sans dépense d’énergie. 

b. Aw fur et A mesure que, pendant |'étirement, la dimension de l’ac- 
croissement de la longueur musculaire — donc amplitude de l'allonge- 
ment — s’agrandit, et en proportion avec la durée de celui-ci, la production 
de résistance est plus intense. Dans le modéle plastique (de la gélatine, 
du caoutchouc) la résistance augmente d'une maniére analogue par la 
,,consolidation”’. 

c. Plus I’allongement s’opére vite, plus le réflexe annexe se fera sentir; 
dans le modéle, la résistance s’accroit de la méme maniére par I’,,accu- 
mulation”, 

Il existe donc un rapport déterminé entre la mesure et la vitesse de 
l'allongement d'une part et le progrés de la résistance tonique de l'autre. 
Nous rencontrons ici alors 4 base physiologique une imitation magistrale 
de la réaction de U'allongement qui dans l'expérience modeéle est fondée 
sur les propriétés mécaniques de la substance plastiquement extensible. 

Un allongement rapide produit par un poids d'étirement plus lourd 
provoque donc une contre-réaction réflexe qui protége le muscle contre 
une détente excessive. Dans le pied en relation avec le ganglion sous- 
oesophagien, le jeu autonome du centre tonolytique favorise un allonge- 
ment vif et la contre-réaction est intensifiée par le centre dorsal. La 
conséquence en est que la préparation centrale fait généralement cesser 
déja la distension du pied alors que le muscle isolé céde encore 4 la trac- 
tion, bien que retardée, en comparaison avec son allongement primitif. 


Zo. Reste a savoir comment la multiformité du raccourcissement et 
du rallongement du pied de l'escargot est déterminée, autrement dit d'ou 
proviennent les différents types de contraction? 

JORDAN a toujours mis la contraction dite tonique — ou au sommet du 
raccourcissement la charge d’étirement subit une nouvelle résistance — 
en opposition avec la secousse qui, le sommet dépassé, change en une 
distension rapide et dont le mécanogramme se superpose a celui de Ial- 
longement ainsi qu’a l'ascente et la descente de la contraction tonique 
(19). 

a. Aprés notre analyse des réflexes, il est admissible que la contraction 
tonique réussisse mieux si la restauration de la résistance n'est pas con- 
trariée par des impressions tonolytiques qui s’affirment: 

26 
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a. comme endurcissement d'un étirement antérieur causé par une 
charge plus lourde; et/ou 

B. accélérées par un raccourcissement qui doit vaincre une résistance 
externe non négligeable (le chargement du muscle, la friction dans l’ap- 
pareil d’étirement) de sorte que la contraction doit étre accompagnée d'un 
développement de tension plus forte et ce qui suscitera le réflexe usuel; 
et/ou 

y. déclanchées par l'emploi d’excitants liminaires. 


La secousse sera favorisée quand la diminution de la résistance pourra 
jouer un réle important 4 cété de la contraction brusque, aussi bien par 
la réduction de l'assourdissement qui contrarie la mobilité — ce qui se 
montrera dans le mécanogramme sous forme d'une ascente rapide — 
que par l'accélération du relachement. Cette derniére cause un rallonge~ 
ment rapide du muscle, ce qui produira de nouveau de la résistance to- 
nique. A l’égard de cette production nous remémorons, quoique bien 
convaincu que le muscle nous offre tous les intermédiaires entre les deux 
types extrémes: 

a. Si cette résistance sexécute en proportion idéale, la descente de la 
secousse se termine a,angle vif au niveau ou l'allongement précédent avait 
été interrompu; 

B. Une prépondérance de la tonolysie produira une contraction suivie 
d'une hyperdétente. JorDAN la formulait en ces termes: ,,La secousse casse 
le tonus’”’. 

y. Un excés de production de la résistance peut provoquer des mouve- 
ments contracturiformes, c’est-a-d. dont le mécanogramme présente une 
concavité en dessous. JORDAN a toujours disqualifié ce dernier type de con- 
traction comme pathologique de sorte qu'il lui déniait toute importance 
physiologique. 

La plasticité de tous les muscles est donc basée sur le méme principe, 
qu'elle se rapporte aux muscles striés somatiques ou aux muscles non 
striés splanchniques des Vertébrés ou aux muscles lisses des Invertébrés, 
A savoir: l’'antagonisme de l'accélération et du freinage, et celui de la con- 
traction et de la décontraction qui lui est conforme. Faut-il en conclure 
que le mécanisme interne est entiérement uniforme? II serait intéressant 
de le savoir. Mais actuellement aucune précision n’est encore permise a 
cet égard. Ce qu'il importe de-ne pas oublier, c'est qu'il faut distinguer 
le processus neuro-physiologique du fonctionnement myo-physiologique. 

Par rapport au premier la question essentielle se pose: ,,Quelle est lanature 
du commandement transmis par la derniére cellule nerveuse 4 l’entité muscu- 
laire?” Dans le systéme somatique il n’existe que des impulsions centri- 
fuges qui déclanchent des contractions, Dans le réseau nerveux des sacs. 
musculeux, il est possible que des influx antogonistiques soient emis par 
la cellule nerveuse périphérique vers l'unité motrice musculaire. Ou bien 
il ne s'agit que d'impulsions accélérantes, de sorte que |'inhibition s'exé~ 
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cute toujours intraneuralement. A vrai dire, s'il était ainsi, on serait 
autorisé a croire que le fonctionnement neuro-musculaire ne présente qu'un 
principe monistique: l'inhibition centrale entre des influx centripétes anta- 
gonistiques déterminant les impulsions centrifuges qui ne produisent que 
plus ou moins de contractions. Dans ce cas, les contrastes sont diis a des 
différences anatomiques: les derniéres cellules nerveuses du systéme so~ 
matique des Vertébrés se trouvent dans la colonne rachidienne, celles du 
systéme viscéral dans le réseau périphérique. 

Cependant un tel monisme ne peut pas étre accepté ,,a priori’. En 
premier lieu il existe la différence que le muscle squelettique se distend 
spontanément, tandis que le muscle lisse creux — au moins pour un relache- 
ment rapide — exige des influx qui déclanchent la décontraction. En second 
lieu, l'étude de la contraction des fils d’actomyosine tendus mécaniquement 
(Szent Gyorcyi) et celle de la contractilité des fibres musculaires striées 
isolées, dont les éléments contractiles sont soumis a l’extension par un 
champ de force électrique (BUCHTHAL), montre deux types de fonctionne- 
ment exactement paralléles a la différence remémorée entre le muscle 
lisse et le muscle strié: Le fil d'actomyosine exige en plus d'un chimo- 
stimulant (ions de potassium) pour la contraction (20), un stimulant simi- 
laire (ions de magnésie) pour la décontraction (21), Au contraire la fibre 
striée se relache immédiatement par la restauration spontanée du champ 
électrique dont l'affaiblissement a produit la précédente contraction. 
Mais il faut A ce déchargement partiel un stimulant nerveux (4). — 
Le parallélisme nous améne a préférer la conception dualistique concernant 
le fonctionnement du systéme neuro-musculaire. A notre avis, le mécanisme 
du muscle lisse représente l'état primitif dans lequel la faculté de soutenir 
le raccourcissement sans dépense d’énergie est développée au détriment 
de la mobilité rapide. Nous estimons que le muscle strié s'est spécialisé 
en faveur du mouvement rapide; il en résulte que le tonus est fondé prin- 
cipalement sur le tétanos qui exige une augmentation considérable du 
métabolisme. Nous croyons cependant reconnaitre quelques vestiges du 
mécanisme tonique primitif dans le rdle du systéme autonome en rapport 
avec le muscle strié: des effets positifs sous l'influence de la chaine sym- 
pathique (Van Dijk, 5) et des effets négatifs produits par le systeme 
parasympathique (BaRISCHNIKOW, 1). Ces effets ne sont pas seulement 
de nature trophique (par l'intermédiaire de la circulation, etc.), mais égale- 
ment de nature motrice (au moyen d’éléments toniques du tissu mus- 
culaire). 


Résumé. 


Une étude approfondie des réflexes du pied de l’escargot et des lois de 
son excitabilité nous a appris que dans tout le systéme neuro-musculaire, 
un principe antagonistique s'affirme entre la contraction et la décontrac- 
tion (le jeu musculaire), déclanchées par des influx accélérants et des im- 
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pulsions frénatrices (le réle des nerfs), Ce principe est en vigueur a la 
fois a la périphérie (le muscle et son réseau nerveux) et dans le systéme 
nerveux extramusculaire (les nerfs pédieux et le ganglion sous-oeso- 
phagien). 

Il existe trois réflexes toniques, a savoir: 

lo. celui de l’allongement; 


20. ceux de tension: a. l'un de tension faible; 
b. l'autre de tension forte. 


Les deux premiers font naitre des influx accélérants, le troisiéme produit 
des impulsions tonolytiques. 

Ces résultats nous permettent d'expliquer d'une part la réaction plastique 
du muscle et son analogie avec la réaction d’allongement du modéle in- 
animé et d’autre part, les différents types de contraction. La consequence 
en est que les théories de JORDAN en ce qui concerne la nature physique 
de la réaction d'allongement tonique du pied de l'escargot en entier (le. 
jeu musculaire) et le principe de l'isostasie (le réle nerveux) dans la régu- 
larisation du tonus n'ont gardé qu'une valeur historique. Il faudra que 
de nouvelles expériences sur la fibre isolée du muscle lisse, paralléles 4 | 
celles: de BucHTHAL, nous procurent I'analyse de son comportement phy- 
siologique et mécanique et nous donnent des éclaircissements — en ce 
qui concerne la fibre isolée — sur la validité éventuelle de la théorie du 
tonus musculaire de JORDAN. 

Enfin, du point de vue de la physiologie comparée, nous avons adopté 
la conception dualistique concernant le fonctionnement du systéme neuro- 
musculaire: A notre avis, le mécanisme du muscle lisse, exigeant des im- 
pulsions frénatrices efférentes, représente |'état primitif, dans lequel la 
faculté de soutenir le raccourcissement sans dépense d’énergie est la 
fonction capitale. Nous admettons que le muscle strié qui se relache spon- 
tanément, se soit spécialisé en faveur du mouvement rapide. 
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Medicine. — About arenicochrome and its possible significance as a 
mesocatalyst. By G. O. E. Licnac. (Communicated by Prof. 
J. VAN DER HoEVE.) 


(Communicated at the meeting of October 27, 1945.) 


By arenicochrome | mean the green pigment which is found in the 
arenicola marina (lugworm, fig. 1 and 2) in a corpuscular form, The green, 
more or less globular granules are found not only in the single layered, 
pseudo-stratified, columnar epithelial cells, but also scattered in the sub- 
epithelial loose connective tissue (coloured plate, fig. 1 210 x and fig. 2 
675 X enlargement). These little pigment-balls have a diameter which 
varies from 0,25 to 1,30 wu (to the nearest 0,01 uw) 1). In the loose con- 
nective tissue among the green pigment one meets with a second pigment 
that differs from the arenicochrome by its dark-yellow, yellow-brown to 
dark-brown colour, in that it mostly occurs in groups and by its coarser, 
mostly angular granules. This latter pigment, which, morphologically 
and histio-chemically speaking, can be put on a level with melanin, is also 
found between the outer and inner muscle-tunic, especially arranged 
round the blood-vessels, thus also between the bundles of the inner muscle- 
tunic and heaped up in very great quantities along the greater blood- 
vessels, which are bounded by the inner muscle-tunic on the proximal side. 
The third pigment is the blood-pigment, the erythrocruorin, which in the 
arenicola occurs dissolved in the blood-plasm (cf. coloured plate). 

In 1899 Pierre Fauver 2) wrote a study about the above-mentioned 
two pigments. In the treatise he calls our arenicochrome "‘lipochrome jaune” 
and states the solubility of this pigment e.g. in alcohol. If this solution 
is exposed to light, it becomes brown and gives a fine, black precipitation, 
which cannot be dissolved in water or ammonia. If a few drops of am- 
monia are added to the alcoholic solution the colour becomes intensely 
green and even in light the formation of the black ‘precipitation is pre~ 
vented. On the other hand, addition of a few drops of hydrochloric acid 
or other acids to the alcoholic solution of the "lipochrome jaune”’ accele- 
rates the formation of the brown, brown-black precipitation. These pre- 
cipitations cannot be dissolved in water, alcohol or ammonia. 

FAuvEL tries, among other things by tissue-sections, to make it plausible 
that the brown pigment is a chemical modification of the "'lipochrome 


1) A very great number of measurements by means of the measuring-clock of S. T. 
BOK have been made by my ex-assistant J, F. WALBURGH SCHMIDT. The coloured plate 
was also made by him. In literature I found no picture of this pigment and therefore it 
is added here. : 

2) PIERRE FAUVEL, Sur le pigment des Arénicoles. Comptes rendus des séances de 
l'Académie des sciences. Bd, 129, 1273 (1899). 
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G. O. E. Lianac: About arenicochrome and its possible significance as a 
mesocatalyst. 


Arenicola marina, seen from the ventral side. 
Arenicola marina, seen from aside. 


407 


jaune”. Acids further the coming into being of this modification. To sum 
up it may be said that FAuvEL has shown that the arenicochrome can be 
dissolved in alcohol, is perpetuated by alkali, is changed under the influence 
of light, especially when acids are present, into a brown, brown-black 
pigment. The chemical structure of the "lipochrome jaune’? would show 
small differences in various kinds of arenicola. 

C. Fr. W. KruKENBERG !) classes the above-mentioned pigment among 
the uranidins. In how far the pigments of very different origin according 
to their chemical properties and chemical structure may be united into 
one large group and in how far the arenicochrome mentioned by me may 
be considered as the prototype of this group of pigments, must un- 
doubtedly be further determined by a thorough chemical examination. 

This enumeration gives rise to the supposition that the transition of 
the green pigment to the brown-black precipitation is brought about by 
oxygen. I have shown this in a simple manner. If one makes frozen 
sections of the arenicola and then at room-temperature exposes them to 
the action of 3% HyOs, it is seen within 24 hours that the pigment- 
granules of the arenicochrome have changed from green into brown, 
brown-black. In how far can we assume now that the arenicochrome has 
changed into ‘melanin’? Without going further into the matter of the 
melanins 2), it may be advanced here that histiochemically melanins can 
be identified by 2 reactions and distinguished from other pigments, namely 
melanins are decolourized by HjO, and in the dark they reduce a 1 % 
AgNOs solution. It has become clear to me that in the first place the 
dark-yellow, yellow-brown to dark-brown pigment of the arenicola prompt- 
ly shows these two reactions and so can be classed among the melanins 
also histiochemically; secondly that the arenicochrome, which has been 
oxidized brown-brown-black by HO, also shows the two above-mentioned 
reactions, So as far as is possible at present, it has been shown by me 
that by oxidation the arenicochrome can change into a melanin. So in the 
arenicochrome one meets with a coloured pre-melanin, which occurs more 
or less durably in the living organism of the lugworm, Like the melanin 
the arenicochrome reduces in the dark both the 1% watery solution 
and the 1 % alcoholic AgNOs solution. All the above-mentioned reactions 
have been carried out on frozen sections of not only worms fixed in 
alcohol, but also on those of fresh ones. 

What biological signification should be ascribed to this coloured pre- 
melanin, which occurs in the lower organism and is apparently more or 
less durable? Before trying to answer this question it is first necessary 
to examine further the chemism of a melanin known to us and occurring 


1) C. FR. W. KRUKENBERG. Vergleichend-physiologische Vortrage Bd. I. 1886. 
2) Read for this: Melanins, their chemistry and their significance by my ex-assistant, 
the biochemist Dr W. L. C. VEER, Chemisch Weekblad, Deel 37, No. 16 (1940). 
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in man. The investigation by the English biochemist H. S. Raper 1) 
(Manchester) has appeared to be of fundamental significance for the 
knowledge of the chemism of the melanogenesis. According to RAPER 
tyrosinase, when oxygen is present, causes an OH group to arise on the 
orthoplace in the benzol-chain of the tyrosin. Then an orthodioxybenzol 
has come into being, called dopa (Br. BLocu, 1917), which is highly 
autoxidisable and is oxidized to the corresponding quinone. From this 
indol forms itself by ring-closure and back-formation of the dioxybenzol 
(intramolecular shifting of atems). By oxidation this product changes 
into the corresponding quinone, which is coloured red and was called 
"sed substance” by Raper. For the rest it became evident to RAPER and 
his associates that by an intramolecular shifting of atoms and after this 
by simultaneous decarboxylation this "red substance’ changes again into 
colourless dihydroxyindoles, which are highly autoxidisable. These latter 
intermediate products quickly change into melanin by oxidation. In my 
laboratory the "red substance’ appeared to be an intractable substance. 
This red quinone, if obtained by tyrosinase from a tyrosin-solution, cannot 
be shaken out, it is.again decolourized very easily and then returns to the 
dioxy-indol-compound, e.g. by ascorbic acid, or if one tries to isolate it 
in vacuo or in an indifferent gas; when air or oxygen (autoxidisable) is 
present, the substance is quickly coloured black (formation of melanin). 
W. L. C. VEER 2) has succeeded in isolating the "red substance” with 
phenylhydrazin as a monophenylhydrazone (1939). 

Yet it appears that this intractable substance can occur more OF 
less durably in the lower organism, Mazza ond Sro.Fi 3) succeeded in 
isolating the red substance — also as a phenylhydrazone — from the worm 
Halla parthenopaea Costa and in identifying it as the ‘red substance” 
of Raper. This pigment of the worm, which may reach a length of 50— 
80 cm and is coloured orange and red on the back, lives in the Mediterranean 
(Naples and Genoa) and the Atlantic Ocean (Cadix), is called halla- 
chrome. When the worm dies, it becomes brown and a black juice comes 
from it. The question arises how the "red substance”’ is more or less per- 
petuated in the living organism of this worm? I found nothing in literature 
about the histiology and the histiochemic reactions of this pigment. 

It follows from the conduct of the “red substance” that it forms a phase 
in a reversible redox-system. Mazza and STOLFI (1. c.) suspected already 
that the hallachrome in the worm has the function of a reversible hydrogen 


1) H.S, RAPER and A. WORMALL, Biochem, J. 17, 454 (1923); 19, 84 (1925); 
H. S. RAPER, Biochem. J. 20, 735 (1926); 21, 89 (1927); Fermentforschung 9, 206 (1927); 
Physiol. Rev. 8, 245 (1928); Ergebnisse Enzymforschung 1, 270 (1932). 

2) W. L. C. VEER, Recueil des travaux chimiques des Pays-Bas. T. 58, 9/10 
(septembre et octobre 1939). 

3) , P, MAZZA and G. STOLFI, Arch. sci. biol. 16, 183 (1931). 
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transmitter. FRIEDHEIM!) stated that this quinone augments the respi- 
ration of erythrocytes many times. This pigment can be reduced rever-_ 
- sibly to its leuco-compound with cystein or with hydrogen and colloidal Pd. 
Possibly the "red substance” also plays the part of respiration-ferment in 
man (W. L. C. VEER l.c.). 

SzENT GyOrGyi2) has pointed to the significance of ortho-quinones 
when there is biological oxidation. The catalysis via quinoid pigments 
plays a considerable part in the metabolism of microbes, e.g. the pyo- 
cyanin in the respiration of the bac. pyocyaneus, possibly also the phthiocol 
(a naphtoquinone-derivative) of the bac, tuberculosis. One might speak 
here of a possible respiration via the pigments. Naphtoquinones are often 
found in phanerogamen as reversible redox-systems. Quinone-catalysis 
would play an important part in the metabolism proper and a type of 
respiration seems to be meant where beside autoxidisable polyphenols 
peroxydases also contribute; further the ascorbic acid also takes part in 
these processes (SZENT GYORGYI c.S.). 

According to CARL OpPpPENHEIMER 3) mesocatalysts are catalysts which 
are not enzymes, but shove themselves in among the enzymatically 
catalyzed processes; they are what the English school calls ‘carrier’ and 
THUNBERG “hydrogen-transmitters’. Specific mesocatalysts are chemical 
substances which do not arise from the stages of normal destruction 
of cellular processes, but are formed for a certain function. Up to now 
two groups have been known: the quinoid pigments, respectively chro- 
mogens of various kinds and non-chromogenic substances such as gluta- 
thione and ascorbic acid. In connection with the question as to the bio- 
logical significance of the arenicochrome we are here especially interested 
in the quinoid pigments, Those known at present are reversible redox- 
systems, which absorb hydrogen from the donator-dehydrasis-combinations 
with a lower potential (mostly only one atom: semiquinone-formation) and 
cede to an acceptor with a higher potential, so keep the hydrokinesis 
going. When the mesocatalysts are autoxidisable they can also hydrate 
oxygen directly, i.e. perform a respiration (OPPENHEIMER l.c.) Very little 
is known as yet about the details of their action. 

The "red substance” or the hallachrome and the arenicochrome are 
both coloured pre-melanins, occurring in lower organisms. They are both 
autoxidisable, the arenicochrome especially in acid medium. In the living 
organism they appear to be more or less durable. By oxidation both 
pigments change into a melanin, The pigments differ in colour, the 
hallachrome does not reduce an AgNOs solution, the arenicochrome does; 
the arenicochrome is found in a corpuscular form in the organism of the 


1) E. A. H. FRIEDHEIM, Compt. rend. soc. biol. 111, 505 (1932); Naturwissenschaften 
21, 177 (1933); Biochem. Z. 259, 257 (1933). 

2) A. SzeENT GyOrGyI, Z. physiol. Chem. 254, 147 (1938). 

3) CARL OPPENHEIMER, Chemisch Weekblad 37, 25S (1940) and 37, 282 (1940). 
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lugworm, I have not been able to find anything in literature about the 
state of aggregation of the hallachrome in the worm. The chemism of 
the hallachrome is known to us, thanks to the investigations by Raper. The 
chemical structure of the arenicochrome is not known to us. The only 
thing we are certain about is that the arenicochrome is an organic pigment 
and is easily oxidized to melanin. So there is a superficial likeness. 
However, the question remains justified — though we must remain 
aware of the fact that we argue here by analogy — whether the arenico- 
chrome is perhaps one of the quinoid pigments and derives from this its 
biological significance as a mesocatalyst, i.e. can bring about an "extra- 
respiration” (pigment-respiration) and, according to circumstances, can 
accelerate the end of an existing respiration, 

Attempts at isolating the arenicochrome in a pure state have up to 
now failed in my laboratory (W. L. C. VEER). The arenicochrome dis- 
solves with a yellow-brown colour in alcohol, light green in 5 % and 15 % 
watery NH,OH solution, light yellow in 4% watery NaOH solution, 
light green in 50 % pyridin and yellow-brown in (NHy)oS. VEER could 
also state, on the impure arenicochrome that with a diluted HjOz, solution 
the green colour first changed into a brown-black one and disappeared 
after this (cf. histiochemic reactions). Concentrated H,.O, (30%) causes 
almost direct decolourizing of the arenicochrome. 

It need hardly be said that in order to answer definitely the above- 
mentioned questions one should have the arenicochrome at one’s disposal 
in a pure state. 

So to sum up the following can be stated: 

The arenicola marina harbours two pigments: 

1. Green, globular corpuscula (diameter varying from 0,25 to 1,30 #); 
it is suggested by me to call this "lipochrome jaune” of PieERRE FAUVEL 
arenicochrome. 

2. Coarser, angular granules of a dark-yellow to dark-brown colour, 
which histiochemically show the characteristics of melanin. 

It appeared to me histiochemically that the arenicochrome is autoxidis- 
able in acid medium, is oxidized by oxygen to the above-mentioned 
relanin-pigment. So the arenicochrome is a coloured pre-melanin, which 
occurs more or less durably in the living organism of the lugworm. 

Analogous to the hallachrome (‘red substance” of RAPER) the follow- 
ing hypothesis is proposed by me about the biological significance of the 
arenicochrome: the arenicochrome derives its significance as a meso- 
catalyst from the fact that the arenicochrome is probably a quinod 
pigment. 


Medicine. — L’action inhibitrice des métaux sur la croissance du B. tuber- 
culeux. Ill. Germanium, étain et plomb. By ONG SIAN GwaNn. 
(Communicated by Prof. J. VAN DER HOEVE.) 


(Communicated at the meeting of October 271945.) 


1. Nous avons montré dans des mémoires précédents 1) l'action in- 
hibitrice d’arsénic, d’antimoine et de bismuth métalliques sur la croissance 
du B. tuberculeux. Il est important de savoir si le germanium qui, dans 
le tableau périodique est situé a cdté de l'arsénic, n'a pas également une 
action inhibitrice sur la croissance du B. tuberculeux. ; 

D’aprés IsHiwara 2) le germanium montre une action inhibitrice sur le 
cancer de souris. Hammet, Nowrey et MiiLier 3) ont montré que linjec- 
tion de GeO. chez des rats neufs fait augmenter le nombre de globules 
rouges. Kast, CroLt et ScHmitz 4) ont utilisé le GeO, dans le traitement 
de I'anémie. Ils ont noté une augmentation passagére de globules rouges. 
Par contre, le GeO, n'a aucune action dans l'anémie pernicieuse 5), 

Plusieurs auteurs ont montré que les composés de germanium ne sont 
pas trés toxiques pour les animaux de laboratoire 6). Dans des essais 
sur des souris nous avons note que la souris blanche peut supporter une 
injection souscutanée de 10 mg de GeOs. 


2 Action inhibitrice de Ge, Sn et Pb sur la croissance du B. tuber- 
culeux. 

Les expériences ont été effectuées d’aprés la technique adoptée dans 
les mémoires précédents 1), On utilise pour chaque métal et le témoin 
quatre cultures, pourqu’on puisse comparer les poids moyens de microbes 
obtenus. La différence entre les poids moyens est significante, si la pro- 
babilité P pourque, t dépasse + ¢ est égale ou inférieure a 5 p. 100. 

Les métaux utilisés dans ces expériences sont: 1. Germanium met. 
Merck, 2. Germanium Hilger, contenant 99,995 p. 100 de Ge, 0.004 p. 
100 de Ca, 0.001 p. 100 de Pb, trés peu de C et de petites traces de S, 
As, Na-et Ag. 3. Sn in bac. KAHLBAUM, pro analyse. 4. Pb HILGER con- 


1) Onc S1an Gwas, Verslagen Ned. Akad. v. Wetensch., Amsterdam, 53, 345 et 
353 (1944). 

2) FF. Isurwara, Ber. ges. Physiol., 49, 615 et 177 (1929). 

3) F. S. Hammett, J. E. Nowrey et J. H. Miter, J. Exp. Med., 35, 173 (1922). 

4) L. Kast, H. M. Croxt et H. W. Scumirz, Proc. Soc. Exp. Biol., N.Y. 19, 398, 
(1922) 

5) M. E. Arexanper, Amer. J. Med., Sci., 166, 256 (1923). 

6) B, S. Hammett, J. H. Miitrer et J. E. Nowrey, J. Pharmacol., 19, 337 (1922). 

I. Keeser, Arch. f. exp. Path. u. Pharmakol., 113, 232 (1926) 
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tenant 99,999 p. 100 de Pb, 0,0001 p. 100 de Bi et de petites traces de 
Cu et de Sb. 


TABLEAU 1. 
Action inhibitrice de germanium, d’étain et de plomb sur la croissance du B. tuberculeux. 
Metal Poids en mg Poldsmoyen ‘ P 
en mg 
A. 5 mg de métal/100 cc 
Témoins 780.5 844.0 468.0 (57.5) 697 .50 
Ge 42.7 Wipes PAL abs: 2220 25.93 6.890 0.001 
Sn 540P =U 5010" aS ZeOnes9e0 43.75 6.711 0.001 
Pb 759.0 742.0 (65.0) (77.5) 750.50 0.353 Oy 
B. 5 mg de métal/100 cc 
Témoins 818.0 803.0 822.0 829.0 818.00 
Ge 49.0% 26ro: 80.58 S125) 49.38 60.828 << 0.001 
Sn 810.0 837.0 789.0 725.0 790.25 1.133 0.3 
Pb 794.0 804.5 820.0 810.0 807.13 1.370 0.2 
j C. 10 mg de métal/100 cc 
Témoins 782.8 793.5 821.0 803.5 800.20 c 
Ge 9.5 46.8 63.0 14.3 33.40 51475 << 0.001 
Sn 779.5 786.0 95.8 19.0 420.08 1.809 OF 
Pb 7800. 76400 9773207 7820 T1361 2.982 0.03 
D. 20 mg de métal/100 cc 
Témoins 02.5 474.0. 212.0 282.5 265.25 
Ge 10.5 6.0 1-5 HOS Tid 3.25) 0.02 
Sn DES 6.5 KS 1A) 5.88 3.247 0.02 
Pb 637.0 102.0 544.0 580.0 465.75 1.369 0.2 
Témoins (voir B) 818.00 
Pb 798.0 825.8 816.8 830.8 817.85 0.165 0.9 
E. 20 mg de métal/100 cc 
Témoins 670.0 1639. Oyo a 255s O20. 622425 
Ge Hilger 28.5 23 Sie eo Oa) 19.0 24.20 23.917 << 0.001 
Sn 120) 11.8 7.5 478.0 127.33 4.195 0.01 
Pb 417.0 532.0 648.0 562.0 539.75 12532 0.2 


Les résultats obtenus sont présentés dan le tableau 1. 

Groupe A. 5 mg de métal par 100 cc de milieu de culture. On ense- 
mence avec la souche bovine Vallée, qui a subi 13 passages sur le milieu 
synthétique de Sauton, La culture utilisée est de 25 jours. Au cours 
de l'expérience la voile de B. tuberculeux d'une culture témoin et de 
deux cultures contenant le plomb est tombée, de sorte que les poids placés 
entre parenthéses sont trouvés trop petits. La durée de l'expérience est de 
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32 jours. Si l'on compare le résultat obtenu avec le témoin on constate 
que le germanium et l’étain ont donné une différence réelle. 

Groupe B. On fait la méme expérience que la groupe A. On ense- 
mence avec la souche Vallée (culture de 11 jours) aprés le quinziéme 
passage sur milieu de Sauton, (Vallée,5). La durée de l'expérience est 
de 28 jours. Comme dans l'expérience précédente le germanium a donné 
une différence réelle si l'on compare avec le témoin, Par contre, l’étain 
ne donne pas une différence réelle. 

On ensemence en méme temps avec ces cultures quatre flacons contenant 
20 mg de Pb par 100 cc (voir groupe D). 

Groupe C. 10 mg de métal par 100 cc. On ensemence avec la souche 
Vallée,, d'une culture de 13 jours. La durée de l'expérience est de 
31 jours. Le résultat obtenu est comparable a celui du groupe B. L’écar* 
des poids vis-a-vis du poids moyen est dans ce groupe assez grand pour 
Sn; pour cette raison on détermine également les poids moyens et |’écart 
type a partir des logarithmes des poids obtenus. On obtient ¢ = 1,636 
et P = 0,2 ce qui correspond avec le résultat obtenu par la méthode 
courante (voir tableau 1). 

Groupe D. 20 mg de métal par 100 cc, On ensemence avec la souche 
Valléeg d'une culture de 29 jours. Durée d’expérience 27 jours. Ge et Sn 
donnent une différence réelle en comparaison avec le témoin, Puisque 
dans le groupe C avec 10 mg de Pb la différence est significante, on fait 
dans ce groupe deux séries paralléles avec 20 mg de Pb afin de savoir si 
en augmentant la quantité de Pb la différence demeure réelle. Le résultat 
montre le contraire, il n'existe pas de différence entre le Pb et le témoin. 

Groupe E. 20 mg de métal par 100 cc. On ensemence avec la souche 
Vallée,;, d'une culture de 14 jours. Durée d'expérience 26 jours, Cette 
expérience est une reproduction de la précédente. On utilise seulement le 
germanium trés pur de Hitcer afin de savoir si le résultat obtenu avec 
le germanium dans les expériences précédentes n'est pas di a la présence 
d'impuretés dans le métal. Le résultat montre qu'il n’en est pas ainsi, 
puisque les résultats obtenus avec Ge, Sn et Pb sont comparables avec 
ceux de l'expérience précédente. Comme dans la groupe C on constate 
gue l'écart des poids obtenus vis-a-vis du poids moyen est grand dans 
les essais avec Sn. Le calcul a l'aide des poids moyens et de l’écart type 
obtenus a partir des logarithmes des poids obtenus donne t = 6,593 et 
P < 0,001. La différence est maintenant trés significante. 

En résumé, le germanium donne dans toutes les expériences une 
différence de poids réelle et nette en comparaison avec le témoin. Dans 
le cas de Sn, on ne trouve pas dans les groupes B et C avec 5 et 10 mg 
de Sn une différence de poids réelle en comparaison avec le témoin. Par 
contre, dans les groupes A, D et E cette différence est réelle, Le plomb 
ne montre pratiquement aucune action inhibitrice sur la croissance du 
B. tuberculeux. 


Ald 


3. Influence de la quantité de métal ajouté sur la croissance du B. 


tuberculeux. 


On peut comparer les résultats obtenus dans les différentes groupes 
d'expériences si l'on rapporte les poids obtenus a celui du poids moyen 
témoin et en supposant ceci égal a 1. En faisant ainsi on voit dans le 
tableau 2 que l'action inhibitrice de germanium augmente en meme temps 
avec la quantité de métal ajoute. L'étain donne probablement le méme 
résultat. 


TABLEAU 2. 


Influence de Ja concentration des métaux sur la croissance du B. tuberculeux. 


Numéro Quantité de métal 


d'experience mg/100 ce Germanium Etain Plomb 
Témoins = 1.000 1.000 1.000 
A 5 0.037 0.063 1.076 
B 5 0.060 0.966 0.987 
Ci 10 0.042 0.525 0.967 
D 20 0.027 0.222 1.756 
E - 20 0.039 0.205 0.867 
B *20 — = 1.000 


Il est important de remarquer que dans toutes ces expériences le meétal 
n'est pas entiérement dissout. On trouve pourtant une récolte moins 
abondante quand la quantite de métal ajouté est plus grande. Nous avons 
observé ce résultat inattendu déja avec le bismuth dans les mémoires 
précédents 1). 


4, Différence entre action inhibitrice de germanium, d‘étain et de 
plomb, 


On sait que le plomb ne posséde aucune action inhibitrice sur la crois~ 
sance du B. tuberculeux. Il est cependant utile de le comparer avec le 
germanium et /étain. Le tableau 3 montre que l’action inhibitrice de 
germanium dans les groupes A et B est réellement plus élevée que celle 
d’étain. L’action inhibitrice de germanium est dans tous les cas examinés 
réellement plus élevée que celle du plomb. 

L’action inhibitrice de l'étain est dans les groupes A, Det E réellement 
plus élevée que celle du plomb. 

En résumé, l’action inhibitrice de germanium sur la croissance du B. 
tuberculeux est plus élevée que celle d’étain. L’action inhibitrice d'étain 
est plus élevée que celle de plomb. Ce dernier n'a practiquement aucune 
action inhibitrice. © 


5. Repiquage du B. tuberculeux cultivé dans le milieu de culture 
contenant le germanium ou [étain. 


En repiquant les cultures contenant le Ge ou le Sn apres un temps 
déterminé sur un milieu de-culture sans métal on peut constater deux 
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TABLEAU 3. 
Différence entre l’action inhibitrice de germanium, d’étain et de plomb sur la croissance 
du B. tuberculeux. 


Métal Poids moyen en mg t P 


A. 5 mg de métal/100 cc 


Ge 2095 

2.346 0.06 
Sn 43-6) 
Pb 750.50 ; 94.301 << 0.001 


B. 5 mg de métal/100 cc 


28.021 << 0.001 
2.174 | 0.08 


Ge 33.40 1.838 0.1 

Sn 420.08 : : 

Pb 773.75 1.634 0.2 

Ge 33.40 55.392 << 0.001 
D. 20 mg de métal/100 cc 

Pa ; 

ag te 0.530 0.6 

Sn 5.88 6 

Pb 465.75 3.74 0.01 
E. 20 mg de métal/100 cc 

K | ae 0.877 0.4 

Sn 1275.33 

Pb | 539.75 3.305 0.01 


éventualités. Premiérement si le B. tuberculeux est encore vivant et en 
second lieu s'il montre une diminution de croissance dans le cas oi il est 
encore vivant. Pour constater ce dernier cas il faut faire des cultures 
témoins sans métal. 

L’expérience a été faite comme suit: on ensemence avec la souche Valléey¢ 
d'une culture de 13 jours, quatre ballons contenant 100 cc de milieu de 
Sauton sans métal (témoins), deux ballons contenant 100 cc de méme 
liquide avec 40 mg de Ge et deux autres ballons contenant 100 cc 
de méme liquide avec 40 mg de Sn. Aprés une culture de 7, 15 et 22 jours 
on fait de chaque culture témoin un repiquage et de chaque cuture a Ge 
ou & Sn deux repiquages sur milieu de Sauton sans métal. On obtient 
ainsi de chaque série quatre repiquages. Aprés un séjour de 25 ou 26 jours 
a l’étuve on détermine le poids sec de ces cultures secondes. 

Le résultat (tableau 4) montre que, le B. tuberculeux cultivé dans le 
milieu de culture avec Ge ou Sn n'est pas tué. En comparant les poids 
moyens des cultures secondes avec celles des cultures témoins on peut 


al 


Repiquage du 
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TABLEAU 4. 


ou de Sn par 100 cc. 


B. tuberculeux cultivé dans un milieu de culture contenant 40mg de Ge 


Repiquage apres 
n jours 


7 
{5 
22 


cavoir s'il existe une diminution de c 
cue les cultures secondes obtenues a 


Durée de 
l'expériene 
en jours 


25 
26 
25 


Cultures témoins 
Poids moyen 
en mg 


573.63 
738.58 
685.83 


TABLEAU 5. 


Cultures a Ge 
Poids moyen 
en mg 


129.25 
593.75 
424.20 


Comparaison des cultures de repiquage. 


Cultures a Sn 
Poids moyen 
en mg 


105.70 
231.00 
199.25 


roissance (tableau 5). Il en résulte 
partir des cultures a Ge ou a Sn 


———— 


Repiquage aprés 7 jours Repiquage apres 15jours | Repiquage aprés 22 jours 
Cultures 3 = 
Ora Pt p t Pp pr ¢ P 

Témoins [573.63 : 738.58 685.83 

Ge 129.25} 6,081} 0.001 )593.75 Ben 52 0.003 |424.20) 4.162 0.004 
Sn 105.70| 6,341 | <.0.001 |231.00 18.280] <<< 0.001 |199.25 22.745| << 0.001 
ee 129.25! 5 672| 0.5. 293*73|10.645| <<0.001 424.20! 3 o40| 0.04 
Sn 105.70 231.00 199.25 


donnent un 


Il y a donc une diminution de croissance. 


On constate de plus que le repiquage 


de différence 


contre, des repiquages effectué 
différence réelle entre les cultur 
moyen des cultures secondes de Sn est 
celui des cultures secondes de Ge. On 
du B. tuberculeux provoquée par l'étain est p 


réelle entre les cultures secondes de 
22 jours montrent une 
es secondes de Ge et de Sn. Le poids 
dans ce cas toujours inférieur a 
pourrait l’expliquer que la lésion 


quée par le germanium. 


Nous avons vu que l’addition 
donne une action inhibjitrice plus 
ent une différente action que l’étain. 
cultures secondes de 
cement on constate a la surface du 
t peut-étre plus tot la surface 


a donc qualitativem 


Ge. Déja deux jours apres l'ensemen 
e, Aprés 17 jours ¢ 
ne voile mince de 
du ballon jusqu’a 26 mm. En ce 
témoins n'est pas encore totale- 


liquide une voile minc 
du liquide est totalement couverte par 0 
De plus la voile monte contre la paroi 
moment la surface de liquide des cultures 


ment couverte. Les cultures secondes de Sn montrent également ce phéno- 


méne, mais il est moins prononce. 


es aprés 15 et 


de germanium 
élevée que celle d’étain. Le germanium 


Un phénoméne intéressant a été observé dans les 


aprés 7 jours 


Ge 


poids moyen réellement inférieur a celui des cultures témoins. 


ne donne pas 


et de Sn. Par 


lus profonde que celle provo- 


a un milieu de culture 


B. tuberculeux. 


Ale 


6. Addition de germanium ou d’étain métallique au cours de la crois- 
sance du B. tuberculeux, 

En ajoutant du germanium ou de I'étain 4 une culture de B. tuber- 
culeux on peut voir si la croissance est arrétée ou bien si la croissance 
est diminuée. Dans le premier cas on compare a la fin de l'expérience le 
poids moyen des cultures avec métal avec celui des cultures témoins 
du méme Age p; au moment de I'addition de métal. Dans le second cas 
on compare 4 la fin de l’expérience le poids moyen des cultures avec 
métal avec celui des cultures temoins du méme Age, p36. 

Pour chaque métal et pour les témoins on prend quatre cultures. On 
ensemence avec la souche Vallée, d'une culture de 25 jours. Durée 
d’expérience 36 jours. Le tableau 6-montre que l'addition de 40: mg de Ge 


TABLEAU 6. 
Addition de 40 mg de Ge/100 cc pendaat la croissance du B. tuberculeux. 


Cultures Comparaison avec Comparaison avec 
Temps Cultures témoins i = 
a Ge P36 Pi 
en jours = & 
pon P era: : P 
15 96.50 140.88 13.399 |<< 0.001; 2.071 0.09 


Si57/ 
22 356.95 73 705.75 6.238 <0.001; 0.586 0.6 
29 694.75 1.2 747 .88 0.089 e059 Hy le%, 0.02 
36 743.78 


p, poids moyen; 7, temps de génération. 


par 100 cc aprés 15 et 22 jours ne donne pas de différence significante 
avec les cultures témoins au moment de I'addition de Ge. Les cultures 
sont donc practiquement arrétées. Liaddition de Ge aprés 29 jours n'a 
aucune influence, les cultures continuent a développer. Il n'y a pas de 
différence entre les cultures et les cultures témoins p3g du méme age. 
On pourrait supposer que pendant la croissance logarithmique le B. tuber- 
culeux est plus sensible a l'action de Ge que pendant la croissance ralentie. 
En effet, on peut constater dans les mémoires précédents 1) que la crois- 
sance logarithmique est pratiquement terminée au bout de 29 jours. 

On constate dans le tableau 7, que l’addition de 40 mg de Sn par 
100 cc ne donne aucun résultat. Les cultures continuent a développe:, 


TABLEAU 7. 


Addition de 40 mg de Sn/100 cc. pendant la croissance du B. tuberculeux. 
i 


Coanires Cultures Comparaison avec Comparaison avec 
Temps témoins a Sn P36 Pi 
en jours = * 
Pp Pp t P t P 
15 96.50 741 8 War AS 0.522 0.6 11.896 << 0.001 
22 356.95 731.03 0.268 0.8 10,938 << 0.001 
29 694.75 735.70 0.174 0.9 2.195 0 08 
36 743.78 


27 
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la différence de poids avec les cultures témoins n'est pas significante. 
I] serait peut-étre possible d’obtenir une difference de poids significante, 
si nous avions utilisé pour l’ensemencement une vieille culture. En effet, 
on constate dans les mémoires précédents 1) qu'une vieille culture est plus 
sensible a l'action de Bi qu'une jeune culture. 


7. Différence d'action de germanium et d’étain ajoutés au milieu de 
culture au cours de la croissance du B. tuberculeux. 


L’expérience précédente de Ge et de Sn étant effectuée en paralléle, 
on est donc en droit de comparer l’action de germanium a celui d’étain. 
Le calcul obtenu est reproduit dans le tableau 8. On constate que l'action 
inhibitrice de germanium est plus élevée que celle d’étain si l'on ajoute 
le métal au 15éme jour, Par contre, l'addition de germanium au 22éme et 
au 29éme jour ne donne plus de différence avec |'étain. 


TABLEAU 8. 
Différence entre l'action inhibitrice de germanium et d'étain ajoutés pendant la croissance 
de B. tuberculeux. 


a 


5 erie Cultures a Ge Cultures 4 Sn 
E . Poids moyen Poids moyen t P 
jours 
en mg en mg 
15 140.88 TAM 13.220 << 0.001 
22 705.75 731.03, 0.501 0.6 
29 747 .88 735.70 0.658 0.5 


On peut en conclure de l'expérience précéd 
manium au cours de la croissance du B. tu 
culture, si l'on ajoute le métal a 
d’étain ne donne aucune action dans tous les cas examinés. 

L’action inhibitrice de Ge, de Sn et de Pb sur la croissance d 


culeux diminue a mesure que le nombre 


Sn (50) et Pb (82). 


Par contre, l'action inhibitrice de As, 


mente en méme temps avec le nombre atomique, As 


accord avec le classement des éléments 


8. Comparaison de Uaction inhibitrice de ger 


plomb avec celle d'arsénic, d’antimoine et de bismuth. 


Les données expérimentales obt 
celles dans ce mémoire permettent de faire ume compara 


entre l'action inhibitrice de Ge et de As, 


Pb et de Bi, Pour cela les poids de microbes 0 
de métal sont rapportés au 


égal a 1. On peut ensuite savoir si la différence entre 


obtenus avec les métaux est significante. 
des calculs. On constate le méme résultat avec 1 
La différence d’action entre Ge et As d'une part et entre Pb et Bi 


ente que l'addition de ger- 
berculeux peut arréter la 
u moins de 22 jours. Par contre, l'addition 


manium, d’étain et de 


enues dans les mémoires précédents et 
ison quantitative 
de Sn et de Sb et enfin de 
btenus avec 10 mg et 20 mg 
poids moyen des témoins. Ce dernier étant 
les poids moyens 
Le tableau 9 montre le résultat 
0 mg et 20 mg de métal. 
d'autre 


e B. tuber- 
atomique augmente, Ge (32). 
Sb et Bi aug- 
(33), Sb. (51) ‘et 
Bi (83). 1) Dans les deux cas l'action inhibitrice de ces éléments est en 
dans le tableau périodique. 


aig: 


part est significante. L’action de Ge (32) est réellement supérieure a 
celle de As (33), par contre celle de Pb (82) est réellement inférieure a 
celle de Bi (83). Il n'existe pas de différence réelle entre l’action inhibitrice 
de Sn (50) et de Sb (51). Ce résultat est en accord avec la conclusion 
donnée plus haut. 

TABLEAU 9. 


Comparaison de I’action inhibitrice de germanium, d’étain et de plomb avec celle 
d'arsénic, d’antimoine et de bismuth, 


Métal Poids moyen t P 
10 mg de métal/100 cc 


Ge 0.042 
16.698 0.001 
As 0.911 ss Sa 
Sn 07525 
Sb 0.578 1.296 0.3 
Pb 0.967 
19.066 <<0.001 


Bi 0.024 


20 mg de métal/100 cc 


Ge 0.033 3.107 0.01 

ne 0.259 

Sn 0.113 

om Pe 0.346 0.7 

Pb 1.208 

ne ae 5.332 <0.001 
Résumé. 


1. Le germanium et l'étain ont une action inhibitrice sur la croissance 
du B. tuberculeux. 

2, Liaction inhibitrice de germanium est supérieure a celle d’étain. 
Le plomb n’a practiquement aucune action inhibitrice. Ce résultat concorde 
avec le classement de ces éléments dans le tableau péricdique. 

3. Le B. tuberculeux n’est pas tué aprés une action prolongée de ger- 
manium ou d’étain. Le repiquage donne cependant une culture moins 
développée, l'action d’étain est supérieure a celle de germanium. 

4. Si I'on ajoute le germanium pendant la croissance du B. tuber- 
culeux, la croissance est arrétée. Dans ce cas l'étain n’a aucune action. 

5. Liaction de germanium sur le B, tuberculeux differe qualitativement 
de celle d’étain. 

6. Li'action inhibitrice de germanium, d’étain et de plomb diminue a 
mesure que le nombre atomique augmente: Ge (32), Sn (50) et Pb (82). 
Par contre, celle d'arsénic, d'antimoine et de bismuth augmente en meme 
temps avec le nombre atomique: As (33), Sb (51) et Bi (83). 

7. L'action inhibitrice de Ge (32) est supérieure a celle de As (33). 
Par contre, celle de Pb (82) est inférieure a celle de Bi (83). Il n'y a pas 
de différence entre l’action de Sn (50) et celle de Sb (51). 

Laboratoire KAMERLINGH ONNES et Instituut v. praeventieve 
Geneeskunde, Leiden, 


Botany. — Contribution to a theory on the absorption of salts by the plant 
and their transport in parenchymatous tissue. By W. H. Arisz. 


(Communicated at the meeting of November 24, 1945.) 


§ 1. Introduction. 


The problem to be discussed here, has to do with the ability of plant 
cells to take up salts from their environment. From vegetationexperiments 
of many investigators, such as TRUE and BARTLETT (1915), PARKER (1927), 
v. WRANGELL (1928), JOHNSTON and Hoacranp (1929) and others, it has 
appeared that plants can absorb anorganic salts even from very dilute 
solutions. This renders it comprehensible that they can also take up an 
adequate quantity of food from the soil-solution and from ditchwater. 
Whereas it was originally thought that the salts are carried along by 
water that the plarit takes up as a result of transpiration, it has become 
clear in later years that the uptake of salt is a complicated process, which 
though it may be more or less affected by water-absorption, for the rest 
takes place independently of it. So it comes to pass that also submerged 
waterplants, which naturally show no transpiration, yet take up nutrient 
substances as salts and aminoacids from the environment. This is partly 
done by their roots, partly by their leaves, as for instance Elodea and 
Vallisneria (ROSENFELS (1935), Artsz). 

Besides roots and leaves a third group of organs is to be mentioned, 
which under special circumstances are likewise able to take up salts. 
Among these are tubers and other organs containing reserve food, which 
have been cut into discs and as a result of the wounding at their surfaces 
possess actively synthetizing cells (SrEwarp). Moreover there is a fourth 
group: organs which have the special function of taking up substances 
from their environment. Of these some instances may be mentioned: 
1. The tentacles of the insectivorous Droseras, which have been exten- 
sively examined by OUDMAN and Arisz and 2. the scales on the leaves 
of Bromeliaceae, the function of which has been investigated by A. 
HarsrecuT (1942). Finally the lower plants may be mentioned here, of 
which especially the unicellular algae have been repeatedly examined. 
(OsTERHOUT, BROOKS, HoacLanD, COLLANDER and many others.) The 
processes in such unicellular organisms seem simpler, but they are less 
suitable for an analysis of the phenomena, because the processes of meta- 
bolism are much more intensive here and have a complicating influence 
on the uptake and transport-processes we are interested in. This makes 
the analysis by these unicellular plants much more difficult. } 

It is interesting to trace whether in the above cases we have to deal 
done by their roots, party by their leaves, as for instance Elodea and 
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with identical absorption processes. They have in common their dependence 
on the aerobic respiration of the plant. There is a difference, because 
the place to which the substance taken up is being carried and the route 
which is followed, are not the same for every case. In the leafcells of 
Vallisneria and Elodea and likewise in the discs of reserve organs, the 
salts chiefly go to the cellsap of the absorbing cells. In the root, however, 
only part of the substances taken up, will be fixed in the vacuoles of 
the absorbing cortical cells. A considerable part is carried to the wood- 
vessels in the central cylinder through the cortical parenchyma cells and 
the endodermis. Especially this latter process has to be considered as the 
proper task of the root. The well-known experiments of HoaGLaNnp and 
BroyER on the absorption of salts by the root have been made in such 
a way that the first process, in which the substances are secerned into 
the vacuoles of the cortical cells is much more striking than the second 
process, the transport to the xylem vessels. This is due to the way in 
which these experiments have been made. Excised root systems are used, 
in which the wood vessels have been opened, so that part of the sub- 
stances given to them, is returned to the liquid nutrient. By a suitable 
preliminary treatment in a nutrient solution poor in salt, the tissue is 
iow in salt at the beginning of the experiments, while care has been taken 
that there is a sufficient quantity of reserve food. The result is a strong 
accumulation in the cortical cells. Owing to this the results of their 
experiments show a strong resemblance to STEWARD’s on accumulation 
by potato-discs. They are, however, not comparable with the experiments 
on the absorption of. salt by various other investigators who worked with 
roots with normal salt content that had not been cut off, as for instance 
those by LuNDEGARDH, where the substances are chiefly given to the 
woodvessels and the accumulation in the cortical cells is a matter of 
secondary importance. 

We shall revert to the analysis of these processes in the root, when 
discussing the permeability of the tissue and in § 7. Here we may point 
out that in all these cases absorption and loss of substances by the proto- 
plasm go together. For though we usually speak of absorption of sub- 
stances by the vacuole, it is more correct to consider this process from 
the angle of the protoplasm and to speak of secretion into the vacuole, 
especially if we have to deal with active processes here. On the one 
cide the protoplasm absorbs the substance from the cell wall and the 
medium, on the other side releases it to the vacuole. This points to the 
fact that absorption and secretion are processes experimentally difficult 
to separate. The secretion of substances by the protoplasm externally, 
as it occurs in gland cells or in excretory organs such as salt glands and 
nectaries, may be considered a related process. 

Not only are absorption and secretion of substances by the protoplasm 
processes which are closely connected, but to these may be added the 
transport of substance in the protoplasm, which can no more be strictly 
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separated from them. Every absorption and secretion is attended by a 
movement of the substance in the protoplasm, even in a unicellular 
organism, where the substance from the environment is carried through 
the cell wall and the surface zone of the protoplasm to the more inward 
part of the plasm, whence it can permeate through the tonoplast into 
the vacuole. With multicellular organisms the movement is more striking, 
for there the surface layer of the epidermal cells absorbs the substances, 
whence they are transported to the adjacent cells. Thus transport from 
cell to cell in the cell walls and the symplasm is possible in the paren- 
chymatous tissue. In the roots too the substances have to be transported 
over a rather long distance in a radial direction. In the tentacles of 
Drosera the transport from the glands to the leaf by the cells of the 
tentacles comes to the fore. These are specialised transport organs 
(Arisz 1944), Absorption, secretion and transport therefore are three 
processes, which are closely related and cannot easily be circumscribed. 


§ 2. Permeability, intrability and transmeability. 

From a great number of researches it has appeared that the absorption 
of salts into the vacuole occurs on lines entirely different from those 
followed by most organic substances. Only the dissociated organic sub- 
stances, as the amino-acids, show some correspondence with the salts 
(Arisz and OUDMAN 1938). Before proceeding to set forth the different 
behaviour of these substances, we have to discuss the terminology of 
the penetration ‘of substances into the cell. To indicate that a substance 
passes through the plasm, we usually speak of permeation. The plasm is 
then called permeable to the substance. If like PFEFFER we consider a 
plant cell as an osmotic system, the semipermeable membrane is the 
boundary surface of the protoplasm. There are two of these boundary 
surfaces to the plasm, one bounding it on the outside and one contiguous 
to the vacuole. Through H. DE VRIES’ fundamental researches, it has 
become possible to determine the permeability of the plasm for various 
substances as glycerine and ureum. The permeability of the protoplasm 
which was determined in these researches, therefore, comprised both 
boundary surfaces and the plasm between them. Later HOFLER introduced 
the terms intrability and intrable to indicate that a substance permeates - 
into the plasm through the surface zone, but cannot go through the tono- 
plast to the vacuole. Though this terminology is historically compre- 
hensible, it may lead to misunderstanding and trouble, The difficulties 
are chiefly of two kinds. In the first place we speak of permeability by 
animal cells in which a vacuole is lacking and the same holds good of 
plant cells without vacuoles, when a substance penetrates the protoplasm. 
On comparing the permeability of vegetable and animal tissue or cells 
with and without vacuole, we consequently often compare heterogeneous 
quantities. The intrability of one kind would have to be compared with 
the permeability of another, In the second place confusion may arise 
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when a substance permeates through a tissue. This may happen without 
the substance permeating into the vacuoles of the cells. In that case 
the substance must permeate through the plasmalemma and move in the 
plasm without proceeding through the tonoplast, after which the sub- 
stance can leave the plasm of the cell in order to continue its journey 
in an adjacent cell. If the representation is correct that the plasm of 
adjacent cells is connected by plasmodesmata, we have to do here with 
a transport in the symplasm. A fine example of this kind of plasm- 
permeability is found in the endodermis sheath in the root. According 
to DE Rurz DE LaviIsoN various salts in a high concentration, which 
causes plasmolysis, permeate into the central cylinder. In doing so they 
have to pass through the plasm of the endodermis cells, as along the 
radial and cross walls no substances can be transported, because the 
cork-bands of Caspary prevent this, whereas with plasmolysis of the 
endodermis cells the connection between plasm and cork bands is pre- 
served. (cf. fig. 1.) In such a case we are entitled to speak of plasm- 


Big-f 1. 
Transverse section of a plasmolysed root, 
S = cortex. E=endodermis, C=stele. CBi= Band of CASPARY. 
The plasmolysing solution in penetrating the stele has to pass the plasm of the cells of 
the endodermis. 


(From RUFZ DE LAVISON.) 


permeability. This is no intrability, because the substance leaves the plasm 
again. We may arrive, however, at entirely wrong conclusions, if we 
compare the results obtained in this way for permeation through the 
plasm, with those obtained for permeation of the substance through the 
plasm from environment to vacuole, in which case the tonoplast has to 
be passed too. In order to avoid confusion, it is desirable to indicate one 
of the two processes by an other name. In order to maintain the word 
permeability for cells possessing no vacuole, such as all animal cells, it 
is desirable to give a different name to the penetration from the environ- 
ment through the protoplasm into the vacuole. In this case we shall use 
the terms transmeability and transmeation. The protoplasm, thegefore, 
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that allows a substance to pass through both membranes, through plasma- 
lemma and through tonoplast will be called transmeable here. We then 
arrive at the following definitions. The general conception penetrable 
will be expressed by permeable, This may obtain for the wall, the plasm 
or for plasmalemma and tonoplast separately, If an exact indication of 
the kind of permeation through the plasm is desired, we use intrable to 
designate that the substance permeates through the plasmalemma into 
the plasm and transmeable when the substance passes through plasma~- 
lemma as well as tonoplast to arrive in the vacuole, If the substance does 
not pass through the tonoplast, but leaves the plasm through the plasm- 
alemma, we speak of permeable sensu stricto. 

If we abide by this terminology, it may be prevented better than has 
been the case hitherto, that processes of various nature are put on a level. 
If we consult summarizing works on permeability, as e.g. Das Permea- 
bilitats Problem by GELLHORN, it strikes us that not even an attempt has 
been made to separate the data on intrability from those on transmeability. 
Indeed the investigators themselves repeatedly leave it undecided which 
‘quantity they have determined. This for instance holds good of those, 
who compare data’ on Bacteria and other unicellular organisms, which 
possess no or only small vacuoles with those on higher plants where 
transmeability has been determined. It may be imagined that in some 
cases it may occur that the tonoplast is better permeable than the 
plasmalemma, In that case it will make no difference whether an investi- 
gation is made into intrability or transmeability. Instances of cases in 
which this has actually been investigated, are certainly not abundant. 
The same objection obtains for a survey by Kano (1926) in ,die Ergebnisse 
der Biologie’, where data on intrability in higher plants are being com- 
pared to those on transmeability without it being considered that this is 
not permitted without comment. Also. LUNDEGARDH’s method (1911) to 
determine the permeability of the root from the change in length of its 
apex by permeation of substances, deserves further study, because we 
are not sure which quantity was determined in these young cells rich 
in plasm, With this type of experiments it is possible that in older cells 
transmeability is determined, in the younger cells intrability. The meaning 
of the terminology proposed here, is to get a better base for comparative 
observations, 

We shall now proceed with the discussion of the permeation of various 
substances. We already stated that dissociated substances behave differ- 
ently from non-dissociated ones. About the permeation (here: trans~- 
meation) of this latter group of substances we have obtained good in~- 
formation through the researches of HOFLER and CoLLaNDER with their 
collaborators. We know that they can more or less penetrate into the 
vacuoles of the living cells through diffusion and that this process is 
dependent on the ,transmeability of the protoplasm. The permeation into 
the vacuole and the exosmosis of the absorbed substance from the vacuole 
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when the cells are again submerged in water, are diffusion-processes 
which proceed in the same way in either direction. Transmeation through 
the protoplasm is determined by the size of the molecules and by the 
lipoid-solubility of the diffusing substances. In case of. equilibrium the 
substances in the vacuole will be present in the same concentration as in 
the medium, unless the solubility of the substances in the cell sap is 
different from that in the external solution or the substances are being 
chemically converted or fixed. This may cause an accumulation of sub- 
stance in the vacuole, but it is of a nature quite different from the accu- 
mulation which often occurs on accumulation of salts, when the substances 
are piled up in the vacuole unaltered and are found there in a dissolved 
condition. 

For salts too it is assumed by various investigators that they permeate 
through the protoplasm. Especially in Beggiatoa mirabilis a great per- 
meability to salts was found by RuHLanp. The researches by FITTING, 
Weixt Hoffman, JARVENKYLA and MarkLunp have shown that in higher 
plants salts can permeate through the plasm in a slight degree (permeate 
used here in the sense of transmeate), It remains, however, uncertain 
whether in experiments with non-balanced solutions we have to deal with 
a normal behaviour of the protoplasm. Besides we have to consider that 
these experiments have often been made with concentrated or fairly 
concentrated salt solutions, so that they do not prove that very low 
concentrations, such as act a part in the environment, can pass as well. 
Objections to plasmolysis-experiments have been repeatedly been raised 
(RuHLanp, ILjin, STILES, Scumipt, Arisz and vAN Dijk). We shall see 
in the next section that there is reason to surmise that from such low 
concentrations there can penetrate ions into the protoplasm, but that a 
passive diffusion of dissociated or non-dissociated salt molecules in the 
vacuole is improbable. This makes us suppose that the positive results 
obtained with high concentrations of a one-salt-solution might be connected 
with modifications in the conditions of the protoplasm, which are brought 
about by the abnormal concentrations of certain ions, after the ions have 
penetrated into the protoplasm through the intrable outer layer. It is 
known that one-salt-solutions, such as are used for plasmolysis-experi- 
ments, are extremely poisonous as nutrient solutions, Moreover by the 
use of high osmotic concentrations the plasmolysis method causes alte- 
rations in the protoplasm which hinder its normal function, which according 
to Arisz and vAN Dijk appears from the fact that the active uptake of 
asparagine is considerably hampered. In still unpublished researches the 
great sensitivenous of the active salt uptake has appeared for one-salt- 
solutions, even in a very dilute solution. 

In correspondence with this are the experiences with ,,Kappen’’-plasmo- 
lysis, a phenomenon by which the cytoplasm swells strongly, According 
to H6FFLER this swelling is brought about by an enhanced intrability of 
the protoplasm due to the concentrated salt-solution. Different researchers 


426 


among whom SEIFRIZ, LEPESCHKIN and H6OFLER assume that the plasm-~- 
alemma allows ions to pass, the tonoplast does not, Solutions so highly 
concentrated as are used for permeability-experiments, however, don’t 
act a part in the environment of most organisms. By the absorption of salts 
from ditch-water or from the soil we have to deal with much lower con- 
centrations 1/10000 to 1/100000 mol and on the question whether such 
low concentrations permeate or not plasmolysis-experiments can throw no 
light. To be sure, in the organisms living in the sea the salt-concentrations 
in the environment are much higher, but it is surprising to find that the 
composition of the cell sap also in unicellular weeds living in the sea may 
considerably differ from that of the environment (OstTERHOuT), which 
surely does not suggest permeability of the plasm for these ions. On the 
ground of his experiments with unicellular weeds CoLLANDER has arrived 
at the conviction that the plasm as a whole does hardly allow any salts 
to pass and one should rather be surprised that the protoplasm is so 
little permeable to salts. By the very impermeability of the protoplasm 
maintaining a high osmotic concentration in the vacuole is possible. So 
when we notice that substances which do not permeate are yet accu 
mulated in the vacuole this points to the existence of a process through 
which these substances are taken up from the environment into the proto- 
plasm and are passed on by the protoplasm to the vacuole. Our intention 
is to analyse this process of absorption in this article. It may be divided 
into the following parts which will be treated separately. 
They are: 1. the uptake of ions from the environment into the protoplasm. 
2. the secretion of ions by the protoplasm into the vacuole. 
3. the transport of ions in the protoplasm and from cell to cell. 
It is not our intention to give an extensive discussion on the mechanisms 
of the interchange of ions, of the transport in the protoplasm and of the 
accumulation in the vacuole. It may, however, be valuable to analyse the 
combined action of the various processes and to throw some light on some 
essential points in the salt-absorption of the root, 


§ 3. The uptake of ions into the protoplasm. The permeability of the 
surface layers of the protoplasm. 


From the great number of experiments made in the last few years with 
radio-active ions, it has become clear that they are easily taken up into 
the plant. If a plant with roots is placed in a medium with radio-active 
ions, their presence in the root can be demonstrated after a short time. 
Next they penetrate into the wood vessels and they are rapidly spread 
through the whole plant with the transpirationstream, STOUT and Hoac- 
LAND also found a strong lateral transport through parenchyma-tissue 
{rom the wood to the cortex. 

From experiments by JENNY, OVERSTREET and Ayers with radio-active 
ions it appears that the outer layer of the protoplasm is penetrable for 
ions. If a plant which has taken up radio-active potasium ions, is trans~ 
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ferred to a solution without radio-active potassium ions, there ensues a 
loss of radio-active potassium ions, if a potassium salt is present in the 
solution, which is, however, not the case when the medium is pure water 
or a solution of salts with other cations, as sodium, This points to an 
interchange of radio-active potassium ions and non-radio-active ones, and 
it may be concluded from this fact that under normal circumstances 
potassium ions from the medium are continuously interchanged with 
potassium ions from the plant. The surface zone of the protoplasm is. 
therefore permeable to these ions. The same obtains according to these 
investigators for radio-active sodium- and bromine ions. If therefore a 
plant does interchange radio-active potassium against other potassium- 
ions, but not against sodium-ions, which are present in the medium, this 
is not due to the fact that the plant does not allow these ions to pass. 
but because the conditions for interchange are not present. From this it 
may be concluded that the surface layer on the outside of the protoplasm 
renders interchange of ions possible. This may be called interchange- 
permeability of the surface-layer. 

OVERSTREET and Broyer investigated into the uptake of radio-active 
potassium in barley. This may be an active absorption in the sense of 
Srewarp and HoacLanp or a cation interchange. At 0° C. radio-active 
potassium is taken up as well, but as at this temperature no active ab- 
sorption can take place, the uptake must be entirely based on the inter- 
change of cations under these circumstances, This interchange proved to 
continue till a limit is reached at which 10 % of the total quantity of 
potassium present in the roots has been interchanged. The remainder of 
the potassium is not interchanged. The writers state that the inter- 
changeable potassium "is believed to be associated with the colloidal 
phases of the protoplasm and cell wall’. From this it follows in my 
opinion that the potassium present in the vacuoles cannot be interchanged 
at 0° C. If one conceives that the protoplasm of the parenchymatous cells 
forms one coherent whole, which deserves the name of symplast, this 
means that from the whole symplast potassium ions can interchange with 
ions of the medium, but that the potassium present in the vacuoles is 
not interchangeable. 

This makes us surmise that in these experiments the vacuole-bounds 
are impermeable to potassium-ions, It was, however, shown by JENNY and 
OveErSTREET that in a medium of acid clay colloids (pH 2.9—3.5) the 
potassium from the vacuole can be replaced by hydrogen as well, because 
they found that as much as 20 % and even more of the potassium present 
can be interchanged with H-ions. From this they concluded that all 
phase-boundaries are permeable to cations in both directions. They, how- 
ever, inform us that in experiments with acid clays the cells are damaged, 
so that the permeability of the tonoplast may be founded on its damaged 
condition. In less acid clays the cells were not damaged irreversibly. Yet 
in our opinion normal physiologic conditions are out of the question in 
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these experiments as well, so that it seems possible that here too under 
the influence of the high concentration of the H-ions in the medium the 
conditions of the protoplasm and of the surface-layer of the vacuole 
have been changed in such a way that the tonoplast is no more capable 
of checking ions. 

In connection with these researches we shall discuss here a research 
of Mazia’s on Elodea, from which it also appears that the tonoplast 
as contrasted with the plasmalemma is impermeable to certain ions. In 
Elodea no calcium is present in the vacuole, while calcium that gets into 
the vacuole immediately crystallizes as calciumoxalate. Indeed there is 
calcium in the protoplasm; this may be removed from the cell by potas- 
sium citrate, without its being irreversibly damaged. If it is subsequently 
brought into a solution of calciumchloride, the plasm again absorbs 
calcium ions. The presence of calcium in the protoplasm may be demon- 
strated by the fact that with certain stimulation reactions (Mazia and 
Crark) calcium is released to the vacuole and crystals of calcium oxalate 
are formed. The vacuole wall therefore is in this case under normal 
circumstances impermeable to calcium ions, while the plasm can easily 
deliver and absorb calcium ions through interchange with other cations 
Mg, Sr, Ba, K, Na ‘in the medium (Mazia 1938), These data point to 
the fact that interchange of ions between plasm and medium can easiliy 
take place, but that the vacuole cannot allways participate in it, because 
the tonoplast does not allow all ions to pass. Mazia, however, like HEIL- 
BRON assumes that as a result of the stimulation the plasm sets free Ca- 
ions, so that they diffuse in the vacuole. 

Brooxs and Brooxs (1941) also hold that ions easily penetrate into 
the protoplasm, provided there are other ions that leave the plasm at the 
same time. Both ions in the surface zone and ions from the whole plasm, 
which are combined with proteins there, participate in this. 

Brooxs found a similar interchange of ions by Nitella for potassium 
and rubidium, but not for bromine. He stated (1937) that if a Nitella cell 
is brought into a solution of radio-active potassium, for the first six hours 
no radio-active potassium penetrates into the vacuole, whereas already 
after a few minutes radio-active potassium has penetrated into the proto- 
plasm through interchange of ions. It seems to me that from this fact 
it may also be concluded that between vacuole and protoplasm inter- 
change of ions does not occur or with great difficulty, Brooks himself, 
however, assumes that ions get from the plasm into the vacuole by a 
‘concentration gradient through diffusion. - All the above researches 
therefore support in our opinion the conception that the protoplasm and 
its surface zone are permeable to ions, but that certain ions cannot pass 
into the tonoplast. Yet we see in some cases that exosmosis of actively 
absorbed substances from the vacuole occurs. If for instance the proto- 
plasm and the tonoplast are in abnormal circumstances, the surface zone 
of the vacuole may temporarily become permeable to ions, so that exos- 
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mosis of ion pairs or interchange of cations and anions may take place. 
Such an exosmisis was found (Arisz 1943) as a reversible phenomenon 
in Vallisneria leaves when after taking up asparagine, they are trans- 
ported to another solution, pure water or a fresh asparagine solution, in 
which there are not any salts, Evidently in order to remain in an active 
condition the protoplasm with its two surface layers needs a medium of 
a definite composition in which various cations and anions have to be 
present in an extremely low concentration. By release of ions to the 
medium the normal condition of the protoplasm is restored after some 
time; then the protoplasm is again capable of taking up asparagine, This 
conception corresponds with the data in literature on the toxicity of 
distilled water and of salt solutions and agrees with the views on anta- 
gonism of ions of SEIFRIz, LEPESCHKIN and HO6FLER. 

It has appeared from different experiments that besides through inter- 
change ions can also be taken up without ions of the same charge being 
released at the same time (LUNDEGARDH, HoacLanp). In this case in order 
to maintain the electric equilibrium, ions with an opposite charge must 
be taken up, either as ion pairs or as Brooks and LUNDEGARDH suggest, 
because at certain points cations and at other points anions enter. Now 
the question will have to be answered whether ions can be taken up into 
the plasm to an unlimited amount. It is probable that they are partly 
free, partly bound to the plasm, This binding will probably be of a 
chemical nature, but it behaves as an adsorption binding. For convenience 
sake we talk in this case of adsorbed ions. All ions in the plasm, except 
of course those which are built-in in stable chemical compounds, that is 
both adsorbed and free ions, can be interchanged with ions from the 
medium. 

The concentration of the free ions present in the plasm, is probably 
determined by Donnan equilibria. In addition the distribution of ions 
between plasm and medium will also be influenced by the ‘diffusion 
effect”, studied by TEoRELL (1935), in consequence of the diffusion 
outward of a dissociated substance. The ions in the protoplasm cannot 
be present in a higher concentration in a free state than the one fitting 
these equilibria. Otherwise they would leave the cell through the outer 
layer, which is permeable to ions, whereas from numerous researches it 
appears that for instance to distilled water no or exceedingly few ions 
are released. 

In order to continue the uptake of ions from the medium as a con- 
tinuous process, the ions adsorbed to plasmic particles in the surface zone 
should be removed and leave room for the binding of other similar ions 
from the medium. From the experiments of JENNY and others with radio- 
active ions it appeared that simultaneously ions from the plasm go to 
the medium and vice versa. Owing to the removing of ions from the plasm 
at a constant speed a streaming of ions will result from the medium to 
the protoplasm. 
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This conception of the uptake of ions corresponds very well with the 
quantitative data on the strength of ion absorption from solutions of 
various concentrations. In the most varying objects it has always been 
found that from low concentrations the uptake is relatively greater than 
from high ones. The curve showing the connection between the con-~- 
centration of the absorption and the concentration of the solution in the 
medium -has the course of the adsorption isotherm of FREUNDLICH. Various 
investigators have considered this as an indication that the substances 
in the cell would be bound by adsorption (STILES, LuNDEGARDH). Others 
(HoaAGLAND, COLLANDER) on the contrary believed that the substances 
are present in the vacuole in a free state. SCARTH and especially VAN DEN 
Honerr pointed out that this course of the curve can likewise be ex~- 
plained by the fact that an adsorption process has a limiting effect on 
the uptake. 

So in his experiments on the uptake of phosphates VAN DEN HONERT 
comes to the conclusion that the ions are adsorbed at the surfacezone 
and are removed to the vacuole at a constant speed. The amount of ions 
taken up is on the one side determined by the amount of ions adsorbed 
at the surface zone, on the other side by the speed of removal. For this 
purpose VAN DEN HONERT makes use of the image of the conveyor-belt 
which had already been used by VAN DER Wey for the transport of 
growth substance before, 

The process of the transport of ions in the protoplasm will be dis- 
cussed in § 5. Below only the first part of the process is treated, the 
adsorption of the ions to the protoplasm. From the above it may be 
concluded that there is a tendency to attain an adsorption equilibrium 
between the ions which are bound in the outward layer of the protoplasm 
and the active concentration of the ions in the medium, Such an adsorp- 
tion-equilibrium will generally be rapidly achieved, so that this process 
develops in most cases so quickly that the adsorption-equilibrium is 
approached. LUNDEGARDH (1941) found that the formation of the electric 
potential at the root surface for H-ions was reached in 0.75 sec., while 
on exchange of a 1/10000 into a 1/1000 m. salt solution, the formation 
takes place in 1 to 4 seconds, dependent upon the nature of the cation. 
This longer duration would indicate a diffusion over a distance of 2.9 w as 
far as the adsorbing surface zone. 

Various investigators have found the laws of adsorption applicable to 
the uptake of ions by the plant. We only mention STILES 1924, SCARTH 
1925, LEMANCzYK 1926, NIKLEWSKI, Krause and LEMANCZYK 1928, WRAN- 
GELL 1928, LuNDEGARDH 1932, 1935, 1938, 1940, Peris 1936, LAVOLLAY- 
1936, Our own researches on the uptake of substances by the tentacles 
of Drosera and those on the uptake of substances by Vallisneria pointed 
to the significance of adsorption processes as well, This can therefore be 
based on the view that the first phase of the process of uptake is an 
adsorption to the plasm and that the concentration of adsorbed ions 
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is one of the factors determining the strength of the transport of ions 

So in the preceding discussion we arrived at the conclusion that the 
outer layer of the protoplasm allows ions to pass, whereas the tonoplast 
may inhibit the passage of certain ions. The question may now be 
raised whether only ions which are adsorbed by the plasm can penetrate 
into the protoplasm, or that also ions can be taken up without being 
adsorbed to the surface zone. No direct data bearing on this subject are 
known. Though the pores will not be very narrow, because, as will be 
subsequently discussed, the protoplasm of leaf- and root cells is intrable 
for sucrose (see pag. 21) it is conceivable that owing to their charge 
the free ions cannot penetrate through the pores, whereas they will be 
able to do so, when they are adsorbed by the plasm (cf. PFEFFER and 
SCH6ONFELDER), because in that case they have a larger part of the pore 
at their disposal. On the ground of the above representation that an ad- 
sorption process has a limiting influence on the uptake, it is likely that 
only adsorbed ions can be taken up. If free ions also penetrated this 
relation would be impossible. Whether the binding of the inward-directed 
ions to the plasm already occurs in the surface zone or in a layer lying 
more inward, cannot be decided and does not matter here. Since in the 
protoplasm both cations and anions are bound, they may be simultaneously 
moved in the protoplasm and secreted into the vacuole. The behaviour 
of the ions discussed here only obtains for very low concentrations, as 
required for experiments with nutrient solutions. In higher concentrations 
and especially in such high concentrations as are used in plasmolysis 
experiments, the physico-chemical properties of the protoplasm will be 
modified by the entering ions, This gives rise to phenomena as '’Kappen’’~ 
plasmolysis. Owing to the higher concentration of the medium a new 
. equilibrium of the ions in the protoplasm will be formed. If a one-salt- 
solution is used, the relative ratio of the different ions in the protoplasm 
will be altered. As for a normal functioning of the protoplasm the ratio 
of the different ions must remain within certain limits, the physico- 
chemical condition will change, when these limits are exceeded. In that 
case the permeability of the tonoplast may alter likewise. Hence that in 
plasmolysis experiments results may be obtained about the permeability 
of the protoplasmic membranes which are different from those obtained 
in experiments with lower salt concentrations, 

If the above conception of the permeability of the protoplasm and its 
membranes is correct, the accumulation of substances in the vacuole is 
in many cases an active secretion. The energy required for this process 
is provided by aerobic respiration. Of course this does not alter the fact 
that also in the protoplasm in the way indicated by TEORELL and also 
through chemical reactions substances may be accumulated. 


§ 4. The secretion of ions into the vacuole. The accumulation process. 


In many experiments it is impossible to determine with certainty wether 
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a substance that has been taken up by a cell, is present in the plasm, 
in the vacuole or in both. In’ fact this can only be ascertained for those 
cells that possess so large a vacuole that the cell-sap can be analytically 
examined. Only in a few cases the presence of a substance may be 
concluded from a chemical reaction, which brings about a visible alte- 
ration, Therefore experiments with weeds consisting of large cells such 
as the Characeae, Chara and Nitella and also with Valonia and Halo- 
cystis are of great value, because in those the cell sap can be analytically 
examined. STEWARD, however, drew attention to the fact, and also CoL- 
LANDER’s observations are in accordance with it, that these cells show a 
relatively slight accumulation. Though Brooks contests STEWARD and 
Martin's conception that Valonia is little active, by pointing out that 
their metabolism is active in proportion to the amount of protoplasm, this 
does not alter the fact that active accumulation in these cells is slight 
with respect to the volume of the sap. The experiments with these or- 
ganisms, however, indicate that by active processes substances can be 
accumulated in the vacuole. For cells of a tissue we must do with less 
accurate methods. The investigators who analyse expressed sap from 
tissues in order to, trace whether substances have been taken up, have 
to face the difficulty of proving that this expressed sap, at least in the 
main, corresponds with the vacuole sap. It appeared that especially in the 
last few years there was no unanimity on this head, It may, however, be 
expected that in cells with little protoplasm the sap, which is being ex~- 
pressed, after the protoplasm has been killed, will in the main correspond 
with the vacuole sap (STEWARD 1932, BROYER and Hoacianp 1940). 

A third method to trace whether substances are taken up in the vacuole, 
is the simultaneous determination of the osmotic value of the cell sap 
and of the amount of substance taken up in the cell. In tracing this a 
good correspondence between increase of osmotic value expected and 
found was ascértained in some cases (Arisz and VAN Diyx, Arisz 1943). 
Neither does this method give any certainty, because the change of 
osmotic value may as well be caused by ana- or cata-tonosis. 

On the ground of researches with radio-active ions BRooKS arrived 
at the conclusion that Nitella first accumulates ions in the protoplasm 
and does not pass them to the vacuole until later. The accumulation in 
the vacuole therefore would be a result of a previous accumulation in 
the protoplasm and would not take place contrary to the concentration~- 
gradient. COLLANDER could not corroborate these data by Nitella. A priori 
it does not seem probable that in the protoplasm an unlimited accu- 
mulation of freely diffusing ions could be maintained, while the outer 
layer of the protoplasm allows ions to pass. The view we developed in 
the preceding section that the tonoplast does not allow ions to pass, is 
conditional for the maintenance of salts in a higher concentration in the 
vacuole than in the protoplasm and the medium. 

Also if one assumes, as has been done here, that for accumulation of 
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substances in the vacuole a concentration-gradient plasm-vacuole, is not 
required, the accumulation mechanism will have to be localized in the 
protoplasm contiguous to the vacuole, and one will after all be able to 
agree to the conception of Brooks: "The concept which we wish to 
bring out, is that the protoplasm is the agent which is important in accu- 
mulating electrolytes’. 

On the nature of the accumulation mechanism, i.e. the uptake of ions 
by the vacuole various investigators have given theories, see among others 
Briccs, OsTERHouT, LunpEGARDH and Hoacianp and Broyer’s criticism 
(1940). We shall not go further into this in this article and consider this 
process either a consequence of the accumulation in the protoplasm or a 
secretion into the vacuole, in the way the protoplasm secretes substances 
to the vessels or to the medium (active hydathodes). Energy is needed 
for this performance. 

The consequence of this accumulation must be further discussed here. 
For the organism it means that the osmotic value of the vacuole is being 
enhanced. For the growth of the cells this is essential, because the pumping 
in of osmotic substances into the vacuole of growing cells maintains a 
turgor pressure which is conditional for cell-elongation. This moreover 
depends on the presence of a number of growth factors, as growth sub- 
stance and cell building material (cf. pag, 23). To the essential significance 
of this secretion process BURSTROM and FREY-WYSSLING recently also 
drew the attention. 

When the question is asked whether the accumulation in the vacuole 
is of any consequence for the transport of substances in the tissue of the 
plant, this question must be answered in the negative, for it seems to be 
a not very efficient mechanism for this purpose, For instead of making 
the substances available for transport, they are fixed in the vacuole. The 
data on root systems of plants of high or low salt-concentration (Hoac- 
LAND and BroyeEr) show, however, that the accumulation in the vacuole 
does not continue in an unlimited way and in connection with the enhanced 
osmotic value there may exist a limit, at which the accumulation decreases 
or stops. This puts an end to the accumulation in the vacuole, so that the 
substances become available for the adjacent cells in larger quantities. 
In this connection it is interesting to point to a supposition we made 
regarding the transport in the Drosera tentacles (Arisz 1944), In these 
typical transport organs the vacuoles would be nearly put out of use 
through the aggregation of the cells of the tentacles, while the plasm 
through swelling takes up a volume as large as possible. With these 
specific transport cells therefore no or hardly any accumulation of the 
transport-substances into the vacuoles of these cells would take place. 
For transport purposes the cytoplasm is of pre-eminent importance. 


§ 5. The transport of ions in the protoplasm.: 
The experiments with radio-active ions prove that the ions not only 
28 
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penetrate into the cells contiguous to the medium, in which the radio- 
active ions are present, but that they are also easily transported from 
cell to cell and in consequence of this have been spread over large pieces 
of parenchymatous tissue after a short time. A transport of ions from 
cell to cell is therefore possible. Now that we have seen that the surface 
zone of the protoplasm allows ions to pass for interchange and the inner- 
layer, the tonoplast, may be impermeable to ions, only cell wall and cyto- 
plasm are to be regarded for this transport of ions. 

The experiments with radio-active ions are not the only examples of 
such a transport. We know that also under the influence of clays sa- 
turated with bases, in which the active concentration of the cations at 
the surface is very high (JENNY), interchanges of ions with large tissue- 
complexes take place. With these experiments it cannot be doubted that 
the ions which are present in the plasm are replaced by ions from the 
medium. In the experiments of various investigators, regarding the ex- 
cretion by the roots of ions coming from the shoot (PRIANISCHNIKOW, 
AcHROMEIKO, ScuMipT, LutKuss and BorricHER) this process must take 
place through large strands of parenchymatous tissue. It is not known 
how far the release of ions from the above mentioned parts is based on 
a transport along special tracks (phloem), but partly this will no doubt 
be a transport through parenchymatous tissue. Also the radial transport 
of radio-active ions, which Stour and Hoacianp found in the stalk, 
must be transport in parenchymatous cells. 

These phenomena therefore make the impression that through the 
plasm ions can be easily moved along fairly long distances and it seems 
likely that the adjacent cells are bound by plasmatic connections and form 
a symplasm (Miincn). In the symplasm ion transport can easily take place. 

If, however, we don't hold by Miincn’s symplasm hypothesis, we shall 
have to assume that the transport does not occur in the cytoplasm of the 
cells, but that in addition the cell-wall and the outer layer of the proto- 
plasm will have to be passed, As the cell-wall is comparatively thin and 
the outer layer of the plasm allows the ions to pass, the ion transport will 
in principle take place in the same way as in'a symplasm, but it will 
be greatly retarded by the diffusion from cell to cell. 

The mechanism of the ion transport in the plasm is too hypothetical 
as yet to be treated extensively. In a previous publication (Arisz 1944) 
we pointed out when discussing the transport in Drosera tentacles that 
the transport of ions in the cytoplasm through binding to the protoplasm 
is conceivable in two ways. It may be imagined 1. that the ions bound to 
protoplasmic particles are transported by the streaming protoplasm, so 
that we have to deal with protoplasmic streaming; 2. that the ions first 
bound to the outer layer of the protoplasm proceed to other plasmic- 
particles and from these again to others, etc., so that therefore the ions 
are transported in the plasm, each time bound to other particles of 
protoplasm, 
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The first hypothesis was also discussed by LunpgcarpDH in 1932. He 
says on p. 227: :'"Durch solche Massenstrémungen wiirde natiirlich ein 
Durchtritt von gelésten Korpern auch in dem Fall stattfinden k6nnen, 
wenn die Diffusionspermeabilitat sehr gering oder gleich Null ist, Wenn 
namlich der geléste Kérper durch chemische Bindung oder Adsorption 
von den Partikeln der dusseren Grenzschicht des Kolloids aufgenommen 
wird, so kann es bei Konvektionsbewegung der Kolloidpartikeln doch 
durch die Schicht hindurchgehen. Dieser theoretisch denkbare Fall von 
Konvektionspermeabilitat scheint bisher nicht beriicksichtigt worden 
zu sein.” 

LuNDEGARDH points in this connection to the theoretically conceivable 
case that ions are taken up without permeating into the plasm (cf. LUNDE- 
GARDH 1940 p. 263). As, however, interchange of ions also takes place 
at a low temperature, at which the protoplasmic streaming ceases, this 
possibility should in my opinion not be considered as an explanation of 
the passing of the surface layer. 

A transport of substances bound to protoplasmic particles virtually 
resolves itself into Huco pe Vrigs’ old theory on the influence of proto- 
plasmic streaming on the transport. According to this the movement of 
the plasmic particles causes the transport of substances. 

The second hypothesis that the ions go from one plasm-binding to 
another, has certain advantages, especially if the conception of a sym- 
plasm is correct. For in that case the ions can be spread over the whole 
symplasm in the same way. If, however, the symplasm-hypothesis is not 
correct, we shall have to assume that the ions get from one cell into the 
other by diffusion and in the case of polar transport by electric forces 
as well, by which each time both the outer layer of the protoplasm and 
the cell wall have to be passed. 

Indeed there is not a very great difference between the two hypo- 
theses, as probably the invisible transport of ions will bring about visible 
protoplasmic streaming, as VAN DEN Honert (1932) has proved likely by 
means of model experiments. In that case protoplasmic streaming is not 
the cause of the transport of substance, but an attending phenomenon. 
Firtinc’s researches with Vallisneria leaves on chemodinesis of various 
substances would indicate that owing to the emersion of a leaf in a 
solution containing a chemodinetically working substance, the latter is 
taken up in the cells and causes a microscopically perceptible streaming 
in the protoplasm. When after some time the substance is equally dis- 
tributed over the complex of cells, the protoplasm again settles down. 
This is not the place to point out the many points of correspondence 
between protoplasmic streaming and transport of substance, both in the 
transport of growth substance (BoTTELIER, Du Buy and OLson, THIMANN 
and SWEENEY) and in the transport of salts (Arisz, tentacles of Drosera 
and still unpublished researches on salt transport in Vallisneria). The 
theory of JENNY and OveErRSTREET (1939 cf. fig. 2) on transport along 
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surface boundaries indicates a possibility, how transport of ions along 
surfaces can rapidly take place (cf. LUNDEGARDH 1940, p. 369). If the 
ions in the plasm are bound to substances like proteins, they may also 
interchange in a similar way between adjacent ion-binding areas. If, 
however, the ions are more firmly attached to the proteins, so that such 
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A. Schematic representation of diffusion of ions in colloids. 
The dotted lines circumscribe the oscillation spaces of the adsorbed ions. 
B. Scheme of the movement of a positive ion along a boundary. 
The oscillation spaces of the adsorbed ions partly coincide, which makes a faster 
movement possible. 
(From JENNY and OVERSTREET. ) 


an interchange cannot easily take place, we may be reminded of the short 
life of these proteins, as it appears from newer data on substances con~- 
taining radio-active atoms, in which the ions are set free, when the 
protein is decomposed. May be rhythmical processes as JANSSEN imagines 
by the synthesis of substances in the organism, may act a part in these 
ion movements. The cause of these ion movements will have to be found 
in concentration differences which are caused either by a higher active 
concentration in the medium or by a lower active concentration in the 
regions of growth and synthesis in the plant. In § 8 this will be further 
discussed, Seeing the transfer of unequal amounts of cations and anions 
would cause an accumulation of electrical charges, a simultaneous transport 
of anions and cations in the protoplasm will as a rule have to be assumed. 
In how far in synthesis processes cations and anions can locally be used 
up in unequal quantities and the levelling of the difference in charges 
may take place at a different point in the plant, we cannot express an 
opinion on. BREAZEALE (1923) seems to have conceived something like this. 


§ 6. Permeability of tissues. 


It appears from the preceding discussion that in order to understand 
the transport of ions in tissues and particularly in the root, we must get 
away from considering the behaviour of separate cells. We must con- 
sider the parenchymatous tissue as one whole and therefore we speak of 
the permeability of a tissue in distinction of the permeability of a cell 
or of the plasm of one single cell. The phenomenon of the plasm-trans- 
meability (see the definition on p. 25) is very material from the stand- 
point of cell physiology, because it defines what substances diffuse’ in 
the vacuole. From the standpoint of tissue physiology, however, this 
cellular phenomenon is less important. Here we are not concerned with 
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the introduction of substances into the vacuole, but with the permeability 
of the plasm in that sense that substances can pass the plasm of the 
whole tissue. The permeability of the tissue concerns the penetration into 
the protoplasm (intrability), the further transport through the plasm from 
cell to cell and the possible release of the substance. In this process the 
outer surface layer of the plasm is passed at any rate ,but this need not 
be the case with the tonoplast, so that the being taken up into the 
vacuole or not is of no consequence. Hence the fact that from experiments 
from which it appears that a tissue is permeable, we may at most draw 
conclusions as to the intrability of the cytoplasm, but not as to its trans- 
meability, while it must be considered whether the substance may be 
transported along the cellwall without concerning the protoplasm. An 
instance, making this clear, has already been discussed viz. the permeating 
of concentrated salt solutions through the endodermis sheath of the root 
(cf. p. 4). Here we still wish to discuss K. PEris’ experiments (1936). 
She found that roots of Phaseolus multiflorus, which suck up water from 
a potetometer with a constant speed, take up less liquid from the moment 
when the water is replaced by a salt solution. It is comprehensible that 
the suction tension of the salt solution retards the uptake of water 
(BriEGER 1928). After some time, however, the uptake of water increases 
without reaching its original strength. This increase in water absorption 
she explains by permeation of the salt solution into the cells of the root 
and she makes use of this phenomenon to compare the permeation of 
various salt solutions. By permeation she means the penetration of sub- 
stances through the plasm into the vacuole. Let us assume that. this 
phenomenon is indeed connected with the penetration of salts into the 
tissue of the root. 1) It is then permitted to speak of plasm permeability, 
as only the penetration of the salts into the protoplasm (symplasm) in the 
direction of the woodvessels is concerned. If this takes place the re- 
sistance of the symplasm decreases and the absorption of fluid must 
increase, Only the cell wall and the plasmalemma need be passed. From 
these experiments, therefore, we may at most draw a conclusion about 
the intrability of the plasm and the ability of special substances to be 
transported through the symplasm of the root cells. On the transmeability 
of the plasm and the permeability of the tonoplast these experiments can 
certainly not give us any information. That is why a comparison of the 
results of these experiments with those of Firtinc, BARLUND and H6FLER. 
who investigated into the transmeability, is not permitted. Similar con- 
fusions are repeatedly found in literature (cf. p. 424). 


1) Here we may point to the possibility that as a result of decreased water supply, 
the suction tension in the leaf cells, which is the cause of water transport, increases. As 
for bleeding SABININ found a similar phenomenon, it is probable that the penetration of 
salts also acts a part. 
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In the preceding discussion the process of ion-transport has only been 
discussed in its simplest form, as it will proceed in a symplasm or in a 
complex of identical cells. We already discussed in § 1 that in the root 
two processes take place side by side: 1. an accumulation of substances 
into the vacuoles of the parenchymatous cells of the cortex and 2. a 
transport of substances to the central cylinder and secretion to the wood 
vessels. By the root hairs of the epidermal cells salts are absorbed from 
the environment. They must be transported through the plasm of the 
cortical cells to the central cylinder, but on their way there the plasm 
of the cortical cells may be able to secrete salts into the vacuoles of 
these cells. This does not preclude that salts also penetrate into the root 
through the walls of the parenchyma cells of the cortex. Together with 
the absorbed water they are transported in the intermicellar spaces of 
the cell walls (SrRuGGER and RoucHat) and may penetrate into the plasm 
of the cortical cells. This renders it comprehensible that with a stronger 
water-absorption more salts are taken up, because in that case’not only 
the whole surface of the epidermal cells, but also that of the cortical cells 
adjoins the external golution. Of course this is only material if the con- 
centration in the external solution is very low, so that the strength of 
the absorption is also determined by the extension of the absorbing surface. 

The salts which are transported in the cell walls and in the plasm 
of the cortical cells of the root, arrive through the endodermis in the 
central cylinder and are there given off to the wood vessels. The con- 
centration in these vessels can become considerably higher than in the 
medium (HoacLanpD and BRoYER). Together with the water present in 
the vessels the salts are transported to other parts of the plant and again 
taken up into the plasm and the vacuole by the living cells of leaves 
and branches. Part of the salts is absorbed in the growing parts by the 
synthesis of protoplasmic substances, another part is being secerned in 
the vacuoles the remainder would be transported to the basal parts of 
the plant through the sieve vessels, According to Mason and MAsKELL 
(1931) nitrogen, phosphor and probably also potassium and some other 
ash-constituents would take part in this transport, while calcium remains 
in the leaves and is not transported in the phloem. 

The process in which salts are absorbed from the medium and excreted 
to the wood vessels, requires a further discussion. Crartrs and BROYER 
gave an interesting explanation of this, According to them the external 
conditions, especially the oxygen supply would be for the cortical cells 
different from what it is for the cells lying inside the central cylinder, 
because the former tissue is well-supplied with oxygen through air canals, 
whereas in the central cylinder the cells fit together without intercellular 
spaces and are consequently badly provided with oxygen. Under these 
circumstances the cortical cells would take up salts actively; but the cells 
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of the central cylinder release salts. It is quite possible that this theory of 
CrarT and Broyer’s is based on a correct thought. It assumes, however, 
an active salt accumulation by the cortical cells in the protoplasm. Accord~- 
ing to STEWARD, HoacLanp and others, the active accumulation in the 
cortical cells is based chiefly on the accumulation in the vacuole and this 
is of no consequence for a transport to the central cylinder (cf. § 4). 

The salt transport from medium to woodvessels can’t be a simple 
diffusion process, because the concentrations of cations and anions in the 
xylem vessels may be higher than in the medium, so that the uptake and 
transport of ions to the wood may occur contrary to a concentration 
gradient. This cannot but imply that we have to deal with an active 
mechanism. This mechanism, may be, as we saw, the accumulation mecha- 
nism of the cortical cells, but there is also another possibility which will 
be discussed here, 

In this connection we may remind of the fact that in experiments on 
the influence of the environment on the composition of the bleeding sap, 
a similar result was obtained, viz. that the ions in the bleeding sap may 
be present in a higher concentration than in the environment. LAINE (1934) 
found that here the same connection exists between the concentration 
of the bleeding sap and that of the environment as with an adsorption 


process between the amount of adsorbed substance and the concentration 
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of the environment, so that FREUNDLICH’s formula holds good, s=kc"” 
in which s = concentration of the bleeding sap and k and n represent 
constants which are different in the case of potassium, calcium and man- 
ganese. This points to the fact that the process of bleeding, by which 
substances from the environment are absorbed and transported to the 
xylem conforms to the same law as the absorption by the root and the 
leaves. In § 3 we ascribed this phenomenon to the adsorption-binding of 
the ions from the environment to the protoplasm and the removal of the 
adsorbed ions at a constant speed, With the secretion of substances into 
the vacuole the cause of the transport of ions is to be found in an active 
process that secretes the ions into the vacuole. Here a similar active process 
may assert itself which removes the ions from the surface layer and which 
is the cause of their transport in the symplasm of the cortical cells. As a 
result new ions are continuously adsorbed from the environment, next 
transported and finally given off to the woodvessels. The concentration 
of the ions in the woodvessels can then rise above that in the environment. 
The situation therefore is such that in the symplasm and the cell walls of 
the central cylinder a higher salt concentration may prevail than in that 
of the surrounding tissue, 

Now it is known from anatomical data that on the boundary line of 
cortex and central cylinder the endodermis sheath is found. This can 
only allow the salts to pass through the plasm of the cells (DE Rurz DE 
Lavison 1911). The bands of Caspary prevent a flow of the salt ions 
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from the central cylinder through the walls of the endodermis cells to 
the cortex and environment, so that here only transport of ions through 
the plasm of the endodermal cells can take place. It is therefore obvious 
to look in the endodermis for the cause of the active transport of ions, 
though it is not excluded that other cells in the central cylinder have 
the same function. If this conception should be correct, the cells of the 
endodermis would have a secretory function (cf. Ursprunc 1925, GUTTEN- 
BERG). There are several data that indicate that this function varies 
specifically for different ions. Some ions are easily transported between 
environment and wood vessels, others less easily. WIERSUM's experiments, 
which have been made in this laboratory and have not yet been fully 
published, show this. Wiersum (1944) traced bij roots of Vicia Faba 
how salts brought into the woodvessels can permeate through the central 
cylinder and the cortex to the environment. He found that calcium-ions 
pass well and potassium-ions less easily. These are experiments in which 
the permeability of the root tissue was examined, and from which it 
appears that calcium-ions can be easily transported through the root tissue 
in a radial direction. In WHERSUM’s experiments the uptake of water 
proceeded in a direction opposite to that of the salt transport. The trans- 
port, therefore, need not be a passive carrying along by a watercurrent, but 
may very well be based on diffusion and ion movements in the cytoplasm. 

Scumipt (1936) found that the uptake of ions in Sanchezia nobilis is 
accelerated by transpiration. This obtains for calcium, magnesium, nitrate 
and phosphate, but not for potassium. BérricHEeR and BEHLING found for 
maize that transpiration but slightly accelerates the uptake of potassium 
and phosphate, but strongly accelerates that of calcium. All these ex- 
periments show that calcium can fairly easily be transported through the 
system: environment-cortex-endodermis-centralcylinder-woodvessels, but 
that potassium behaves differently, It may be taken into consideration, 
whether the different behaviour of these ions is dependent on the more 
or less active transport of these ions. 

Though not in a direct way concerned with the permeability of salts, 
yet it is worth while pointing out in this connection that also organic 
substances behave in the same way. Both PEris and WIERSUM state that 
sucrose permeates fairly easily through root tissue. This result shows 
that the surface layer of the cytoplasm is permeable for sucrose. Evidently 
we have methods in hand here to ascertain the intrability of the plasm 
for various substances. 

Of course it need not be added that the permeability of the tonoplast 
for sucrose is a problem in itself, In the case of sugar it may be expected 
that the outerlayer is permeable, the tonoplast is not. The plasm therefore 
is intrable for sucrose. WEEVERS already defended this conception in 
1931 (cf. also NATHANSON and BENECKE and Jost I. p. 32, 1924) and could 
explain both the phenomena in plasmolysis through a sucrose-solution 
and the formation of starch in the cells of leaves that floated on a sugar 
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solution. If sugar is found in the vacuole, this must be a result of metabolic 
processes, in which the sugars are accumulated or perhaps more exactly 
secerned into the vacuole, so that an accumulation may be brought 
about there. 


§ 8. Schematic representation of the processes for the uptake of elec- 
trolytes by the plant. 


In the preceding sections the different sides of the problem, how ions 
are taken up, have been discussed. We shall now proceed to treating a 
scheme on the uptake of salts and other electrolytes by the plant, which 
gives a summary of the insight obtained and consequently links up with 
the conceptions of other investigators, 

Such a schematic representation offers the advantage that various 
points must be accurately formulated, in doing which it may appear how 
far we are still removed from a correct insight into these intricate 
processes. 

The process of the uptake of ions may be divided into various phases. 
The first two phases are the uptake of the ions into the outer layer of 
the protoplasm, their binding at certain points and the movement of the 
ions in the protoplasm or in the symplast, If the temperature in which 
the organism is, is low or the vital processes are inhibited in another way, 
only an interchange of ions is possible. This occurs when the plant is 
transferred to an environment of a different composition. If, however. 
the plant is active, a third phase appears, in which ions are removed 
from the plasm by several causes. The local consumption of ions causes 
a disturbance of equilibrium in the symplasm, of which a movement of 
ions is the result and which ultimately causes an uptake of fresh ions 
{rom the environment. In this case an equal amount of cations and anions 
will have to be removed or if either of them preponderates, ions from 
the plant will have to be given off to the environment at the same time. 

Removal of ions from the symplasm may take place in three different 
ways, viz. by consumption of ions through the synthesis of new sub- 
stances, through secretion of ions to the vacuole, and through actively 
secerning cells. For the development of these processes in the living or- 
ganism a protoplasm functioning normally is required. Besides both syn- 
thesis and secretion are dependent on respiration, because both are 
processes using up energy. As a result these processes will no more proceed 
normally in case of withdrawal of oxygen. 

After all it is of little consequence whether we identify the active 
uptake of substances with the whole process of the uptake of ions from 
the outer layer to their consumption, or whether we will only give this 
name to part of this process, viz. the secretion to the vacuole. We shall 
speak of active uptake, when ions are withdrawn from the medium and 
they are fixed in either of the above ways by secretion to the vacuole 
or to other places or by using up by synthesis. 
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It has been indicated in the scheme (fig. 3) that between medium M 
and vacuole V the cytoplasm is found with its surface layers plasmalemma 
P, and tonoplast Py. With the active uptake by a cell adjoining the outer 
solution, the ions will have to pass these layers in order to be taken up 
into the vacuole, The scheme shows that the accumulation in the vacuole 
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Fig. 3. 
The uptake and transport of salts in parenchymatic tissue of root and shoot. 
W = cell wall. 


P =symplasm. 
P, = plasmalemma. 
P. = tonoplast. 
M = outersolution. 


may take place by secretion of ions by the cytoplasm into the cell sap._ 
In this process the tonoplast does not allow these ions to pass through 
diffusion, Ions being in the protoplasm may be moved in the protoplasm 
without needing to pass plasmalemma or tonoplast. This is expressed by 
the conception symplast. 

In the symplast a movement of ions can take place and in every cell- 
vacuole ions can be accumulated by a mechanism lying in the adjoining 
protoplasm. 

In addition the scheme shows that in growing parts ions are fixed. 
Growth is dual: growth of plasm owing to synthesis of cell substances, 
when ions are fixed, and besides growth in volume by stretching of 
the cellwall. 

The process of cell enlargement is based on turgor, active intus- 
susception, growth substance and cell building material (cf. p. 14), The 
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tendency to maintain the turgor pressure and the taking up of water by 
the vacuole must be the result of simultaneous secretion of osmotically 
working substances in the vacuole, which causes water to be taken up. 
i can not agree with Frey WysSLING who postulates an active uptake of 
water. As both the tonoplast and the plasmalemma are permeable to water 
this process would have no influence at all. ] consider the active uptake 
of water, which has béen demonstrated by the experiments of Miss. 
REINDERS in this laboratory as a consequence of the active secretion of 
osmotic substances into the vacuole. Active secretion of substances into 
the vacuole is therefore conditional for the growth of the cell. 

Both for synthesis and secretion ions are withdrawn from the symplast. 
By synthesis of amino-acids and proteins nitrogen in the form of NHy 
or NOs; will be withdrawn from the symplast and S- and P-ions can 
also be fixed. The colloidal substances formed will moreover adsorb ions 
such as K, Mg, Ca, etc. 

In growing parts therefore anorganic ions are absorbed directly and 
indirectly through synthesis, while besides a continuous secretion to the 
vacuoles takes place. The influence of the endodermis on the transport 
of the salts in the root has not been shown in this scheme (cf. § 7). The 
scheme only refers to parenchymatous tissue in general. 


Summary. 


An analysis is given of the uptake of salts by plants. This is a general 
physiological phenomenon common as well with unicellular organisms 
as with higher plants. Besides there are organs which have the special 
function of absorption and transport e.g. the tentacles of Drosera, 

The root takes up salts from the surrounding solution or from the 
soil and moves them to the xylem-vessels and to the young growing cells 
at its apex. Moreover the cortical cells are able to accumulate salts in 
their vacuoles. This process is characteristic for most living cells, it 
requires energy that is produced by aerobic respiration. 

The problem is considered whether the boundaries of the protoplast, 
the plasmalemma and the tonoplast are pervious to salts. Experiments 
with plasmolysis seem to prove this. Arguments are given that under 
normal conditions the plasmalemma is permeable to ions but that the 
tonoplast behaves differently and may be impermeable to certain ions. The 
data about the permeability of the boundary layers of the protoplasm are 
insufficient to give a definite opinion on this point. 

The consequence of the impermeability of the tonoplast for certain sub- 
stances or ions is that there must be an active secretion process in order 
to accumulate them into the vacuole. 

The opinion is given that the ions in the peripheral layer of the proto- 
plasm are bound to plasmatic substances and that there exists an 
adsorption-equilibrium between the ions in this layer and in the sur- 
rounding solution. The consequence of a change in the composition or 
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strength of this solution is a change not only in the peripheral layer of 
the protoplasm but also in the whole symplasm of the communicating cells. 

If ions bound to protoplasmic particles are removed somewhere in the 
symplasm- by local consumption, there results a transport of ions and 
new ions from the medium wil be bound, The strength of this ion-transfer 
is limited by the adsorption equilibrium at the surface layer. 

The movement of the ions in the plasm is a submicroscopical process, 
which becomes perceptible in the microscopically visible protoplasmic 
streaming. This explains the parallelism between both processes, that has 
also been found with the transport of growth-substance. 

The cause of the removal of ions from the symplasm may be 
1, their use in synthetizing new compounds in the protoplasm and the 
binding of ions by the newly formed substances; 

2. the secretion of ions out of the protoplasm to the vacuole; 

3. the secretion of ions out of the protoplasm to the exterior e.g. to 
the xylem-vessels., 

An accumulation of salt-ions in plant cells may be caused by different 
processes. It may be an accumulation in the cell-wall, in the protoplasm 
or in the vacuole. The ion-content of the protoplasm wil probably depend 
on Donnan equilibria and on the diffusion effect studied by Teorell. 
The accumulation of ions into the vacuole must be considered as an 
active secretion-process by the contiguous protoplasm, if the tonoplast is 
impermeable to these ions. 

The above-exposed theory of salt uptake is in harmony with our 
knowledge about the salt content of the plant. The uptake of ions depends 
on the constitution of the surrounding solution though by specific ad- 
sorption by the protoplasm the ions can be absorbed in other ratio than 
they are present in the medium, The ions are transported for a great deal 
to places where they are used for the building or enlarging of young cells. 
As a consequence the quantity of ions present in the plant depends as 
well on the composition of the outer solution as on the specific properties 
of the various tissues. 
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Applied Mechanics. The generalized buckling problem of the circular 
ring. By C. B. BIEZzENO and J. J. Kocu. 


(Communicated at the meeting of November 24, 1945.) 


1. Introduction. It is well known, that a circular ring, subjected to a 
uniform radial pressure q per unit of circumferential length is apt to buckle 
under the action of one of the so-called “critical’’ loads q = (n2—1) El/r3 
(n integer and = 2), EI representing the flexural rigidity of the ring and r 
its radius. This case of buckling is analogous to the buckling of a straight 
rod under the action of two compressive forces, as far as the cross-sections 
of both ring and rod are loaded by a normal force of constant magnitude. 
If a straight rod is loaded by a prescribed system of axial forces, so that 
the normal force of the cross-section varies with its coordinate, proportional 
increase of the loadsystem, say to the multiple 2, leads as well to critical 
buckling loads. The (positive or negative) value of the factor of magni- 
fication 2 can best be found by a method of iteration 1). It is obvious, that 
for the circular ring the analogous problem exists, if only it is subjected 
to an external loadsystem such that in every crossection of the ring the 
bending moment M and the shearing force D are zero, whereas the normal 
force of the section varies with its coordinate. Evidently the first of these 
conditions will not be fulfilled if the ring is loaded by an arbitrary system, 
of radial and tangential forces; but is will be shown in section 2 that every 
loadsystem can be split up into two components A and B, the first of which 
will be called the ‘‘compressive”’ system, because it is characterised by 
M = D = 0, whereas the second one will be called the “bending” system, 
characterized as it is by N = 0. 

The first system A, if suitably magnified, leads to the generalized buck- 
ling problem of the circular ring, which will be treated in this paper, but it 
is seen at once, that an arbitrary loadsystem, consisting of both components 
A and B, gives rise to a problem, which again is analogous to a well-known 
problem, viz. the straight rod subjected to axial thrust and transverse 
bending loads. Just as well as with the straight rod the axial forces tend 
to increase the deflections caused by the transverse loads, the A load- 
system of the circular ring will affect the deflections due to the B-system. 
In a subsequent paper this latter question will be treated in connection with 
a particular problem, which led the authors to the present investigation, 
and which itself will be treated in a third communication. 


1) Comp. f.i, C, B. BIEZENO und R, GRAMMEL, Technische Dynamik, Chapt. VII, 7, 
509 (Springer 1939). 
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2. The Aand B-system. If a ring is subjected to radial and tangential 
loads q and t per unit of circumferential length the equilibrium of a 


ringelement requires 


N ay —qrdy—dD =0 N—D’=qr 
dN+Ddgy+trdp=0 resp: N'+D=—tr >. .- (1) 
dM + rdN + tr? dp =0 MN =e 


(@ denoting the angular coordinate of the ringelement under consideration). 
The requirement D = M = 0 leads to 


N=ge oh NS ie ee ee (2) 
from which it follows, that a A-loadsystem is characterized by 
pe gh pron ie a eee) 
At the other hand the condition N = 0 requires 
— D'=qr D=—tr Mis --tr? 0 cc edo ee 
from which it is seen, that a B-loadsystem is characterized by 
G20 cow segs ee oe (5) 


It can easily be shown that any arbitrary equilibrium loadsystem (q, t) 
can be decomposed in a unique way into a A-system (q*,t*) and a B- 
system (q**, f**). Let all quantities be expanded into their Fourier-series, 
so that: 


= ao > axcos ko + > by sin ky, a ae cos kp + Fay sinkp (6) 
1 1 1 1 
Gea ae By cos ky + Sbi sin ko, f=} + Sch cos ko +> di sink (7) 
1 1 1 1 
Ga agrr zat cos kp+s' by‘ sinkp, f=cy + Sct cos kos d;* sin ke (8) 
1 1 1 1 


then it must be remarked beforehand, that in consequence of the equili- 


brium-conditions 
2x 2a ax 
J (q sin y + t cos ¢) rdp=0. | (q cos p—t sin p) rd = 0, Jirdp=o (9) 
0 0 0 
the following relations hold y 
b, Fe, =0 “ay dj —0 cya 0 es oe (10) 

Analogously the conditions 

bt +c, =0 a; —d; =0 G22! Sto. ee 

bs + c=0 ai*—d"*=0 C07, oe ee 


must be fulfilled. 


2) Strictly spoken it must be proved that inversely (3) leads to D = M = 0) and (4) 
to N =0. This may be left to the reader. 
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Furthermore we have, in consequence of (q,t) = (q*,t*) + (q**, #*) 
aj t+ ay = 4) ap ap — 4, yucls ocd gms #1) 
Coro = % Cte =H did doin 27) (14) 

in consequence of t* = —q*: 
coU Pe ad giask arts 5 i.e APO) 


in consequence of q** = ¢**: 
Pe an eR LK Wo ye ae 
ay == 0 KCoa a eee 23” (16) 


From these equations we deduce, having due regard to (10), (11) and (12) 


a, = a5, a5 == = 

ata" —4ta,, bi =b =4b,,c=co=— 4b,.d =—dy = ta, 
ed ee a tei 
dj= pags 6S I, ee eer 
Gaps aot fap pit 


Therefore the A and B components of the loadsystem (q, t) are represented 
by 


q=at+ta cosp +f] a= ak = 1 ar | coskp+4b,sing +. 


~, 1 k 
+ §[—piyhe pore | sake 
_ - (18a) 
f= 4b cosn +S] pty bet payee [eoske + bassin e+ 
ea k ice 
+8[— pipe tparé |snee 
Ba ef ke k ones me 
q =a cosp + 2 a ea tt cosk » + $b, sin py + 
ca k? k : 
+S] pee taro [sink 
, (185) 


o = 1 
t =—4b,cos + 3 — sat gh prize [conker tdavsing + 


k 1 
ies [2 poy as | sin k p 
. 29 
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In the following sections attention will only be paid to A-load systems. . 


3. The differential equation of the buckling ring. The differential 
equation of a bent circular ring, the central line of which does not change 
its length is represented by 


t., Bes 

-— —= —., 1 

aren EI 7) 
(1/r = curvature of the unbent ring, 1/g = curvature of the bent ring; 
M = bending moment, positive if it increases the curvature of the ring; 


EI = flexural rigidity of the ring). From geometrical deductions it follows 
that 


=e ; ah ec? as ee eee 


u representing the increase of the radius vector r. From eqs. (1) it follows, 
by eliminating N and D: 


iM" 4 Me — qc al. ee 
and from (21) and (19) we find 
/ 4 
(u’’ a ae f (u’’ ae u)’ _(q wee (22) 


This equation can be applied to a buckling ring subjected to a critical A- 
loadsystem (q*, t*) if only q and t be replaced by those supplementary 
loadcomponents to which — by the deformation of the ringelement 
— the prevailing external and internal loads q‘tdy, t*rdy, N and N + dN 
give rise. Two different cases must be distinguished, according as the 
external loads q* and ¢* keep their directions with respect to the ring- 
element or with respect to a fixed system of coordinates. In this paper we 
confine ourselves to the first one, so that q has to be replaced by 


SENT ( pa = N(u’ + 1a)/r2 (comp. 20) and t by zero. 
O cr. : 


\ 


Consequently eq. (22) changes into: 
[N (u’’ + u)] ‘0? 


(a +n)” +(a” +0)= Sue Aiea (23) 
If we denote uw” + u by U, eg. (23) can be replaced by 
a MAN 
uU +U=,,U+C . ee 


where C represents a constant of integration to be found in the course of 
our investigation. ; 
Both quantities N and U are periodic functions of » with the period 22, 
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so that they may be expanded into Fourier-series: 


INE= 2.IN, = 4 [AG 42 Axcoske + 2 Besinkg} ) 
=1 k=1 

(25) 

U=ay-+ Sarcosty + Sbsint | 

=1 i=) / 


These expressions, however, are subject to some distinct restrictions, which 
must be discussed beforehand. 

Firstly it must be remembered that we have to deal with a closed ring, 
so that — if the ring was cut at say p = 0, and if the disturbed internal 
forces were restored — neither relative displacements nor relative rotation 
of the opposite ends of the ring would occur. These conditions are analytic- 
ally expressed by the equations 


2x 


22 2x 
Mird p=0, (Faroe =0 feces a? mA (2O) 
‘0 0 0 


EI 


relating to well-known properties of the so-called “reduced” bending 
moment M/EI. As, according to (19) M/EI is proportional to uw” +u—U, 
we find 


22 


au 2a 
‘[Udp=o, ‘[Usinede=o. [Ucosrdy=0 Se epe O74 | 
0 


0 
from which it follows that ' 
eee aoe Dag: Beachner setreity, ot G}3 (28) 


All further restrictions (relating to N) follow from the fact, that (24) 
must identically be fulfilled if N and U are replaced by the expressions 
(25). To control this required identity the product NU, occurring at the 
right hand side of (24), evidently must be written in terms of cos and sin 
of multiples of p. In doing so it is seen at once, that no terms Ay, cos m and 
B, sing in N are admitted if U contains the terms a, cos2q and 
by sin2 p; otherwise the product NU would give rise to terms cos p and sin p 
in the right hand side of (24), which in virtue of (28) are missing in the 
lefthand side. The presence of A, cos w and B, sin would require the 
disappearance of ay cos 2 and by sin 2p in U, so that the Fourier-series 
for U should have to start with a3 cos 3 and bz sin 3 py. However, the 
product of these terms with A, cos p and B, sin g would in the righthand 
side of (24) now produce terms with cos 2p and sin 2 p which, in conse- 
quence of the preceding remark, are absent in the lefthand side. Proceeding 
in this way all terms of U must disappear, and therefore we conclude, that 
no equilibrium position of the ring, different from the circular one, exists 
if A, and B, are different from zero; any departure of the circular shape 
sets the ring into motion, 
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Moreover all multiples of ~, occurring in the remaining terms of N must 
have a factor, different from one, in common, The statement is proved by 
showing first, that the presence of two terms cos k,p and cos kyy, k, and 
ky having no factor in common, leads to an absurdity. It is seen at once, 
that in such a case U is deprived from its terms cos (k,;+1)q, sin 
(k, = 1), cos (kg +1), sin (ky + 1), because otherwise the righthand 
side of (24) would contain the terms cos w and sin , which do not occur 
in the left hand side. But then terms of the type cos (2k, +1), sin 
(2k, +1), cos (2k. +1)y, sin (2k) + 1)p are as well forbidden terms 
for U; if such terms would exist, the righthand side of (24) would contain 
terms cos (k, + 1) a.s.o. which — after the preceding statement — do not 
occur in the lefthand side. Proceeding in this way, we find that all terms 
cos (ak; + 1)q, sin (ak, + 1)@, cos (Pky + 1), sin (Bky + 1) op, (a and p 
representing arbitrary pos. or neg, integers) are forbidden terms for U. 
A similar reasoning leads to the conclusion firstly, that terms of the type 
cos (ak, ko +1), sin (ak, + ky +1) are inadmissable, then that all 
terms cos (ak, + Bk + 1), sin (ak, + Bko + 1) must be excluded in u 
(a and f representing arbitrary pos. or neg. integers). But this means that 
all terms in U have to be excluded because of the fact that any integer 
may be written as ak, + ko, provided only that k,; and ky have no factor 
in common, Again, if N should contain the terms cos kyp, cos kyp, cos 
ka~,—ky, ko, ky having no factor in common — all terms cos resp. sin 
(ak, + Bko + yk3 + 1)@ (a, B, y pos. or neg. integers) would be excluded 
from U, but this again would mean that all terms of U should vanish; a.s.o. 
Our final conclusion with respect to the possibility of buckling of the ring 
therefore is: 
1°. All multiples of in the Fourier series of N must have a factor in 
common. 

2°, If the greatest factor in common of all these multiples is called p, the 
terms to be excluded from U are agp, a, cosy, by sing, aapii COS 
(ap+1)@, bape sin (ap+ 1), a representing any integer pos. 


number + 0. 
One way in which we could now pursue the solution of eq. (24) would 
consist in substituting the expressions (25) — liable to restrictions laid 


upon them — into (24), and by identifying the corresponding terms of 
both sides of this equation; this would lead to an infinite system of recur- 
rent relations between the coefficients a: and by. Though in fact we do not 
intend to follow this way, one useful remark, to which this method would 
lead us, must be made, viz. that the system of relations just mentioned 
breaks up into a number of minor systems, each of which relates to a 
distinct class of coefficients az, bi, 1 being defined by 


q=0,2,3...°=* podd 
[=-+ q, modp fo Eee 
q@==0, 230er p even 
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(If g = 0, the value / = 0 obviously must be excluded). With any pres- 


ae or 7 cases in 
every one of which UW is composed exclusively of terms relating to one 
of the congruences (29). 

We conclude this section by a remark with respect to the constant of 
integration C, occurring in eq. (24). If the product NU in the righthand- 
side of this equation happens to miss a constant term after being written 


as an ordinary Fourier-series, then C must be suppressed; if not so C 


. 


cribed p our buckling problem therefore is split up into 


serves to annul this term. 

4. The integral equation of the problem. In the next sections up from 
sect. 5, eq. (24) will be solved in an iterative way. The justification of 
this method, however, makes it desirable to express our problem in terms 
of an integral equation, which therefore will be deduced first. To this end 
we apply to the ring an equilibrium loadsystem consisting of a concentrated 
force P of unit magnitude, acting at the fixed point (jy) and a com- 
plementary continuous radial load q,, which at any point (~) of the ring 
amounts to q, = —P cos (py —y)/ar. The bending moment at the point » 
of the ring, due to this loadsystem is called K(y, y). It has been stated in 
sect. 3 that the deformation of the buckling ring must be maintained by the 
continuous radial load ANo(wy) U(w)/r2, where ANo(y) stands for the 
normal force in the cross-section (y) and —U(w)/r? for the local change 
in curvature. If every infinitesimal part ANo(y) U(w) rdyir? of this load 
(acting on the ring element rdy) is supplemented by a continuous load all 
over the ring of the specific amount —ANo(w) rdy/r2 — cos (p — yp) /ar, 
then the total bending moment M, at the angle ~ amounts — in accordance 
to the just given definition of K(g, y) — to 


2a 
Ce eee Tage Oe Ce ek 0) 
0 
whereas at the other hand (comp. (20) ) 
TU( 
Mpa Nah) 


Consequently U, satisfies the integral equation 
2a 


ee ee ah aM ane vy 


0 
which also may be written as follows: 


[VN |= fy UW) | | yates | ) re 


/ SA Pig: ”| dep 


Bon 


The kernel eee Noy) - © K(g,y) of this equation is sym- 
El Et 
metrical with respect to gm and wy in consequence of the fact that K(9, wy) 
— by its mechanical meaning — is symmetrical with respect to its argu- 
ments. Therefore all general theorems, relating to homogeneous integral 
equations with a symmetrical kernel can be applied to this special equation. 
In particular it may be remembered: 1°. that there exists an infinity of 
characteristic numbers 7 for which eq. (32) is satisfied in general by one 
and exceptionally by more corresponding characteristic functions Uy 23; 
that any two characteristic functions U, and U, corresponding to different 


characteristic number 2, and A, are orthogonal in that No(¢) Ui(¢) 


Us(y~)dp = 0; 3°. that any arbitrary function V(q) can be expanded 
into a series of the characteristic functions U. 

It must be emphasized that our deductions only have a bearing on our 
proper problem if the infinite collection of introduced supplementary con- 
tinuous loads —ANo(y)U(y) cos (p — p) dye? does influence the ring 
nowhere. The effect of these loads at a fixed angle is represented by 

2a 


pet (im (y) Uy) cos(~—¥) dy =—A cos lie (y) U (y)cosy dy— 
a if 
0 


0 


2a 
ih} sinp [ o Lily) gee dy 


0 
which really is zero in virtue of the equilibrium-equations 


2% 22 
ilies zu COS yO, oe aoe sin’ 450 


0 


of the buckling ring. 

Yet the problems represented by the eqs. (24) and (32) are not identical, 
for eq. (24) restricts itself to those loads NU/r2 which are in equilibrium 
whereas eq. (32) equally refers to loads NU/r2, which — not in equilibrium 
themselves — are balanced by a suitable load a cosy + 6 sing. The reason 
of this discrepancy obviously is due to the fact, that in section 3 in the 
expression for N (25) the terms cos » and sin m and in the expression 
UI (25) the terms cos ly and sin Ip (1 = + 1 mod p) explicitely have 
been suppressed. Not before these exclusions should have been raised and - 
the congruences (29) should have been completed with = +1 mod p, 
(mechanically spoken, not until the buckling problem treated in sect. 3 
should have been extended to such cases, in which the supplementary 
buckling loadsystem — eventually not in equilibrium itself — is balanced 
by a suitable radial loadsystem of the type (a cos p + b sin @)), complete 
conformity between eqs. (24) can exist. Obviously this conformity ‘is 
formally indispensable if the theorems connected with eq. (32) shall be 
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transferred to eq. (24); especially if it is stated that any arbitrary function 
V (q) can be expanded into a series of the characteristic functions of (24). 
On the other hand it is seen at once that two characteristic functions U% 
and U® relating to two different congruences / = q, mod p and 1 = qe 
mod p, never will have any cos. or sin. term in common. Consequently the 
statement can be made — which is essential for the method to be developed 
hereafter — that any arbitrary Fourier-series, containing only terms cos lp 
and sin ly for which 1 = q, mod p, can be expanded in the characteristic 
functions U,' relating to the same congruence 1 = q, mod p. For if we put 


Weigh ae aplipeeome sacp. - - (34) 


where in the righthand side the summation provisionally must be extended 
over all characteristic functions of (32), the coefficient ax is given by 


22 
ar—No(p) | V% @) Ung) de 62. (35) 
0 


provided that the characteristic functions have been normalized such that 
an 
{ No(o) Ue) do=1 Re I. ge (36) 


Obviously the righthand side of (35) is zero for every function U@:, which 
does not belong to the class of characteristic functions, defined by the 
congruence 1 = q, mod p. For (possibly apart from a constant term), the 
product No(y)U% consists of the same terms as U%: itself (comp. (24)) 
and therefore has no terms in common with V%(q), which was supposed 
to consist of the same cos and sin-functions as Ug:. The expansion (34) 
therefore reduces to 


Vtg ce Siig CPI. Sora ce male ype, (80) 


5. The iterative method. It has already been stated that every con- 
gruence (29) defines a distinct infinite class of characteristic functions Ux 
and a set of corresponding characteristic numbers Ax (|Ay| < |2o| << dg) ---)- 
To find the smallest of these numbers we start with an arbitrary function 
V,(@), containing only such cos and sin terms as appear in the functions 
Ux, so that it can be represented by 


Vie Sale oe es 88) 

From this function we derive another one, defined by the differential 
equation 

Vit Vi = Mery, + onset Cc... 39) 


EI 
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and the condition that it does not contain terms of the type a + B cos y + 
y sin m (C being a constant to be determined a posteriori). Obviously V2 


‘ 


is represented by 


2 ae (40) 
ax 
for on account of the relations 
2 

Ui = eth Keto) ee 

(comp. (24)) eg. (39) can be written as. 
Vit veo Stee |e) SEs oe 

Lee ye 1 AK 1 AK 


By the appointment, that C must be chosen such that C — Sacle|di is zero, 
1 


(40) follows from (42). If now analogously a third function V3 is derived 
from Vo, a.s.o. we find successively 


_ wan Ug , _. gar Ur _ eax Ux _ gar Ux 
V3=2 iy aye Via ee Ree ee n= 27 at Vivi =2 Aye 
and therefore 
dy n—1 
u.+3(7) ETT 
li i ax Uy ear Ue | 2 \Ak ereiva . 
eee Vi gice Aye 2 Ar Freed U Mas) ay ak TT ge (43) 
Pro '\ Ak 


In practice the iteration process can be stopped as soon as two consecutive 
functions Vm and V m4. are practically similar, 1, then being approximated 
by the slightly varying factor of similarity Vn(p): Vnat(p). The 
approximation can be refined and the numerical work efficiently reduced 
by putting 3) 


2a 2a 
[Ne VeVaide | N, V2,d@ 
either 4, ~° - or 4,  —5 (44) 
i No Voy dp [Ne Ve Vintid @ 
0 0 


By using these formulae the iteration can be stopped at very low values of 
the index m(m=1 or 2). 

The iterative method is not restricted to the calculation of the smallest 
characteristic number 2, but can as well be used if a, (or any higher 
characteristic) number should be required. We only have to start with an 


3) Comp. footnote 4. 
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initial function V,, which does not contain the first characteristic function 
U,. The way, in which an arbitrary function V; can (approximately) be 
“cleaned” from U,, and the way in which the iterations of such a nearly 
cleaned function V, can themselves be freed from rests of Wy, which they 
might contain, will not be treated here +). 

6. The iteration scheme. The only thing still to be described is the 
scheme along which the iteration has to be performed in fact. Let, to fix 
our mind, N be given in the simple form 


N=AN,=A(1 +encoskp)". 2. . . . . (45) 


and let 
Waee CORN Pauaties ated gectays- ><, (46) 


be our starting function, / representing any number, which is compatible 
with our problem. Then V, must satisfy the equation 


r r? 


EI cosl (1 + e,cosk@)-+ all - | cost + |] 
» (47) 


V2 + Vy4o— 


op cos (I+ hy +5 cosl—W) | +C 


4) Comp. f.i. J. J. KOCH: Eenige toepassingen van de leer der eigenfuncties op vraag- 
stukken uit de Toegepaste Mechanica, Doctor Thesis 1929 Delft, or C. B, BIEZENO und 
R. GRAMMEL, Technische Dynamik, III, 14, 15, Springer 1939, Berlin. In these treatises 
only the first mentioned approximation is discussed but the second one can analogously 
be verified. It may be stated here without proof, that from the four approximations 


2x 22 22 
of Np V2,_, do | No Vin-1 Vin dy ip N, V2 dp 
ees yhy oe godt Ghraeae ; 
{ No VintVn dp if N, V2, { No Vin Vines dp 
0 0 ar) 


2% 
No Vin Vim+i dy 
4,=-— 


22 
| No Vint dp 
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each one excels the foregoing in accuracy provided that all characteristic numbers are 
positive. If negative characteristic numbers occur, the statement becomes doubtful with 
respect to the third and second approximation, though in general it may be expected that 
in this case too the statement holds true. 
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from which we deduce 


ty 


ss [conte 4 25 coal haeats conan det 


(P—1) EI 2 (I-+k?—1 
= alt (48) 
| 2h? —1 cos (I—k) gp + c|\ 
The condition that no constant term shall be present in Vy requires either 
C=0 (if kl) or C= mag ((isk)2=41] {afk eis 


Furthermore it may be emphasized that the factor r?: ( 2_1)EI repre- 
sents the constant normal force N in the crosssections of a ring subjected 
to the critical normal pressure. q = (12 —1)El/r3. By placing this factor 
before the [ ] brackets a convenient comparison is made possible with this 
case of buckling. For if we write 


2 


r2 2 ; é i r Fees n-1 _ 
¥s=(@aiyei) Vili Vas (@iye7) Yeo) 4) 
the characteristic number 7, will be represented by 


Vi CS El eres 


vee lin a, athe PA Oe ne 
and the corresponding critical load by 
A g20 i 
qe (1 + ex cos pe alert Lea + e,cosk@) lim VF (51) 
3 Men pCO Ce 


If we compare the functions V} (= V,) and V3 we see that V> (apart 
from the constant C) is composed of the unchanged function V{ and of 
well defined multiples of the two functions cos (J + k)p and cos (I—k)¢. 
The function V} consequently can be deduced from V3} by applying the 
same law of development to each of the individual terms of V}; and obvi- 
ously the same holds for any following iteration V; > V3, V3 —> Vj aso. 

Table I shows for k = 4, ex = 4, 1=2 now the successive iterations 
best can be performed. 

The columns of Table I are provided with the superscriptions cos 2p, cos 
6y, ... cos (2 + (n—1)4)y, and the corresponding factors (22—1): 
(22 —1), (221): (62—1) a.s.o, As starting function has been chosen 
cos 29; it is represented by the number | in the first row and first column. 
As stated before this term gives in the first iteration rise to certain multiples 
of cos —2p and cos 6p (comp. 48). If, provisionally, only attention is 
given to the multiplicatior ex/2 = 0,25, the number 0,25 X 1 should be 
shifted one place to the left and one place to the right. As cos — 2 = cos 
2~, the numbers destined for column cos — 2p (not present in table I), 
can be placed in the column cos 2, and this indeed has been done as can 


be seen from the first number in the second row in table I, Thereupon the 
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numbers placed above the first short horizontal line in Table I have been 
summed up to find the coefficients of the product W) = NoV; (comp. eq. 
(47) ). Multiplication of these results with the multiplicators mentioned in 
the heads of the columns gives the coefficients of the required function V 5 


V5 = 1,25000 cos 2 p + 0,02143 cos AO > te tee gala (2) 
TABLE I. 
CAD es whe Beeb i. | Eater) See en eee ee 
jee en i 62—1 35 |102—1 33 | 142—1 65 
&,=3 cos 2p cos 69 cos 10 sos l4y 
wev: 1.00000 | | 
0.25000 0.25000 | 
Wi =NoVi | 1.25000 0.25000 | 
vi 1.25000 0.02143 
0.31250 0.31250 
0.00536 0.00536 
W3=NoV2 | 1.56786 0.33393 0.00536 
ies 1.56786 0.02862 0.00017 
0.39197 0.39197 
0.00716 0.00004 0.00716 0.00004 | 
W3=NV3 | 1.96699 0.42063 0.00733 0.00004 
vi 1.96699 0.03605 0.00022 0.00000 
0.49175 0.49175 
0.00901 0.00006 0.00901 0.00006 
Wi=NoV4s | 2.46775 0.52786 0.00923 0.00006 
Vs 2.46775 0.04525 0.00028 0.00000 
v3/Vv3 0.7971 | 0.7939 | 0.7727 = 
va/Vs5 0.7910 0.7967 0.7856 en 
Wivi 1.25000 0.00000 0.00000 0.00000 | 21 _ 9 79797 
Wi V2 | 1.56250 0.00536 0.00000 0.00000 | =2 
W2 V2 | 1.95983 0.00710 | 0.00000 0.00000 | 21 _ 4 9708 
W3 V3 2.45818 0.00956 0.00000 0.00000 | =2 
W3 V3 3.08396 0.01204 0000000 0.00000 | *1 _ 9 79708 
W3 V4 3.86905 | 0.01516 | 0.00000 | 0.00000 | *? 
WwW: V4 4.85404 0.01903 0.00000 | 0.00000 | +1 _ 9 79798 
Wi V5 6.08979 | 0.02389 | 0.00000 0.00000 | ~2 


(In controling this step, the reader has to pay due attention to the fact, 
that the factor (22 —1) : [(1—k)2—1] of the third term between brackets 
[ ] of eq. (48) has the value one in virtue of k = —2I1). The coefficients 
of V3 again are shifted one place to the left and one place to the right after 
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having been multiplied with the factor ¢x/2 = 0,25, under the understanding 
that every number destined for column cos — 2 be placed in the column 
cos 2y. The numbers thus obtained (and placed beneath the first long 
horizontal line of Table I) are added, — giving as result the coefficients of 
W; = N oV; — and these coefficients in their turn have been multiplied 
by the factors 1, 3/35, 1/33 .... In this way we find 


V3 = 1,56786 cos 2p + 0,02862 cos 6p + 0,00017 cos 10g. . . (53) 


As will be seen from Table I the iteration has been pursued up to Vi, Then 
the quotients of the corresponding coefficients of V} and Vj (resp. of Vs 
and V) have been calculated and it may be stated that a high degree of 
ierey between these coefficients exists. Clearly the factor of propor- 
tionality is best approximated by the figures in the first column and there- 
fore we put: 


a, = 0,7971. tet supe face: pen eas 


If we should have used the second of the formulae (44) 


2x 
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ae 0 Yea EI ee Ps 
Ay a, 2a : eal ha i eek r2 ci tn ; Sea ha 
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c (55) 
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we should have found (with m= 1,2,3, and 4): 4, = 0,7973; 0,7971; 
0,7971; 0,7971 ae 


respectively 5). It appears that, even if we had stopped 


the iteration with V3, the relative error in A, would have been less than 
1/4000. 

Some additional remarks with respect to the iterative process have to 
be made. Firstly it must be stated, that in the case just treated the iteration 
could as well have been started with V; = V} = sin Ip, | again represen- 


5) The work to be done in computing these successive palate raat et 72 for Ay is 


represented in the last 8 rows of Table I. Obviously an integral such as iwi V3 ae 


can be evaluated by multiplying the correspoading coefficients of Wy oy V5 and by 
summing up the so-acquired products. 
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ting a number compatible with our problem. Then we should have found 6) 


AY a Pools 
Va= eer + pH sae His, 


eee —1 
2 (—b? — 7 sin (U— Ab 


The same scheme of calculation as given in Table I can be used here, 
provided that the superscriptions cos 2y, cos 6m... be replaced by sin 29, 
sin 6p ...; it must, however, be put in mind, that the transition of a term 
sin (1—k)@ from the column sin (1—k)q to the column sin |[—k|@ 
involves the introduction of a factor (—1). It would be found that the 
characteristic value 4,, calculated in this way is greater than the first one. 
If V, =cos lp + sin lp had been chosen as the starting function one is 
invariably led to the first characteristic value (54) and to the corresponding 
characteristic function. A slight modification would occur if the special 
case N =/(1 + é9 cos 2y), (k = 2) would be examined. It may be left 
to the reader to iterate once with Vi = cos 2y and once with V} = sin 2 
as starting functions. He will be led to the same characteristic number /, 
and to two linearly independent characteristic functions! 

A second remark refers to the fact, that a slight complication appears if 
N=21(1+« cos kp) is replaced by N=A/ (1+ e& sin kp). Obviously 
we then have to start with a function composed of cos and sin terms, for 
instance V; = a cos lp + f sin Ip. The first iteration, defined by 


(56) 


2 
V,+V,=—- ya: coslp + Psin lp] [1+ e&sinkp]+C . (57) 


then proves to be 


ba al ip E P—1 ; 
i Ponzi | "+ Fa sin (1+ k) p— yee (ib? yz sin 


(l—k) SR sin Ip— = Ea cos(I-+ k) p+ 
Tee tenet |e 2. lee + > (58) 


Ds 
es aa cos (I—k) °| +C. 


Again the constant C is determined by the condition, that ultimately no 
constant term in Vy is allowed. 

Table II represents the scheme of iteration, adapted to this case, with 
er = 1, k= 2, and cos 2p + sin 2 as starting function. It has, for the 
first three iterations been indicated by asterisks and cross-signs how the 


6) The coastant of integration C of eq. (48) vanishes here under all circumstances as the 
sine-functions in (56) for no single value of k give rise to a constant term. 
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-| | =| : | = | 
Soot — 0! g 1-3 | Ss teal = | es hoe ! polite ta 
{oleae ae ee <3 rate | Lew Boer 
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different figures have to be shifted. As to the iteration it will be seen, that 
the first figure of V} has been placed (multiplied by ¢2/2 = 1/2) on the 
fourth place of the next row;.the second figure multiplied by — ¢./2 on the 
third place; the third one, multiplied by «)/2 and — ¢./2 respectively on 
the sixth and second places; the fourth one, multiplied by — ¢9/2 and ¢9/2 
respectively on the fifth and first place. Then the corresponding figures of 
the two rows under consideration have been added, and the results have 
been multiplied by the factors inserted in the headings of the columns. The 
iteration has been stopped with V{ and it is seen by comparison of Vi and 
V:, that the required smallest characteristic number i, (with considerable 
approximation) can be represented by 1 = 3ElI/r2.0,946. The second 
formula (44) leads for m = 1, 2, 3,4 to the following values 


Ay =e 095238; 0,94491, 0,94473, 0,94470 


and it is confirmed again that much labour can be saved by the use of this 


formula. 


7. The compressive force N = 4Noy = 4(1 + 2 coskp). In this section 
the numerical results are collected, with regard to the special normal force - 
distribution N = 2 (1 + 2 cos ky), up to k = 12. The example has chiefly 
been chosen to get an insight in the influence of a strong fluctuation of N 
with respect to its mean value on the buckling force of the ring. As has 
already been stated in sects. 3 and 4 that for every value of k the buckling 
problem is split up into (k—1)/2 or k/2 separate problems connected with the 

k—1 


congruences 1! = +q mod k (q = 0,2,3... —,—or By: the characteristic 


Z 


. 2 
TABLE III. Giving the values of rast ifGN = 41 2cos. ko) 


cy ole ect Mist ae Sie ORS tee eee ae 
a ee ee ee ee ae | 
0.489} — | 0.808} — Fh Mel ea a ods eee eee 
Pete | 0.80210 Pe fe ee | 
0.810/ 0.488; — | — | 0.801) — | | | 2: 


0.866, 0.634, — Pe ty gf Oo) © eee yey) eae 1 
| 0.899'1"0.728| 0.487; —~| — | — | 0.799) — | — | — | = 
| 0.922| 0.7891 Gi508| = | — | — | = | 0.798) — | -~ | - 
10 | 0.937) 0.831) 0.679) 0.486; — A ae a) 0.798) asi 
11 | 0.948] 0.862) 0.738} 0.577} — | — | — | — | — | 0.797) — 
12 | 0.957| 0.885 0.782 0.647 0.486 — | — | — | —  — (0.797 
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functions of each of these problems is built up of terms cos lp and sin lp 
in which 1 is determined by one of these congruences. 


Table III contains all values of A? : (12 —1)EI for 2 = < 12. It may 


be emphasized that for any prescribed number / the smallest value of 2 
corresponds to k = 21. This fact becomes explicable by the consideration 
that for k — 2I the angles both of maximum and minimum deflection coin- 
cide with those of maximum compressive force N. 


8. The compressive force N = 4No = 4 (1 + eg cos 2y + &4 COs 4p), 
fg == 2, «4 = 1; the second iteration. As an illustration how to handle the 
iterative method if the compressive normal force has a more complicated 
form like N = 4(1 +2 cos 2p + 4y) and how to act if apart from the 
first characteristic function the second one should be required, we insert 
in this section Tables [Va, and IVb, from which all necessary data can 
be borrowed. The starting function V{ is represented by cos 2p. This term 
has to be shifted one place to the right and one place to the left after multi- 
plication with the factor 9/2 = 1 on account of the term ¢y cos 2p in N. 
The shifting to the left gives a term in the column cos Op which must be 

‘suppressed (comp. sect. 6). Furthermore the starting term cos 2p has to 
be shifted two places to the right and to the left after multiplication with 
the factor ¢4/2 = 1/2 on account of the term ¢ cos 4p in N. The shifting 
to the left provides us with a term in the column cos — 29, which there- 
fore must be placed in the column cos 2¢. Summation of all terms occurring 
in the different columns gives the coefficients of the function W¥ . Finally 
these coefficients have to be multiplied by the factors 1, 1/5, 3/35 ... 
mentioned in the heads of the columns, to obtain the coefficients of the 
first iteration V5. Analogously the terms of V} have to be shifted one 
place to the right and left after multiplication with the factor é9/2 and two 
places to the right and left after multiplication with the factor e4/2, with 
due regard to the fact, that every number in the column cos 0. y has to be 
suppressed and every number in the column cos — 2 has to be transported 
to the column cos 2g. Summing up all terms in the different columns pro- 
vides us with the coefficients of W5, whereas multiplication of these 
coefficients with their respective multiplicators 1, 1/15 ... furnishes the 

: coefficients of V%; a.s.o. The iterative process has been carried on to the 

sixth iteration V%, though the computation of the first characteristic number 

i, in itself would require no more than the iterations V$ and V3. By pro- 

ceeding as far as Vj, however, great accuracy is obtained in the first 
characteristic function UW, which is approximated by 


U, » V7 = 18,493 cos 29 + 2,627 cos 4 + 0,650 cos 69 + 


+ 0,058 cos 8 + 0,007 cos 10 (59) 


465 


TABLE IVa. 
N=: [142 cos2p+ cos4y]; «2 =2, 4 = 1. 


1 1/5 3/35 1/21 1/33 3/143 
cos 2 Pp cos 4p | cos 6g | cos 8p cos 109 cos 12 
Vi 1.0000 
1.00007 
0.50000r 
5.00000! 
wi 1.500 1.000 | 0.500 | 
V2 1.5000 | 0.2000 | 0:043x 
1.50007 | 0.2000r | 0.043xr 
0.2000! | 0.043x! 
0.75000r| 0.100007} 0.022xxr 
0.022xx! : 
0.750001 
Ww? 2.472 1.743 10.993 | 0.143 |. 0.043 | 
V3 2.472 0.349 | 0.085 | 0.007 0.001 
2.472 | 0.349 | 0.085 0.007 0.001 
0.349 0.085 | 0.007 | 0.001 
1.236 | 0.175 0.043 0.004 
0.043 0.004 | 0.001 
1.236 
W3 4.100 2.910 | 1.678 | 0.268 0.051 0.005 
Va 4.100 0.582 | 0.144 ° | 0.012 0.002 0.000 
4.100 | 6.582 | 0.144 0.012 0.002 
0.582 0.144 | 0.012 | 0.002 
2.052 | 0.291 0.072 0.006 
0.072 0.006 | 0.001 
2.050 
Ws 6.704 4.832 | 2.789 | 0.449 0.086 0.008 
Vs 6.704 0.966 |°0.239 | 0.021 0.003 0.000 
6.704 | 0.966 | 0.239 0.021 0.003 
0.966 0.239 | 0.021 | 0.003 
3.352 | 0.483 | 0.120 0.011 
0.120 0.011 | 0.002 
3.352 
Ws | 11.142 7.920 | 4.580 | 0.746 0.144 0.014 
Vé 11.142 1.584 | 0.392 | 0.036 0.004 0.000 
11.142 | 1.584 | 0.392 0.036 0.004 
1.584 0.392 | 0.036 | 0.004 
5.571 | 0.792 0.196 0.018 
0.196 0.018 | 0.002 
5.571 
We | 18.493 13.136 | 7.585 + 9.224 =} :0. 236 nee 
V7 18.493 2.627 | 0.650 | 0.058 0.007 0.000 
18.493 | 2.627 | 0.650 0.058 0.007 
2.627 0.650 | 0.058 | 0.007 
9.247. | 1.314 0.325 0.029 
0.325 0.029 | 0.004 
9.247 
W7 | 30.692 [21.799 _|12.586 | 2.029 | 0.390 0.036 
> * p = y " = 
wi Ve 341.96 34.53 4.93 6.07 31 = 381.50) 21 _ 4, _ 9 60253 
W? V7 | 467.59 sy 272) 1 Sct 0.12 >= 633.16| ~2 
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TABLE IVb. N =A [1+ 2cos2y.+ cos 4]. e2 = 2, 4 = 1. 


ee i 1/5 3/35 1/21 1/33 
cos 2 cos 4p cos 69 cos 8y cos 10 
Vi. | 100.000) 
Vs W7_ | 3069.200 
4.8474 V7 | —89.643| —12.724 —3.151 0281 —0.034 < 
Vs 10.357| —12.734 23,151 —0.281 —0.034 
10.357 | —12.734 33151) ||. -60;261 —0.034 
—12.734 = 3. 15! —0.281 —0.034 
5.179 —6.367 —1.576 —0.141 
—1.576 —0.141 —0.017 
5.179 
Ws 1.226 5.669 | —11.004 —9.833 21/891 —0.175 
Vo 1.226 —1.134 —0.943 —0.468 —0.057 —0.004 
Vo V7 37.628|  —24.720 |. —~—11.869 —0.950 —0.022 
—0.000106 V7 | —0.002 a = oa pi 
Vo 1.224,  —1.134 —0.943 —0.468 —0.057 —0.004 
1.224 —1.134 —0.943 —0.468 —0.057 
24134 i 08945 —0.468 —0.057 —0.004 
0.612 —0.567 —0.472 —0.234 
—0.472 —0.234 —0.029 —0.002 
+0.612 
{a es WS 0.230| _—1.087 Le Eh RE Ry) —1.001 —0.295 
vio | 0.2300! —0.2174| —0.1682 | —0.0970|  —0.0303 | —0.0062 
VioW7 7.059 —4.739 meee —0.197 —0.012 sa 
+0.0000095 V7_| 0.0002 | 
vio | 0.2302] 0.2174} —0.1682 | 0.0970 | _—0.0303 | _—0.0062 
Vii |0.04379 | —0.04078 | —0.03280 | —0.01940 | —0.00659 | —0.00178 
Vin |0.008495| —0.007900 | —0.006375 | —0.003813 | —0.001338 | —0.000379 
Ta Vow ees 5.162 5.145 5.064 4.889 | 4.670 


The characteristic number 4, has been computed with the aid of the first 
formula (44) 


2% : 2a 
| No Vs Vide [Ne Ve V7 dy 
nt ee ‘0 pee 3EI 0 Al 
Peery ane ete ee 
[ IN. Vi ap [No Vi? dy 
“9 4 


(60) 


| Wi Vi dy 
“3 BIG 
=e “gies 2m 

| W; V; dy 


0 


= 0,60253 a 
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Table IVb is devoted to the calculation of j,. The starting function is 
represented by Vi = 100 cos 2p. The coefficient a, in the development of 
Vj; into a series of the characteristic functions U 


Vey ee La eee ee ge ay, ee (61) 
is given by 
2 
| No Vs U, dy 
a= 0 — = and approximately by 
[Nn U; dp 
2a we. (62) 
J No Vs V7 dy 
aj ee ee —_—— = 4,847 


If a, and U, would have been obtained exactly, the iteration process 
applied to V;—a,U, obviously would lead to the enumeration of the 
second pharacieriitic number dy. In reality both U, and a, are only 
approximately known and therefore, if the process is applied to the function 


veo = V3— a, V; which to a certain (but small) amount contains the first 
Shoracteristic Fihciod U, — serious difficulties are to be expected. For 
indeed, however small the contribution of U, in any starting function may 
be, the iteration process always and invariably leads to A, if Uy initially is 
present. These difficulties are surmounted by iterating Vj from nay by 
cleaning Vj from U, ~ V> in the same way as Vj, has Been cleaned from 
U,, and oy repeating this eeahined iteration and clestias process till two 
consecutive “cleaned” functions vo and ies are sufficiently propor- 
tional, Here too considerable abbreviation of ‘he piphereack can be attained 
by the use of the formulae (44) if the characteristic number /, alone should 
be required, as will be seen from the results 


a= 5.2602, 5.1331, 5,1234, 5.1228 ...'. - (63) 


which have been found by the first of the formulae (44) with m = 8, 9, 10 
and 11 respectively. The second of these values already approximates ho 
quite satisfactory. 

The determination of the second characteristic function, however, 
requires the continuation up to V‘, 


V5 = 0,008495 cos 2 — 0,007900 cos 47 — 0,006375 cos 6 y — 


4 
—0,003813 cos 89 —0,001338 cos 10~ — 0,000379 cos 129. (6 ) 
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9. Negative characteristic numbers. It has already been stated that 
dealing with buckling problems one has to expect negative characteristic 
values in all such cases, where the normal force N changes its sign. A 
negative value of 4 interchanges the compressed and the stretched parts of 
the construction, and a sufficiently great negative 2 therefore causes the 
buckling of the initially stretched parts. As an example it may be stated 
that with a compressive force N =4[1 + 4 cos 2] the second charac- 

3EI 


teristic number proves to be negative, J, = —=271133 2 whereas the first 


3EI 
Hee 


characteristic numbers 2, equals to 2; = 0,6275. 


Geodesy. — Equations for elastic solids in spherical coordinates, including 
the case that the temperature is not constant in space and that a 
gravitational force is working in the sense of the radius. Solution 
of these equations, also applicable to viscous fluids, for the general 
problem that the radial components Po and V» of the mass-forces 
and of the elastic displacements resp. the velocities, as well as the 
normal components og of the stresses on the spheres and the 
temperature 9 are functions of @ multiplied by the same spherical 
harmonic, while the components P and V on the spheres of the 
mass-forces and of the elastic displacements resp. the velocities, 
and the shearing-stresses t on the spheres are functions of @ 
multiplied by gradients of this spherical harmonic. By F. A. VENING 
MEINESZ. 


(Communicated at the meeting of November 24, 1945.) 


§ 1. Equations for elastic solids resp. for viscous fluids in orthogonal 
coordinates x, y, z; the temperature @ is assumed to be variable, but 
gravity to be constant over the area investigated. 


Before dealing with the matter in spherical coordinates we shall take it 
up in orthogonal coordinates. The Z axis is chosen contrary to the sense 
of gravity. : 

The conditions for the equilibrium of an element dx, dy, dz of the elastic 
solid and of the viscous fluid are in both cases 


Qos | te , Oty 


Snay PS es era te ek teeny Wheel 
Ooy Ot, Diz = a 

? AE ee ae eae Rey eee es (Lb) 
00x Oty O Tx / — 

Sea oh Way LE Bel ae wagehe Le} 


where ox, dy, 62, Tx, Ty, Tz are the normal and tangential stresses, Px, P,, P: 
the components of the mass-forces, 0’ the density, g the acceleration of 
gravity and a the temperature coefficient per unit of volume. 

For the relation of the three components u, v, w of the elastic displacem- 
ents to the stresses on the coordinate-planes and to the temperature 0 we 
find for the elastic solid 


PY Fel 1 1 
<< E (ox at + 3 aa 1G (2. sant) a che 4 (2a) 


eee tee tye tee Sf ON hy 
ell (+s “ )+39=26(% ae (2b) 


z 1S) 7 : 
Ob (ot) 4 500 = 9G ("me ta) $3" (2c) 


where m is the coefficient of Poisson, and E and G the moduli of elasticity 
and shear which are related by the formula 


m—2 6 ni—12e eo 
@ = reenact oa cnaed ONCE ee OPA (2d) 
in which 
6 = 0x + oy + 0; 


By means of these equations it is easy to express the stresses in the 
displacements and we find 


of On e (m + 1) 


Le ee eer reer tale pabaeiteek Loa 
Sema taes ead mea 
a eerener cer 
eae 4S ROY er! oe Ee 
gattek 
saterk 


Introducing these last formulae in the conditions for equilibrium 1a, 1b and 
lc we obtain the equations for the elastic deformation brought about by 
these equilibrium conditions 


m 06. Psu 24 SEA Bie ae 

Vii 5s G3 ee eee 
m. 0¢ Py . 24sec TT 082 & 

We oh = 1ay 1) Gas eeoi dae i>) ee 
m de, Pz, 2(m+1) 09,207 p99 

Meet ee oa ee Irene ee 6 iO ie 
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By differentiating these equations with regard to x, resp. y and z and by 
adding together we get 


3 (m—2) 1 O00 (m+ 1) Dy a 
V Sea th, (VP+ae'a 5. lies EYP Wie Os 07(5) 


or, by means of 2d 


m+1 0! 06 4 (m + 1) an 
V2o+ =. j(VP+ae'9 937)" se yGav7a=0 . ©) 


In these formulae P is the mass-force. 
Finally we find by multiplying the equations 4 by 2G, by differentiating 
them with regard to x resp. y and z and by combining them with 5 and 


ch th ; ede 0? 0? 
with the equations 3 to which the operation A oad + Ga? -- a7 has 
first been applied 
m / 
Mgt arte saa tk (vP ao'g 5 )+| 
(Za) 
(m + 1) : 2 70 \ 
eae ETE Rha AEE rca 
ner m 0?o 1 ee Oo 
Voy + aa t252 22 i ae ao'g o52)*| 
(7b) 
+ BE Gara +3 Ga as =) 
era Veda tel! (rn w 
Mea el VoD ne e855 i (7c) 
c 
2(m + 1) 2 eae 
NS tay ce a V/ a+% Ga° eet 2a eg57 =, 
> m OP, 0Py 2 02.4 , 00. 
Vt ots sat aet Oa aa 
, Mi POs OD s a Olas 2 oi OO 57 08 2. 
Me ai ttondz a2) 8 B45 Gag, teea5 =O (ed 
; m 07 6 0Py fal dulled 
V Sees aie pa es 2 Ga ete Oi gon, FE) 


These equations are the see conditions which, together with the 
equilibrium conditions 1 and the boundary conditions control the stresses 
in an elastic solid. 

In case we neglect the elastic deformations and — in accord with 
BoussINESQ’s results 1) — the variations of density, except in so far as 


1) Théorie analytique de la chaleur, II, 173 (1902). 
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they modify the action of gravity, we find the same equations for a viscous 
fluid, but u, v and w now represent the components of the velocity, 9 has 


to be replaced Tas except in the gravity term of equation le, the 


Ot 

dv ,dw 
at’? de” 
for m we have to introduce the value 2. We see that this is true for 2a, 2b, 
2c, 3d, 3e and 3f; they thus become the well-known equations 


d 


components Px, Py, P: include the d'Alembert terms’ = ro 


Ox 


0x= —p Fa 2? 4 295% . (8a) wan (se +52) . (8d) 


Fy 3 A 74 Ov 1) * (ow ynow 
=P 44 ae ee Oe . (85) waa (52 ta] . (8e) 


w= —p— 39 ar8 420 atetal Fouls cei . (8f) 
where p denotes the pressure and, therefore, equals—1/3 o and 1 indicates 
the coefficient of dynamic viscosity. In 8a, 8b, and 8c the stresses have been 
brought to the left side and the velocity terms to the right for getting them 
in the same shape as the equations 3a, 3b and 3c which themselves become 
indeterminate. The equation 2d simplifies to 


06 


C= 


where e now is the divergence of the velocity. 
Introducing the formulae 8 in the equations | we obtain the conditions 
for equilibrium, corresponding to the equations 4, in the shape 


ane 


0p 2 1 ME 086 
of SaP.— SP tn ot 514 52(Se) (10) 
Mee bbe Op : 2 1 0 06 
ghee Sa v + stag ae) of 0S aoe Oe 
- =P 22 Vwi 59957 (Ge) +09 -  (10c) 


Because of the terms of D’ALEMBERT they here represent the equations 
of motion. 
The equation 5 loses its value and 6 becomes 


d (00 a 06' 04d 
De Vw / Cd pePe ty ee 
Mf? poe VE atl aa| +3572aV ta + a 0'g a7 . (11) 
This equation can be checked by differentiating 4a with regard to x, 4b 
with regard to y and 4c with regard to z and by adding the results. 
The equations 7 remain valid but as the addition of the terms of 


AES 


p’'ALEMBERT to the mass-forces P brings about the reintroduction of the 
velocity components they loose their value as formulae where only the 
stresses occur. We shall, therefore, refrain from writing them down. 

We shall also refrain from further developing the above formulae by 
replacing in the well-known way the differentiation d/dt referring to the 
change for an element of the fluid by the differentiation 0/dt referring to 
the change at a fixed point in space; for slow motion problems they may 
be interchanged. Our purpose in writing down the above equations was 
only to show that indeed the above transformation changes the equations 
for an elastic solid into those for a viscous fluid. 


§ 2. Solution of the equations of § 1 for the general problem that Pz, w, 6z 
and @ are functions of z multiplied by the same function K of x and 
y determined by 


Reker ike f.6' aa... -. (12) 


while the resultants of Px and Py, of u and v and of ty and tx are 
functions of z multiplied by V K. 


We begin by dealing with the problem for an elastic solid, i.e. for an 


arbitrary value of m. We assume 


OK 0K 
oat ie aah Uy 0 @=0,K 


= On sent OB) gree {hich 
Le at emu 
P,=P,K w—w,K 


P,, Po, vj, Wo and 9 are functions of z. The function K of x and y is given 
by the general solution of 12: 
K=C, e!* eis¥ + Cre“ ely 2 wwe (14a) 
where 
Pat fee a ey bee M140) 
and C,‘and Cy two integration-constants. / and s may be imaginary. Any 
sum of solutions for different values of J and s of course also fulfills the 
conditions. 
If Land s are both real and if we choose the X and Y axis in a suitable 
way we can write the solution in the shape 


K=Ccos(l+ 9x) cos (sy toy) - - + + + (15) 
lf 1 is imaginary we can put k = il and we find if we again choose the 
_X and Y axis appropriately 
K=(Ae—** + Bek*) cos (sy + y) . + + - (16a) 
with 
PRR aes a ee 4S Eb 
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In the first shape the function is periodic in the sense of the two coor- 
dinateaxes and in the second shape only in the sense of the Y axis. So the 
formulae of this § can be applied to problems of which the conditioning 
quantities can be developed in Fourier-series in one or in two directions. 
Applying 13 we’ find 


(17) 


€= ey Ay owith e555 


and introducing 13 in 4c 


0? Wo m 0@ , Po 2(m+1) Oiige) ap oe ee 
0 2? LRP Ly: dz 'G 3(m—2) Oz | G Go = 0 AIRa 

The equations 4a and 4b give the same result 

= a : m Pig a2 ima) 
fe fey oon G ano G05 == 0 ete) 

and using 17 for eliminating v, we obtain 
0? w A owe a 1) at glia be 
op pte Mel, ete | 

(18b’) 

— 2(m+1) aie 
Ae aa 


From 18a and 186’ we can eliminate eg and dividing the result by 
2 (m—1)/m we get the equation for wo 


04 Wo 0? Wo 


Vo p20 + ft t+ F=0 . . . - (199) 
with 
1 (m — 2) 0? Po , m2 OP 
i Bid rota ed tiene elt 
(198) 
at 


0d ae ae'g (m — 2) 0°64 

2 0 0 Laie 0 

yf dz sabe | (063 2(m—1) Oz? | 
This is the fundamental equation for our problem and it is interesting 

to notice that the terms of 19a containing w» do not depend on the value 

of m; this value only affects the function F which comprises the effects of 

the mass-forces, of the temperature expansion (second term) and the 


temperature gravity effect (third term). 
After deducing wo from 19a we can derive eg from 18a: 


Beg = oe ra ite 2) 0? Wo 4 2(m+1) 045 | 


Oz in) me m.02" 3 ie Oe 


__ (m—2)Py__ a0’g (m—2) 4 
m G G m : 


(20) 
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and v, from 17: 


(21) 


We can further deduce the stresses from the equations 3 in combination 


with 12 and 13 and we find 


tee [ee (m+ 1 0? K 
=| : yaa [K+ SOD ee 


Nt ) 
pt, m—2 3(m— 
Pyed Rh eee (Set) 0? K 
ele Sey th |K + e553 
Gz _| 0M , 0 (m + }) 
ras oe ta Sony K 
abt ge ori OK 
2 =3 (wot Oz] Oy 
Jee d¥;\ 0K 
F5=2("et9e) x 
yee 02K 
2G ‘Ox dy 
From the general solution 14 of K we derive 
Pi ty, Ov iire a bh) 
ee eae K Av, aes K 


and so we can replace the formulae 22a and 226 by 


2 3(m—2) 


and for the sum o = oxo) +0: we find 


which is in harmony with the equations 2d and 17. 


Se | Pvt a aan aee |X 


1 
fa=| Stata a yb |K . 


aime) 2 Wo 
pees i See ao) K. 


(22a) 


(22b) 


(22c) 


(22d) 


(22e) 


(22f) 


(23) 


(22a’) 


* (22b’) 


(24) 


We see that our formulae fulfill all the conditions and so they constitute 


a valid solution of the case presented by the assumptions 13. 


As we have discussed in § 1 we can obtain the formulae for viscous fluids 
of which the elastic deformations etc. are neglected by putting m = 2, by 


’ 6 
adding the D'ALEMBERT terms to the mass-forces and by substituting < 


to 6 in the temperature expansion terms. We thus get 


Of wo 2 0 W 
2f 0 2? 


Oz! + fiw+tF=0. 


(25a) 
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mire 4 dw _ d 0 v; be. 
n dt dt\ dz 
0705 200, 
2 0 0 
is lé dz Ot 023 =| 


1) 


ia fs oak ac 
Po Oz 


pe 1 if Owais 
"I= £2\ Oz 


/ 
Se iie2 
£8 F 6 


(25b) 


(26) 


(27) 


By introducing 13 and 23 in 8 and putting p = poK we obtain for the 


stresses 
Ox aes Po 1 04%) 2 
29) = i Bick Yueh: a 
Cy an Po 1 020 
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Lastly we can derive from 10a or 10b in combination with 12 and 13 
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As the function F of formulae 25a and 256 still contains dw »/dt and 


d(dv,/dz)/dt we shall in general have to develop these formulae before 
we can use the solution. In one case, however, we can apply them as they 
are, i.e. for slow steady motion problems. In that case d/dt and 0/dt are 
zero and so we get: 
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These formulae may e.g. be used for problems of slow steady convection. 
The further development of the solution depends on the conditions 
determining the distribution of the temperature. 


§ 3. Equations for elastic solids in spherical coordinates 0, 6, /; over the 
area investigated gravity, working in the sense of radius @, is assumed 
to be constant; the temperature may be variable. 


We shall again begin by dealing with the problem for an elastic solid. 
As coordinates of a point we take as usual the radius o, the angle 6 between 
the radius and the polar axis and the angle 2 between the meridian plane 
in which 6 is measured and a fixed plane through the polar axis. Applying 
this system to the Earth we shall measure 6 from the North pole and we 
shall give positive sign to / if it is measured westwards. For the shearing 
stresses To, td, tT, we shall fix the sign in such a way that the components 
T» resp. ti working in the meridian plane 2+ dd on an element comprised 
between that plane and the meridian plane / have positive signs in the sense 
of increasing 6 resp. increasing g, and that the component t, working in the 
sphere with radius 9 + do on an element comprised between that sphere 
and another with radius o has positive sign in the sense of increasing 0. 

For the conditions of equilibrium we find 
in the sense of 0 
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The relation of the elastical displacements (Vo, Vo, Vi) to the stresses 
is given 
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in the sense of @ by 
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in the sense of 6 by 
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in which again 
G6= 6. + 634+ %. 
From these equations we may derive 
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From the equations 35 we further can deduce the expression of the 
stresses in the displacements 


fe 2 OV hee : — fi 29 Sole wt Loqoaels leeidgeey 
er a | Ves 2 8 ee ree 
oa ie ot cot Sa Ad a 
ee + 1 — cotg 9 Mera teen Ey 


we 8Vi, 1 Ve _ Vi 
Sis Le osind OA aC Rte. of bee ae 
LZ) 0V2 \ 1 aV, V> 


ST  eaCTiC. ts. SS AURA a8 tu ceo 


Introduced in 34 we obtain the conditions of equilibrium expressed in 
the elastic displacements. Taking account of 
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we find 
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As we shall not require them for the problem of the next § we shall 
abstain from deducing the comptability conditions in our coordinates. 

We shall only examine the case of viscous fluids for the problem of 
the next §. 


§ 4. Solution of the equations of § 3 for the general problem that Po, Vo, 
oe and @ are functions of o multiplied by the same spherical harmonic 
Kn and that the resultants of Ps and Pi, of Vs and Vi and of 
t, and té are functions of 9 multiplied by VV Kn. 


We assume 
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The quantities Py, P, wo, v9 and 9 are functions of 9. Introducing 40 in 
36 and using 38 we find 
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As for all spherical harmonics 
V2 (o” K,) —= 0 
we get by means of 38 
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or 


n(n + 1) 0"? Kn + 0" V? Kn=0 


and so we obtain the important relation 
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Using this we get 
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Substituting 40 in 39a we obtain 
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Eliminating e9 and vo from 42, 43a and 43b we find the fundamental 
equation for our problem 
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As we could expect to be the case after the result found in formula 19 
the terms of 44a containing wo do not depend on the value of m; this 
quantity only occurs in the function F. The first term of this function again 
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represents the effects of the mass-forces, the second that of the temperature 
expansion and the third the gravitational effect brought about by the 
temperature density change. 

After deriving wo from 19 we can find e) by means of the following 
formula obtained by eliminating vp from 42 and 43a 
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By introducing 40 in the formulae 37 we find for.the stresses 
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and for the sum o = op + 0 + 01 we derive from 2d and 42 
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As our formulae fulfill all the conditions we may conclude that they 
indeed give the solution for the case assumed by the suppositions 40. These 
suppositions thus prove to allow a valid solution. 
Examining again the problem of § 2 we see that it may be considered as 
the limit to which our present problem tends when g and n become infinite. 
In that case the equation 12 can be identified with 41 if we put 
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in which gm is a mean value of @ over the area considered. All the formulae 
of this § then change into those of § 2. The quantities wo, Po, 9 keep their 
meaning, while v, and P, of § 2 correspond to ov, and gP of this §. The 
factor o in these last quantities arises from the fact that \/ K, of which the 


- components oh and oe appear in 13, corresponds to V Kr» with the 
y 


Ox 
10Kn 1 


components An and one and that the formulae 40 have included 


osind oA 

the factors 1/o of these last differential-quotients in the quantities v; resp. P). 
The meaning of 49 can be illustrated by introducing the length L given 

by L = 22/f. For the special case of the problem of § 2 that m= 0 the 

function K becomes constant in the direction of y and only remains periodic 

in the direction of x; L is then the wave-length in that sense. From 49 we 


conclude 
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We shall now consider the problem of this § for viscous fluids and we 
shall again neglect the elastic deformations and the variations of density, 
except in so far as they modify the action of gravity. As we have mentioned 
in § 1 we can derive the formulae for this case by introducing m = 2, by 


: 6 
adding the D’ALEMBERT terms to the mass-forces and by substituting ae 


to 0 in the temperature expansion terms. We shall not write down here 
the formulae thus obtained for the general case, but we shall limit us to the 
case of slow steady motion already mentioned at the close of § 2. In that 


' 06 
case we may neglect the D'ALEMBERT terms and as we have ae =o. Otis 


temperature expansion terms disappear also. We thus obtain 
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Denoting again the pressure —o/3 by p = poKn and making use of 
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——orrir (53) 
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derived from 2d, we deduce from the formulae 47 for the stresses 
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Lastly 436 combined with 53 gives 


os. (55) 


As we could expect, these formulae tend towards the formulae 30, 31, 
32 and 33 of § 2 if n and @ become infinite and if for f the value given by 
49 is introduced. 

The equation 51, without the P terms, has already in 1935 been given 
by PEKERIS 2) for the problem of convection in the Earth. 


§ 5. Short discussion of the solutions of §§ 2 and 4. 


Examining the results found for the problem of § 4 it strikes us that the 
equations for the elastic displacements or, in these case of viscous fluids, 
for the velocities, only depend on the order n of the spherical harmonic Kn 
and not on its coefficients. This, however, is no longer true for most of 
the stress-components; the fact that, with the exception of oe, the differential 
quotients of K, appear in the formulae makes them dependent on the 
coefficients and, therefore, on the particular shape of Kn. The value of oe 
remains independent. This result makes it clear that even if the boundary 
conditions do not enforce a particular shape of Kn as e.g. in the case of the 
supposition of convection in the Earth because of the cooling at the surface 
without assuming a disturbance of the temperature over the surface, the 
different shapes Kn can adopt are not necessarily equivalent. 

An analogous conclusion may be drawn for the problem of § 2. There 
also the results for the elastic displacements — resp. the velocities if our 


2) C. L. PEKERIS, Thermal convectioa in the interior of the Earth, Monthly Notices 
Royal Astronomical Soc., Geophys. Supplem., 3, 343-367 (1935). 
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problem has regard to a viscous fluid — are independent of the shape of 
the solution 14a of the equation 12 for K, but the stresses are not 
independent of this shape; except for o- the formulae for the stresses 
contain differential quotients of K which depend on the shape and on the 
coefficients of K. 

In the formulae 47c and 54c for o, we see the factor 


0? Kn 
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By means of 38 this can of course also be written 
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or by means of 41 
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In the shape of 56a it is simplest to see that this quantity is the second 


order differential quotient of K, in E—W direction multiplied by 9”, in the 
2 


5a represents the second order differential 


quotient of Kn in N—S direction multiplied by 0. 


same way as the expression 


If F is a whole rational function of @, the solution of the fundamental 
equation 44a for wo in § 4 is simple. For the term 
F==So'° 
we find in general 
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in which A, B, C and D are integration-constants. In case this solution fails, 
the denominator of the coefficient of the first term being zero, i.e. for 
s=n+l1, 
9 Cat P / 


(58a) 
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The four other terms remain the same. 


If F has the shape 
Paaoe “Ine 
we get in general 


S A 
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and for the cases of 58a we get terms with g%/n2e, with e%lng and with 
o* combined with the usual A, B, C and D terms; their coefficients can be 
determined without difficulty. 

The four integration-constants indicate that four conditions can be 
fulfilled in the boundary conditions, e.g. if the body is confined by two 
spheres, two quantities can be given for each of the two boundaries as 69 
and te, t1 or Ve and Ve, Va; as ta and t% as well as Ve and Va are 
connected by their being the components of the gradient of a potential 
function on the sphere, each pair can only fulfill one further condition. If 
the body is only limited by one sphere two conditions are necessary and 
sufficient for ensuring the continuity in the centre, and so two other 
conditions can be fulfilled at the surface. 


(59) 
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If wo has been found the solution of ey from 45 is simple. If the right 
member of this equation is again a rational function of 0, a term having the 
shape 
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In solving (45) we should in general have to add a term 
2(m—2) 
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in which E is an integration-constant, but as ey has not only to fulfill 45, 
which has: been derived from 42 and 43a, but also the equation 43b, we 
have to substitute it likewise in this last equation. We then find a condition 
which can only be fulfilled if P 
82 ten — 2) 
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(3m — 4) 
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Hie 1: 
The second of these conditions is impossible to fulfill as n has to be a 
positive integer, and the third is obviously also impossible. If we further 


do not admit a value of m = © the fact that n has to be a positive integer 
leaves only the possibility 


a ier insane WO eee 
The term to be added eg thus becomes 
Eo: sis Belles ieee oe (62b) 


This term indeed fulfills the three conditions 42, 43a and 436 and so our 
solution is valid. It obviously has one more integration-constant than 
normal, admitting one more boundary condition. This curious special case 
merits further investigation; it may be reserved for a future occasion. 


Anatomy. On the frequent occurrence of double peaked index curves 
and the presence of allosexual indices in men and women. By C. U. 
ARIENS KAPPERS. 


(Communicated at the meeting of November 24, 1945.) 


Making curves of the I.br.indices of the head or skull of males it often 
struck us that these curves frequently show two principal peaks, even if 
the number of individuals is fairly large so that one might expect a normal 
curve. Registering the indices of females of the same races the same 
principal peaks may appear with this difference though, that, whereas 
in the male curve the peak of lower index value predominates, in the 
female curve the peak of higher value prevails (cf. Table I, fig. 13) or is 
the only one (cf. Table I, fig. 3). This induced us to examine more system- 
atically the shape of the male and female index curves in various races. 

Hitherto the data concerning the difference of the head or skull index 
of both sexes of the same races are chiefly confined to the statement 
that the average index of males usually is smaller than that of females. 

In 42 groups of the 71 of which R. Martin mentions the average head 
index of both sexes, the male average index is smaller than the female 
average and the same holds good for 51 out of 71 average skull indices 
of both sexes. Moreover Martin doubts the reliability of those cases in 
which the average index of the females is recorded to be smaller 1). 

Frets ('21 and '22) who examined a large number of Dutch men and 
women also found the average male index the smaller one. This author 
also called the attention to the fact that the spread of the index in the 
males is greater than in the females. 

KLEIWEG DE Zwaan ('42) recording the indices of both sexes from Bali 
and Lombok emphatically states that this people makes no exception on 
the general rule that the average male index is smaller than the female one. 

In the following pages we shall analyse somewhat more exactly this 
general rule by means of frequency curves. Before doing so we should 
emphasize some points of importance in this matter. 

For this purpose only such groups should be used, that may be con- 
sidered as racially homogeneous (as far as this may be expected now 
a days) while the number of individuals should be large enough to give 
a trustworthy result. Another point is that the measurements on both 
sexes of a group are taken by the same person and thus with the same 
instrument. 


1) The only reliable example of such a case, according to our own experience, is found 
with the Armenians. 
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In data referring to skull measurements the sexing of the skulls should 
be reliable. Absolute reliability in this matter is obtained in post mortem 
material and with such skulls the origin of which is known by the character 
of the tombs, 

Beginning with the cephalic indices (Table I) we call the attention to 
figure 1 referring to the indices of the Dutch boys and girls below 10 years 
and to fig. 4, giving the indices of their fathers and mothers. Both figures 
are constructed after the data recorded by Frets ('21). 

Fig. I shows that both sexes have the 80—81 1) peak in common, but 
that the average index value of the boys is slightly greater than that of the 
girls, on account of the 85 elevation in the former. In the adults of the 
came families this accessory peak of 85 no more exists. In both sexes of 
the adults two principal peaks occur of 78 and 80, but, whereas the peak 
of greater value (80) predominates in the female curve, the 78 peak is 
higher with the males. 

Registering all the males (935) and females (1420) measured by Frets 
(fig. 7) the male curve shows the 78 and 80 peak, generally found with 
Nordic groups, while the female curve only has the 80 peak. ) 

In the curves of English boys and girls made after the data of PEARSON 
and Tipprtt (fig. 2) this shifting of the male indices to the left is already 
visible below 10 years, the girls having both the 78 and 80 peaks, the 
boys the 78 peak only. 

The shifting of the male index curve to the left is still more pronounced 
with the equally prevailing Nordic children of Massachusetts measured 
by West (fig. 3). Here the boys below 10 years have both a 77 (—78) 
and a 80 peak while the girls only show the 80 elevation also characteristic 
for the Dutch women in fig. 7. 

The two different elevations characteristic of the Nordics are also 
evident in the index curves of the Faréer people measured by HANSEN 
(fig. 5). The 80 peak, the only one in the female curve, is indicated by a 
slight elevation in the male curve, in which the 78 peak prevails. 

The male and female Norwegian curves (fig. 8) have the 80 peak in 
common while the male curve shows an additional 76 peak, 

The male and female Persians from Isphahan, an Indo-Aryan group, 
measured by the KRISCHNERS, have their 75 and 78 peaks in common, 
but, whereas with the females the higher value (78) predominates, with 
the males the 75 peak prevails. 

The far more dolichocephalic Papuans of the Bismarck archipelago, 
measured by CHINNERY (fig. 9), also give index curves in which both 


1) In our curves the figure 70, 71 etc. stand for 70—70.9, 71—71.9 etc. The male 
indices are indicated by a continuous, the female indices by a broken line. 

2) In the same fig. 7 we registered the males and females from the Zuiderzee island 
of Urk, recorded by PIEBENGA. These indices are very different from those of the 
provinces of Holland, but also here the index of higher value (82) predominates with the 
females, the index of lower value (79) with the males. 
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sexes have the same elevations (72 and 75) while the lower index value 
(72) is far more outstanding with the males than with the females. The 
elevations with the Polynesians of the Marquesas (fig. 10) are interesting 
in so far as the lower average value of the male index is very evident 
here. The only index peak, which both sexes have in common is at 81. 
The other female indices have far higher values. MonTANDON’s Ainu’s 
(fig. 12) give a similar picture as Sutiivan’s Marquesans: both sexes 
have one peak (in casu 75) in common, but whereas the females have 
another elevation of higher value (77) the highest elevation of the males 
eat: 73: 

The picture of the Tonga islanders (fig. 11) is more instructive again 
since of the two principal peaks occurring in the female curve, the peak 
of lower value is the only one with the males. The most instructive 
picture, however, is given by VON EIcKsTEDT’s Santals (fig. 13). While 
the curves of the two sexes have the 75 and the 77 peaks in common the 
first peak predominates with the males, the second with the females, 

Kuso’s Koreans 3) (fig. 14) and ScHOONHEYT’s Batavian Javanese (fig. 
15) show again the predominance of the lower values in the males who 
only share their higher indices with the females. DuNN’s Hawaians of 
15 years and older (fig. 16) also show an increase of the lower value 
indices (81—84) with the males. 

With the Koryaks (fig. 17) both sexes show again two index peaks, 
the common peak of lower value (78) prevails with the males, the 81 peak 
with the females. : 

We finally give two Indian groups, the Seminoles (fig. 18) measured 
by Krocman 4) and HaLLoweELs Nas kapi, Indians from Labrador (fig. 19). 
Both groups again give double peak curves, the lower value prevailing 
-with the males, the higher with the females. . 


Proceeding to the curves referring to skulls we shall first deal with 
a section room series of the anatomical department of our University. 

Dr. DE FROE examining this series of 196 male and 90 female skulls 
found the average skull index of both sexes about the same. 

In connection with this statement it should be realized, however, that 
among the Dutch at least three different elements occur. Whereas the 
Nordic element is by far the greatest, in the South an Alpine and in the 
Eastern part of our country a Falic element occurs. The indices of these 
elements differ a good deal, Although Amsterdam has a prevailing Nordic 
population, there are a good number of other elements amongst them, 
the indices of which may influence the averages of the males and females. 


3) With KuBO’s male Koreans it is questionable wether the rather numerous 78 index 
people is not a mixture at Koreans with Northern Chinese or Japanese. 

4) This group is not entirely pure, 17 males and 23 females having some Sioux 
admixture. 
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Arranging the individual indices of DE Froe’s material in index curves 
(Fig. 1 of Table II), it appears that the male and female curves have the 
78 peak in common but that in addition to this the male curve has a 
considerable 76 peak, failing in the female curve. The cranial index of 
mesocephalics being about two points lower than the cephalic index the 
prevailing male skull indices in this series correspond exactly with the 
78 and 80 cephalic index peaks of our male, the female cranial 78 peak 
with the cephalic 80 peak of our female Nordics (cf. Table I, fig. 7). 

That notwithstanding the average of both sexes of this series is about 
the same may be explained by the assumption that among the male skulls 
in addition to the Nordic elements there is a larger number of Falic (82 
index) and Alpine (84—87) elements. This clearly shows that in order 
to get reliable results one has to be sure about the homogeneity of the 
group and that frequency curves are far more instructive than averages. 

As far as concerns homogeneity the Australian skulls measured by 
Hrouicka (and others) offer a better material. So the index curves of the 
skulls from the state Victoria (Table II, fig. 2) show two peaks in both 
sexes (at 69 and 72) but in the male curve the lower value, in the female 
one the higher value again prevails. The same is seen in comparing all 
the Australian skulls of both sexes measured by this anthropologist 
(Table II, fig. 3), the female curve showing again its highest elevation at 
72, the male one at 69. The Maori skulls, measured by various authors 
(Table IJ, fig. 4) show a prevailing number of dolichocephalics among 
the males, of mesocephalics among the females. In the curves of Teita 
Negro skulls of Miss Kirson (‘Table II, fig. 5), the 72 elevation of the 
females exceeds the same index of the males with whom the 70—71 index 
exceeds the corresponding female index. 

Whereas the skull curves hitherto mentioned refer to races that are 
still existing so that the measurements may be obtained from well sexed 
section material, we shall consider also some extinct groups in which 
the sexing of the skulls may be subject to some doubt. While with ancient 
Egyptian material (Table II, fig. 6, 7 and 8) the sex may be well esta- 
blished with skulls originating from mummies, in those cases where the 
skulls were isolated no absolute certainty about its sex can be obtained, 
though other skeletal remains, especially the pelvis — if found with it — 
may be of great help. 

In the small group of predystanic Badarian skulls measured by STOES- 
SINGER (Table II, fig. 6) principally the same rule as with the above 
mentioned group is seen, The male and female curves have the peak of 
higher value (75) in common but the male curve has an even higher 
71 peak, indicated in the female curve by a slight elevation only. Analogous 
relations are found with FAwceTT’s and Lee's predynastic Nakada skulls 
(Table Il, fig. 7): the female curve of which shows two elevations, one 
at 75 and one at 72. The peak of higher value fails in the male curve, 
where the lower values (between 71 and 73) are more numerous than 
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with the females. The curves of the eighteenth dynasty skulls (Table Il, 
fig. 8) again show the dominance of the lower values with the males. 

Of the extinct Guanches of the Canary islands two series of sexed 
skulls are at our disposal. In the larger series measured by HooTon 
(Table II, fig. 9), the female indices culminate at 79 and 76, the male ~ 
ones at 76 only. In voN BEnr’s female skulls (Table Il, fig. 10) the high 
value peak (78—79) corresponds with Hooron’s additional female peak. 
His male skulls show both peaks but here the lower value corresponds 
with Hooton’s single male peak. 

The small series of Tasmanian skulls registered in Table I, fig. 11 
shows an analogous relation as STOESSINGER’s Badarians: the male skulls 
culminate in two peaks, the female ones in that of the higher value only. 

Dealing with skull indices of both sexes we still may refer to. the fact 
stated in one of our former papers ('43), that the ancient Viking skulls 
and the German “Reihengraber’ and related Burgund skulls also give 
double peaked index curves. In these curves the 73 and 75 (sometimes 
76) peaks dominate, In connection herewith it is interesting to note 
Hamy’s 5) statement that the average index of the female Merovingian 
and Carolingian skulls from Hardenthun and the Boulonnais is about 75, 
that of the male skulls 73. 

Reviewing the results of our analysis of both sexes of various racial 
aroups we do not only see that the average male index is lower than the 
female one but also that the male and female curves very often have 
two peaks in common and that the difference in these "associated peaks” 
is such that in the females the higher value, in the male the lower value 
peak is the most outstanding one (cf. Table I, fig. 13 and Table II, fig. 
2 and 3). 

This occurence of two not widely distant peaks in the curves of men 
and women probably is to be explained by the possibility, already mention- 
ed by Frets, that the males though usually inheriting the index of the 
father, may inherit also the index of the mother, while the females though 
usually inheriting the index of the mother may inherit the father’s index, 
in other words by the inheritance of allosexual indices. 

If the curve of one or each of the sexes has one peak only as usually 
occurs if larger numbers of people are measured, the higher value is 
characteristic for the female, the lower for the male (cf! Table I, fig: .3; 
oy Be Table il, fig. 8, 9, 10, 11). 

In connection with the different index of men and women it may be 
remembered that already Ammon ('99), First and Rerzius ('02) referred 
to the relation between body stature and head index (law of AmMon), a 
point confirmed by Pittarp. 

Considering this negative correlation between body size and skull index 


5) HAaAmy. Cranes Mérovingiens et Carolingiens. |’Anthropologie T. IV, 1893, p. 513. 
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(see also FAwcETT and PEARSON '98; CzEKANOWSKY 11, ScHUSTER ‘11, 
Craic ‘11 and Martin lic.), we thought it worth while to examine also 
the data available for Pygmy races. Although in these groups also a 
difference in stature of the sexes exists, this difference usually is mot so 
marked as it is in races of normal bodysize. 

Cephalic curves relating to Pygmy races are given in Table III, 

From these curves it appears that with the Aeta’s of the Philippines 
(average stature of the males 143.6 cm, of the females 137.8; REED) the 
male index peak stands one point more to the left than the female index peak. 
With v. EicxsTept’s Andamanese (average male stature 147.35 cm, female 
138.5 cm) both curves show the same peaks but the peak of lower value 
is slightly higher in the male, the peak of higher value in the female. 
With the Semang of Malakka, examined by SHEBESTA, LEBZELTER, Laip- 
Law, DuckworTH and MartIN (average male stature 149 cm; female 140; 
SHEAT and BLAGDEN) the curves of both sexes have two equally high 
peaks (77 and 79) in common, but with the females the additional 82 peak 
is higher than with the males. A more pronounced difference in the 
same sense as observed with races of normal stature is found with the 
African Pygmies (average male stature 144 cm, female 136 cm) as appears 
from the curve of the male African Pygmies 6) measured by SHEBESTA 
and JULIEN and LEBZELTER’s female Basua and Bacwa Pygmies (Table 
III, fig. 4). 

With BYLMER’s Tapir as, who show a slightly greater difference in 
stature, the difference between the male and female curves is again more 
characteristic: the male indexcurve has two peaks, one at 77 and one at 79, 
the latter of which being the only with the females of this group Ws 

While the data mentioned above confirm the rule that the average 
index of the males usually is smaller than that of the females of the same 
race, the question remains if the difference in the male and female stature 
suffices to explain the fact or if the sexual factor in itself may also 
act a part. 

For answering this question we shall compare the indices of shorter 
and taller people of the same sex. 

The index curves of the shorter and taller male Islanders, examined 
by HANNESON and reproduced in textfigure 1 are not very convincing 
in this respect. The same may be said of the curves made of shorter and 


6) It is interesting to note that the female African Pygmies show exactly the same 
index peaks as the female Semaag from Malakka: a strong argument in favour of the close 
kinship between these groups. The male Bacwa and Basua Pygmies of Africa only show 
the 77 peak, occurring also with the Semang (combined with a 79 peak). 

7) Speaking of Pygmy races we will not omit to call the attention to BERGMANN’s 
opinion concerning Pygmy races in the animal kingdom (cf. DE BEAUFORT, l.c. p. 43), viz. 
that the frequent occurrence of Pygmy races in the tropics may be due to the more 
favorable perspiration conditions for the relatively larger surface of small bodies. 


C. U. Ariens Kappers: Double parked index curves and allosexual indices in men and women. 
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taller Norwegian women, the indices of which are recorded by ScHioTz 
(textfigure 2). With the latter we even find two additional elevations 
of higher index value (at 82 and 85) in the group of taller women, A 
similar absence of (negative) correlation between bodysize and index 
in women is also seen in comparing the female indices of Dutch girls 
(Table I, fig. 1) and adult Dutch women (Table I, fig. 4 and 7). Women 
generally are more inclined to keep the infantile index than men. 


| ae S| 
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Textfig. 1. 


Textfig. 2. 


Cephalic index curves of male Islanders 
after HANNESON. Continuous line: indices 


of men of 156—172 cm_ bodylength. 
Combed line: indices of men of 172—193 cm 
bodylength. 


Cephalic index curves of Norvegian women 
after the data of SCHIoTZ. Dotted line: 
indices of women of 157—162,8 cm body- 
length. Crossed line: indices of women of 
162,8—176,4 cm bodylength. 


For examining the correlation between body stature and index in the 
same race, TOCHER’s data referring partly to inhabitants of Scotch asylums, 
partly to normal people of the same towns are of great importance. 
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Textfig. 3. 
Cephalic indices of normal adults from Aberdeenshire after TOCHER’s measurements. 
Continuous line: male indices; broken line: female indices. 
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We shall deal first with the two sexes of normal people from 
Aberdeenshire. Of the 88 women of 17 years and older measuring from 
1704 to 1415 mm, the majority measured less than 1650 mm. For a com- 
parison with these women we took an equal number of normal men of 
the same age from the same places. The bodysize of these men, taken at 
random, varied from 1812 to 1497 mm, the majority being more than 
1650 mm, 

The index curves reproduced in textfigure 3 show two peaks, one at 
76, the other at 79. The male curve differs from the female by a lower 
peak of high value and a slightly higher peak of low value, as usually 
found in comparing both sexes of the same normal group of people. In 
order to know if this relation may be explained by different bodysize 
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Cephalic indices of adult normal men of Cephalic indices of adult men from 
165 cm and less from Aberdeenshire. After Aberdeenshire of 170cm and more. After 
TOCHER’s measurements. TOCHER’s measurements. 


only we made curves of all normal men from Aberdeenshire of 17 years 
and older whose bodysize was 165 cm or less and of all normal men 
from this county of the same age with a bodysize of 170 cm and more. 

Textfigure 4 and 5 show that in both curves two elevations occur, one 
at 76, the other at 79, and that the lower value index (76) is far more 
numerous in the taller men than in the shorter ones, thus confirming 
the negative correlation between stature and head index. 

In order to verify the correlation between index and stature we made also 
curves of the inhabitants of the Aberdeenshire asylum, although this 
material is not so trustworthy for our purpose, in the first place since it 
refers to pathological individuals and on account of the fact that the ages 
of this group are not mentioned by TOcHER. 
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As with the Norwegian and Dutch. women of different stature and age 
the difference in the index of the shorter and taller women is small §). 

With the male asylum inhabitants the correlation between the stature 
and index is more pronounced (cf. textfigures 6 and 7). 

In the curve of males of 1676 mm and shorter (fig. 7) two elevations 
occur, one at 77—-78 and one at 80 (the cephalic peaks characteristic 
of the Nordic race). In the curve of taller men (fig. 6) the 78 peak is the 
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Textfig. 6. Textfig. 7. 
Cephalic indices of male inhabitants Cephalic indices of male inhabitants of the 
of the Royal Aberdeenshire Asylum Royal Aberdeenshire Asylum of 1676mm 


of 1727 mm body length and taller. body length and shorter. 


only one. The disappearance of the peak of higher value (80) in figure 6 
is in harmony with the greater bodysize of this group. 

This confirms that bodysize acts an important part in the shape of 
the index curves of males of the same race. The double peaked curves in 
Table I and II, however, show that both male and female individuals may 
inherit allosexual indices, although the majority of the males inherits 
the male, the majority of the females the female index, as is also stated 
by Frets ('19). 

This conclusion is not minimized by the fact that the double peaked 


8) The fact that bodysize (and age) are less influential in women than in men confirms 
BOLK’s opinion that women keep the infantile features longer than men. 
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shape of index curves usually changes into a single peaked one if larger 
numbers of individuals are registered. Besides in such cases the female 
peak always is of higher value than the male peak 9) and the curves 
usually acquire the character of skew curves. 

Fully agreeing with HANNESON (lc. p. 150) where he says "man muss 
HALFDAN BRYN Recht geben wenn er sagt dass die Form der Kurve nicht 
auf Zufall beruhen kann’, we want to state especially that it is wrong 
to reduce an index curve toa normal curve as frequently done by anthro- 
pologists. 


Summary. 


The presence of two principal peaks in the I/br. index curves may be 
frequently explained by the occurrence of allosexual indices in both sexes. 
In the female curves the peak of larger indices, in the male curves the 
peak of smaller indices prevails. This phenomenon may be correlated 
with sexual differences in stature. 


Résumé. 


La présence de deux sommets principaux dans les courbes des indices 
horizontaux s’explique en plusieurs cas par la présence d’indices allosexuels 
dans les deux sexes. Dans les courbes femelles le sommet prédominant 
est celui des grands indices, dans les courbes des males celui des indices 
moins élevés. Ce phénomene peut correspondre avec des différences 
sexuelles dans la stature. 


Zusammenfassung. 


Die Anwesenheit zweier Hauptgipfel in L/Br Indexkurven ist in manchen 
Fallen zu erklaren durch das Vorkommen allosexueller Indizes in beiden 
Geschlechtern, wobei in der weiblichen Kurve der Gipfel der grosseren, 
in der mannlichen Kurve der Gipfel der kleineren Indizes iiberwiegt. Diese 
Erscheinung kann korreliert’ sein mit einem sexuellen Unterschied in 
der Statur. 


Samenvatting. 


De aanwezigheid van twee hoofdtoppen in I/br. index curven is in vele 
gevallen te verklaren door het voorkomen van allosextieele indices in beide 
geslachten, waarby in de vrouwelijke curve de top der grootere indices, 
in de mannelijke curve de top der kleinere indices overweegt. Dit kan 
gecorreleerd zijn met de statuurverschillen der beide geslachten. 


9) The only exception on this rule according to our personal experience is found with 
the Armenians. 
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Mathematics. — Over simplices, die de ligging van SCHLAFLI bezitten. By 
O. Botrema. (Communicated by Prof. W. VAN DER WOUDE.) 


(Communicated at the meeting of October 27, 1945.) 


1. Reeds PoNCELET heeft een driedimensionaal analogon gegeven van 
de stelling van DESARGUES: als de verbindingslijnen van toegevoegde 
hoekpunten van twee tetraéders door één punt gaan, dan liggen de snij- 
lijnen van overeenkomstige zijvlakken in één vlak. Later is gebleken, dat 
de figuur van twee perspectieve tetraéders een te speciale generalisatie is 
van de figuur van DESARGUES: terwijl twee perspectieve driehoeken steeds 
elkaars polaire figuur zijn ten opzichte van een kegelsnede en omgekeerd, 
zijn twee tetraéders, welke polair toegevoegd zijn ten opzichte van een 
quadratisch oppervlak in het algemeen niet perspectief; wel vormen de 
verbindingslijnen van toegevoegde hoekpunten een bijzonder _lijnen- 
quadrupel: zij zijn volgens een van CHASLES afkomstige stelling hyper- 
boloidisch. Naar het schijnt is het eerst door HERMES het theorema uit- 
gesproken, dat de generalisatie betekent van dat van DESARGUES: als de 
.verbindingslijnen van toegevoegde hoekpunten van twee viervlakken hyper- 
boloidische ligging hebben, dan geldt hetzelfde voor de snijlijnen van over- 
eenkomstige vlakken. 

SCHLAFLI heeft de stelling van CHASLES uitgebreid tot Rn; de generali- 
satie van vier rechten in hyperboloidische ligging is daarbij de figuur van 
n+1 rechten, die de eigenschap hebben, dat elk der (~*~?) Rn—2, welke 
n der rechten snijdt, ook met de overige rechte een punt gemeen heeft. Een 
analytisch bewijs van de stelling van SCHLAFLI is gegeven door BERZOLARI. 
In navolging van hem zegt men van n + | rechten met de genoemde eigen- 
schap, dat zij de ligging van SCHLAFLI bezitten. Analytisch kan men de 
eigenschap uitdrukken door de voorwaarde, dat de matrix van de 
GRASSMANNse coédrdinaten der n+1 rechten de rang n bezit., Dualistisch 
definieert men de ligging van SCHLAFLI voor n+ 1 ruimten Ra—». De 
stelling van BERZOLARI luidt dan: bezitten de verbindingslijnen van over- 
eenkomstige hoekpunten van twee simplices in Rx de ligging van SCHLAFLI, 
dan geldt hetzelfde voor de doorsneden van overeenkomstige zijruimten. 
De simplices zijn dan ook elkaars poolfiguur ten opzichte van een quadrati- 
sche variéteit en uit één der drie genoemde eigenschappen volgt de juistheid 
der beide overige '). 

1) SCHLAFLI, Erweiterung des Satzes, dass zwei polare Dreiecke perspectivisch liegen. 
auf eine beliebige Zahl von Dimensionen, Journ. f. Mathem. 65, 189 (1866). 

Enz. Math. Wiss. III C. 7 (SEGRE, Mehrdimensionale Raume), 832 (1920). 

BERZOLARI, Sui sistemi di n+ 1 rette dello spazio ad n dimensioni, situate in posizione 
di SCHLAFLI, Rend. Palermo 20, 229 (1905). 

WEISS, Ein neues Analogon zum Satze von DESARGUES in Raumen van gerader 


Dimension, Math. Zeitschr. 33, 388—395 (1931). 
Id. Uber Simplexe in SCHLAFLIscher Lage, Bull. Soc. Sc. de Cluj, 5, 488—491 (1931). 
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2. Wij beperken ons nu voorlopig tot R.. Hebben de verbindingslijnen 
P; Qi (i= 1, 2, 3, 4) van twee viervlakken P, Py Ps Py en Qi Qz Qs Qy 
de ligging van SCHLAFLI, dan geldt dus het zelfde voor de snijlijnen van 
overeenkomstige zijvlakken Pi Pj Px en Qi Qj Qe. Wij vragen ons af of 
men een vergelijkbare eigenschap kan aangeven voor de zes paren overeen- 
komstige ribben lij = PiPj en mij = Qi Q;. 

Door de lijncoérdinaten vanl;; en mi; te interpreteren als puntcodrdinaten 
in Rs worden deze ribben afgebeeld op de hoekpunten van twee simplices 
Li; en Mi; in R;. Wij zullen aantonen: de simplices L en M hebben de 
ligging van SCHLAFLI. 

Voor het bewijs kiezen wij P; P2 P3 P4 tot fundamentaaltetraéder. De 
codrdinaten van Qi zijn: (ai bici di) 2). Duiden wij de Pliickerse lijn- 
coérdinaten Pie, P13, P14, P34, P42» P23 kortheidshalve resp. aan met pj, Po, 
P3, Pa, Ps» Po (en analoog daarmee de punten Ly9, Liz ..--, Mis, Mis ---- 
met L,, Ly ...., My, Me ....), dan is de matrix van de coérdinaten der vier 
verbindingslijnen Pi Q: als volgt 

Pi Sct Pies Pie Parsee tee 
P,Q, | 
P,Q, | —a 0 OR OTe C2 Ct aes 2 
P;Q; 0 —a; 0 d, 0 —b; \ 
PQs 0 QO —ay —C, b, 0 
Nodig en voldoende voor de hyperboloidische ligging van de vier rechten 


is dat deze matrix de rang drie heeft, dus dat b.v. de coérdinaten van Py Q, 
lineair afhankelijk zijn van die der drie overige rechten. Stelt men 


P,Q,=4, P,Q, +4 P2Q:.+ 2, P; Q3, 
dan is dus : 
Ay Ag agi by , Api dg agi ; Agia Se Os) Ogata (2) 
zodat de drie voorwaarden: 
Is dynes » hdh=Ayhy, yA bs - cn be 


vervuld moeten zijn, waaruit na eliminatie van }; de volgende onafhankelijke 
betrekkingen ontstaan: 


a3 C4 d, = a,¢, d; 7.4 b, d,= a, b, d, ’ az by Cy = a3 by C2. + (4) 
Uiteraard gelden ook alle door cyclische verwisseling hieruit te ver- 


2) Wij veronderstellen in het volgende, dat de beide viervlakken naar de terminologie 
van WEISS (Math. Zeischr. 33, 389) vrij van elkaar zijn gelegen, d.w.z. dat geen hoek- 
punt van één der viervlakken gelegen is in een zijvlak van het andere, dat niet ligt tegen- 
over het toegevoegde hoekpunt. Analytisch komt dat hierop neer, dat in de matrix 
(a b c d) de elementen buiten de hoofddiagonaal en ook de minoren van die elementen _ 
ongelijk aan nul zijn. 


L, M, 
L, M, 
L; M; 
L,M, 
L, Ms 
I, Ms 
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krijgen relaties; zij zijn echter afhankelijk van de drie betrekkingen (4). 
Zo ontstaat b.v. na vermenigvuldiging van de overeenkomstige leden 


(daar ay a3 a4 by cy dy #0 is): 
b; C4 d, — bs Co ds. < . ¢ F : ‘ ‘ ° (5) 


Wij richten nu onze aandacht op de simplices L en M in R;. Het punt 
L, heeft de coérdinaten py = 1, po = ps = ps = Ps = Po — 9; die van 
het punt M, zijn de minoren uit de matrix 
| a bi c d, 
|| a2 bz C2 d, 


De verbindingslijn L,M, heeft 15 Grassmannse lijncoérdinaten qj. 


waarvan er blijkbaar slechts 5 ongelijk aan nul zijn, nl. qyi(i = 2,3,4,5,6); 
daarvoor geldt 


te, ese, ae \ 
qi2 — P2—= P13 = 4; C2 — 42 Cy / 


1 1 : 
qi3 = p3= pis — a; d, — a2 dy, etc. j 


(6) 


waarbij de bovenste index het nummer der verbindingslijn aangeeft. De 
matrix der coérdinaten van de zes verbindingslijnen Li Mz: ziet er dan als 
volgt uit 


qi2° q13 dis is, q16 q23 


Papen ips Ol S00 Ot ror sO 0 0 0 


(ee be Pis P3q Par Pema Us Oy oO oa U 


Dep aprDe le Odes On anti, 4001 2,0 Bie Pin P30 4050 


POM MOM Oi orl pid) +00 pin Ca ON “po Po 
Beer 0 00 p20) 20 Ho, 0 ry ORs 
De ere Ousap Que Oey oP ss  On'sis Qin) Bia' Opto PSe Py 


Zij heeft de rang vijf, als er coéfficiénten a ti 1, 2,.3,.4,-3,. 6), bestaan 
die niet alle nul zijn en waarvoor geldt: ¥4;L:iMi = 0. 
Hieruit volgt ten eerste 
Ay dp =p?,: Pig 3 Art ds = Pip Pig tA Ay = Pip! Ps | (8) 
Ay sds = pit Pla i Ait he = phy P's | 
De verhoudingen der / zijn hierdoor bepaald; de coérdinaten pf, moeten 
dus nog voldoen aan tien onafhankelijke relaties. De eerste hiervan luidt 
Pil Ay — Pa hs 
of wel 


Pls Pin Pip PisPinPiss = * * (9) 


De overige kunnen uit de matrix (7) of door cyclische verandering uit 
(9) worden afgeleid. 


424 2s 126 q34 q35 q36 «645 46 56 | 
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Om onze stelling te bewijzen hebben wij nu slechts aan te tonen, dat de 
betrekking (9) en de analoge een gevolg zijn van de relaties (4). Wij 
kunnen ons daarvoor tot (9) zelf beperken. Uit (6) volgt 


1 _ 1 os \ 

P33 — 41 Cp — 47 Cy Pia 41 d,—a,d, 
2 c ee —— 

pe, a1 d,—a;3d, Pip 1 b;— a3 by eo ee 
yar. qe 

p>, = a, by— a4 b, P23 = 41 C4— 44 C1 


Uit (4) volgt 
b d 
ay ¢) = 83 C2 gl as dh = a dy ty a4 by = a2 ba et Se 


zodat men met behulp van (5) heeft: 


Phe Pi; Pig = (a; Cpa, c1) (a; d3—a3 d,) (a; b4—a4 bi) = 
b d 
ee a ee (a, b3—a3 b,) (a, Cy—a4 ci) (a d,—a2 d,) 


aa b, C4 d, 


= (a, b;—a3 b,)(ay C4—4 cy) (a, d2—a2 d,)= Pi ge Dez 


s 


waarmee (9) bewezen is. 


3. De aangetoonde ligging van SCHLAFLI voor de simplices L en M in 
R; kan als volgt worden geinterpreteerd. De verbindingslijnen Li Mi 
hebben de eigenschap, dat elke Rg die vijf der lijnen snijdt, ook de zesde 
ontmoet, In de stralenruimte van Rs betekent dat dus het volgende: 

Als de tetraéders P; Py Ps P4 en Qy Qe Qz Qs de ligging van SCHLAFLI 
bezitten, dan geldt: de zes bundels lineaire complexen, die door twee toe- 
gevoegde ribben Pi Pj en Qi Q; bepaald zijn, hebben de eigenschap, dat 
elke drieledige lineaire verzameling van lineaire complexen, welke met vijf 
der bundels een complex gemeen heeft, ook een complex van de zesde 
bundel bevat. Men kan in Rs; ook de figuur beschouwen, die aan de 
simplices L en M wordt toegevoegd door de poolcorrelatie t.o.v. de qua- 
dratische variéteit Q met de vergelijking pi pa + P2 ps-+ ps3 Ps — 9. 

Aan elk der verbindingslijnen Li Mi is een Rs toegevoegd. Deze zes R3's 
hebben de eigenschap, dat elke rechte, die vijf dezer ruimten snijdt, ook 
met de zesde een punt gemeen heeft. De interpretatie in de lijnenruimte 
luidt dan: twee overeenkomstige ribben PiPj en Q:iQ; van de beide 
tetraéders Pj Po P3 P4 en Qs Q2 Q3 Qu bepalen een lineaire driedimen- 
sionale verzameling van lineaire complexen, nl. die verzameling, waarvan 
de transversalen van P; P; en Qi Q; de dragers der speciale complexen zijn. 
Hebben de tetraéders P en Q de ligging van ScHLAFLI, dan geldt: elke 
bundel lineaire complexen, die met vijf der verzamelingen een complex 
gemeen heeft, bevat ook een complex van de zesde verzameling. 

Een bijzonder geval van deze eigenschap ontstaat als men haar toepast 
op een bundel van speciale complexen, dus als men in R; een transversaal 


= 


503 


der zes R;'s kiest, welke op Q is gelegen. Blijkbaar is er een eindig aantal 
van deze transversalen. Wij krijgen dan de volgende eenvoudige uitspraak: 
hebben de tetraéders P, Py Ps Py en Q; Qe Q3 Qy de ligging van 
SCHLAFLI, dan heeft elke waaier, welke van vijf der lineaire congruenties 
(Pi; P;, QiQ;) een rechte bevat, ook met de zesde congruentie een rechte 
gemeen. 

Hebben de simplices L en M de ligging van SCHLAFLI, dan bestaat er 
een quadratische variéteit V in R; zodanig, dat L en M reciproke pool- 
figuren zijn t.o.v. V; dat wil dus zeggen, dat de poolruimte van L; (resp. 
Mi) t.o.v. V samenvalt met de overstaande zijruimte van M: (resp. Li). Nu 
is het lineair complex, dat vijf ribben van het tetraéder P bevat, n.l. alle 
ribben behalve P;P;, niets anders dan het speciale complex met P; Pi tot 
drager. Wij vinden dus: hebben de viervlakken P en Q de ligging van 
SCHLAFLI, dan bestaat er een quadratisch complex V met de eigenschap, 
dat de ribben P;P; (resp. QiQ;) tot lineair poolcomplex t.o.v. V bezitten 
de speciale complexen met Qx Qi (resp. Pr P,) tot dragers. 


4. De stelling kan worden uitgebreid tot en op analoge wijze bewezen 
voor ruimten van meer dimensies. Beschouwt men b.v. twee simplices P en 
Q in Ry, dan kan men hun ribben (of hun zijvlakken) afbeelden op de 
hoekpunten van twee simplices L en M in Ro; hebben P en Q de ligging 
van SCHLAFLI, dan geldt hetzelfde voor L en M. 


5. Om de ligging van SCHLAFLI voor twee vrij gelegen simplices P en 
Q in Rn analytisch vast te leggen, kan men steeds P tot codrdinatensimplex 
kiezen, waarna de hoekpunten van Q de coérdinaten (ai bi ci ...... ) ver- 
krijgen. De lijncoérdinaten van de verbindingslijnen P;Q; kunnen dan 
worden samengevat in een matrix van n + 1 rijen en $n(n+ 1) kolommen, 
die de gedaante (1) heeft. De voorwaarden, waaronder deze matrix de 
rang n bezit, kunnen op dezelfde wijze worden afgeleid als boven geschiedde 
voor n= 3enn —5,n.l. door de eis te stellen, dat er tussen den-+ 1 rijen 
een lineaire afhankelijkheid bestaat. Uit n der betrokken vergelijkingen 
kunnen de verhoudingen der coéfficiénten 2; worden bepaald en er ont- 
staan dan $n (n+1)—n = 42 (n—1) onafhankelijke relaties tussen 
de getallen ai, bi, .....- om de ligging van SCHLAFLI analytisch te omschrij- 
ven. Deze relaties hebben ten duidelijkste alle de vorm, welke wij voor 
n = 3 en n= 5 gevonden hebben (4; 9) nl. 


abs on oe ete = Bn (12) 


Bij algemene keuze van het coérdinatenstelsel wordt ay niets anders dan 
de bilineaire invariant (Qs: p;,) van het punt Q»y en het tegenover P; ge- 
legen zijvlak p, van het tetraéder P, welke invariant ongelijk nul is, omdat 
P en Q vrij liggen. De relatie (12) gaat dan over in 


(Q; p1) (Qs p2) (Q, p;)—(Q; pi) (Qi P2) (Q.p3)=0.. . - (13) 
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Het linkerlid hiervan is een uitdrukking, zoals die door STuDY is inge- 
voerd en waaraan WEISS de naam Dereierring heeft gegeven 3), In het 
bovenstaande is dus opgesloten een eenvoudig bewijs van de door WEISS 
afgeleide stelling, welke uitspreekt, dat de ligging van SCHLAFLI kan 
worden weergegeven door relaties van de vorm (13), dus door relaties 
zoals zij voor n =.2, in de figuur van DESARGUES, voorkomen. 


3) SrupDy, Einleitung in die Theorie der Invarianten (1923), 62; WEISS, Math. 
Zeitschr. 33, 389—391. 


Mathematics. — Een involutie in de lijnenruimte. By O. BOTTEMA. (Com- 
municated by Prof. W. VAN DER WOUDE.) 


(Communicated at the meeting of October 27, 1945.) 


§ 1. Gegeven zijn twee quadratische regelscharen R; en Ro, respec- 
tievelijk gelegen op de hyperboloiden H; en Hy. Een rechte / der ruimte 
snijdt twee beschrijvenden van R, en twee van Ro; deze vier rechten hebben 
behalve 1 nog een tweede transversaal /’. De involutorische verwantschap 
tussen 1 en I’ is onderzocht door JAN DE VRIES, door SCHAAKE en door 
Bone 1), die haar voornaamste eigenschappen hebben afgeleid. Wij komen 
hier op deze verwantschap terug ten eerste, omdat de genoemde auteurs 
enige voor de hand liggende vragen onbesproken hebben gelaten (met 
name die naar de aard der figuur, die toegevoegd is aan een willekeurig 
regeloppervlak en aan een willekeurig complex) en vervolgens om aan te 
tonen, dat naast de meetkundige behandeling ook een meer analytische 
bespreking mogelijk is, die onder meer in staat stelt de meetkundige plaats 
der dubbelrechten uitvoeriger te onderzoeken, In § 2 geven wij een samen- 
vatting van de door de drie schrijvers verkregen resultaten. 


§ 2. Door SCHAAKE zijn voor een involutie in de lijnenruimte drie 
karakteristieke getallen gedefinieerd en dezelfde heeft die involuties be- 
paald, waarvoor deze getallen nul of één zijn. Het blijkt, dat de onderhavige 
involutie diegene is, waarvoor de karakteristieke getallen alle gelijk aan 
één zijn 2). 

Singuliere rechten van de involutie zijn ten eerste de stralen der op H, 
resp. Hy gelegen, met R, resp. Re verbonden regelscharen S; en So; aan 
elk dezer rechten is een lineaire congruentie toegevoegd. Voorts is er een 
congruentie (4,4) van singuliere stralen, aan elk waarvan een waaier is 
toegevoegd; deze congruentie is opgebouwd uit waaiers, waarvan de top 
een gemeenschappelijk punt van H, en Hy en het vlak een gemeenschap- 
pelijk raakvlak van deze oppervlakken is. 

De dubbelrechten der involutie vormen een quadratisch complex. 

Aan een waaier is een cubisch regelvlak, aan een schoof een congruentie 
(2,3) en aan een veld een (3,2) toegevoegd. 

Beeldt men de rechten der ruimte af op de punten van een quadratische 


1) JAN DE VRIES, Quadratische involuties in de stralenruimte, Versl. Kon. Akad. v. 
Wetensch., Amsterdam, 27, 842—848 (1918); SCHAAKE, De ranggetallen van een stralen- 
involutie in de ruimte, Versl. Kon. Akad. v. Wetensch., Amsterdam, 33, 804—815 (1924); 
BONE, Wiskundige Opgaven 13, 150—153 (1925). 

2) Voor involuties, waarvan één of twee karakteristieke getallen fwee zijn, zie 
VAN DIJK, Involuties in de stralenruimte, diss. Groningen (1935). 
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vierdimensionale variéteit Q in Rs, waardoor aan / resp. ’ de punten P en 
P’ zijn toegevoegd, dan is de verbindingslijn PP’ een transversaal over twee, 
de involutie bepalende, vaste vlakken V; en V.. De doorsneden van V, en 
V.» met Q corresponderen daarbij met de regelscharen S, en So. 


§ 3. Het is aan de laatst genoemde eigenschap, dat wij de analytische 
behandeling der involutie willen verbinden. Voert men de lijncodrdinaten 
pij van PLUCKER in, dan luidt de vergelijking van 2 

; Pi2 P34 + Pis Paz 1 P14 P23 = 0. 


Wij zullen nu coérdinaten xi (i = 1,, ...--- 6) in R; invoeren; die lineair 
afhangen van pi; en wel z6, dat de vlakken V, en Vz» resp. door de ver- 
gelijkingen 

X4 = Xp = Xe =O en HH M— HHO. . se (1) 
worden voorgesteld. De variéteit Q krijgt dan een vergelijking van alge- 
mene gedaante 


6 
Q= J ajij xj xj=0.. si ye eee) Se (2) 
Ed 
De transversaal van’ het punt P(éi) over V; en Vo heeft blijkbaar de 
vergelijkingen 
Hy ty 1 Hy Hq t Hy t Xe = Ey Ey bsg bys dbs Ade ; rs 7 (3) 


waarin / een parameter is. De snijpunten van deze transversaal met (2 
worden bepaald door 


ayy ft + 2 ayo & E+... a3363 + 2A (ans & fy... 436 &3 6) + 
+ 2 (ag3 & +. . « a6 £6) = 0 


Ligt nu P op 2, m.a.w. is P het beeld van een rechte in R3, dus is 
Dai; éié; = 0, zodat A= 1 een wortel is van (4), dan geldt voor de andere 
wortel 


(4) 


_anfi + 2a;24 E, +... «33 § 
BigPeat 2aa5 €yts t.. . » age & 


v’ (5) 
Stelt men dus 
Q, (x x2 X3) = ai xf + 2412 % H+... a53%5 | 6) 


Qa (x4 5 26) Saag HP + 2a45 X4 X51 -- vacgxe) 


dan volgt uit (3) en (5), dat de involutorische verwantschap tussen de 
rechten J en I’, met de codrdinaten xi en xi, wordt uitgedrukt door de 
vergelijkingen 


1 = yO, (4, 5. 6) weg acy Oye X20 Xs), 
2g = Xp» Qe (X45, %6) 265 = gue Qy (Xin Has) pe (7) 


a X3- Q, (x4, Xs, X¢) ’ bce leg : Q, (x1, Xa» x3) / 
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Zij is dus van de derde graad. Uit (7) leidt men af, dat singulier zijn 
voor deze verwantschap de rechten van de congruentie C met de verge- 
liikingen Q; — Qo = 0; aan een dergelijke rechte zijn toegevoegd zulke 
waarvoor geldt: 


ae / , ‘ ’ Ul 
a 35 tHE HA HG HG Hy Hy XZ Any Aas: Axe, 


dus de rechten van een waaier, die tot C behoort. Als doorsnede van twee 
quadratische complexen is C een congruentie (4,4). Tot C behoren de regel- 
scharen S,; en So, die resp. door x4 = x5 = *6 = Q,=0en xy = x2 = 
= x3 = Qs= 0 worden voorgesteld. De rechten van zo’n regelschaar zijn 
hoofdstralen van de verwantschap: aan elk is een (lineaire) congru- 
entie toegevoegd en wel b.v. aan de rechte (&, &&3 000), waarvoor 
Q, (€ £2 3) = 0 is, de congruentie met de vergelijkingen x1 : x2: x3 = 
= &,:£: £3. De meetkundige plaats van deze congruenties is het quadra- 
tisch complex Q; = 0. In de vijfdimensionale beeldruimte komen met de 
regelscharen S; en Sy twee kegelsneden K, en Kz overeen, die de doorsnede 
yormen van Q met V; resp. Vo. De quadratische complexen Q, = 0 en 
Qs; = 0 corresponderen met (de doorsnede van Q met) twee kegels, die 
V» tot toppenvlak en K, tot richtkromme, resp. V, tot toppenvlak en Ky 
tot richtkromme hebben. Hun doorsnede is een V4 en de doorsnede V 
daarvan met Q een V>8, die met de congruentie C correspondeert en die de 
beschrijvende vlakken van beide stelsels op Q elk vier maal snijdt. K, en 
Ky zijn dubbelkrommen van V, door elk punt gaan twee beschrijvenden en 
men kan V voortgebracht denken door de verbindingslijnen van toege- 
voegde punten van een tussen K, en Ke met behulp van 2 bepaalde (2,2) 
verwantschap. 


§ 4. Daar de involutie van de 3e graad is, zal in R; aan een rechte een 
cubische kromme, dus in R3 aan een waaier een cubisch regeloppervlak zijn 
toegevoegd en in het algemeen aan een regeloppervlak van de graad n een 
regeloppervlak van de graad 3n. Het is echter duidelijk, dat bij bijzondere 
ligging ten opzichte van de singuliere elementen dit antwoord moet worden 
gewijzigd. Heeft in R; een op Q gelegen kromme een, niet op K, of Kz 
gelegen snijpunt met V, dan wordt door de involutie aan dit punt een rechte 
m van V toegevoegd, door welke omstandigheid de graad van de toege- 
voegde kromme dus met één wordt verminderd. Uit continuiteitsoverwe- 
gingen is voorts duidelijk, dat de toegevoegde kromme, na weglating van 
m, met deze rechte en dus met V een punt gemeen heeft. 

Beschouwen wij nu een op 22 gelegen rechte, die K, snijdt in het punt P. 
Daarmede correspondeert in R3 een waaier, die een rechte p van S, bevat. 
Aan p is in de involutie toegevoegd de lineaire congruentie, die tot richt- 
lijnen heeft de rechten van Rs die door p worden gesneden. Doorloopt men 
de waaier waartoe p behoort en die tot top heeft het op p gelegen punt T 
en die ligt in het vlak U door P, dan snijden de van p verschillende rechten 
van de waaier alle dezelfde twee rechten a, en ay van R,, nl. die door het 


508 


punt 7 en die in het vlak UW. De rechten van de waaier T(U) snijden de 
rechten van de regelschaar Ry volgens een quadratische involutie. Volgens 
een van CHASLES afkomstige stelling vormen de transversalen over de paren 
toegevoegde rechten van een regelschaar een lineair complex. De in onze 
involutie aan de stralen van de waaier T(U) toegevoegde rechten liggen 
in dit complex en behoren tot de congruentie met de richtlijnen a, en ay. 
De doorsnede van het complex en de congruentie is een regelschaar, waar- 
toe echter de waaier T(U) zelf behoort. Hieruit volgt, dat aan de waaier 
T(U) — afziende van de aan p toegevoegde singuliere congruentie — door 
de involutie een waaier toegevoegd wordt (en wel een waaier, waarvan de 
top op a» ligt en het vlak door a; gaat). De omstandigheid, dat in R; de 
op Q gelegen rechte de kegelsnede K, snijdt, vermindert dus de graad der 
toegevoegde figuur met twee. 

Tenslotte maken wij nog de opmerking, dat door de involutie aan een 
op de kegel Q; = 0, maar niet op V gelegen punt ten duidelijkste een punt 
van K, is toegevoegd. Wij zijn nu in staat voor een willekeurige kromme 
op Q de graad der toegevoegde te bepalen. Is de gegeven kromme y van 
de graad n en heeft zij a snijpunten met K,, 6 snijpunten met Ky en nog c 
snijpunten met V, die niet op K, of Ks liggen, dan geldt voor de graad n’ 
van de toegevoegde kromme y’: 


Pash lab Sc ee ee eee 


De gegeven kromme heeft 2 n snijpunten met Q, = 0; hiervan liggen er 
a op K, en bop Ko, welke laatste dubbelpunten van de kegel zijn en voorts 
nog c andere op V. Er zijn dus 2 n—a—2 b—c niet op V gelegen snijpunten 
met Q, = 0, zodat voor het aantal snijpunten (a’) van y’ met K, geldt 


ain —a— 2b — le 
Evenzo is 
bina bet an ee ee 
en ten slotte ; 
PA CRE ee et eee 


In de lijnenruimte heeft men dus: Aan een regeloppervlak van de graad 
n, die a rechten gemeen heeft met de regelschaar S,, b met de regelschaar 
Sy en nog c andere met de singuliere congruentie C, wordt door de involutie 
toegevoegd een regeloppervlak, waarvan de vier overeenkomstige getallen 
n’, a’, b' enc’ bepaald worden door de betrekkingen (8). 


§ 5. Wij zullen een overeenkomstige eigenschap afleiden voor toege- 
voegde complexen. Uit (7) volgt onmiddellijk, dat aan een complex van 
de nde graad in het algemeen een complex van de graad 3n is toegevoegd. 
Dit resultaat zal wijziging ondergaan, als het gegeven complex bijzondere 
ligging heeft ten opzichte van de figuur der singulariteiten. Als een complex 
van de graad n de congruentie C m-voudig bevat en daarenboven de regel- 
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schaar S, py-voudig en Sy ps-voudig, dan heeft de vergelijking de volgende 
gedaante 


fo" + AQP Q+ hr? Q+...+fmAr=0. . 0) 


waarbij fi een polynoom van de graad n—2m is, dat in x4, x5, x¢ van de 
graad n—m—p,—Zi en in x1, x», x3 van de graad n—m—p2 2(m—i) is; 
dat wil zeggen, fi is in x1, x», x3; van de graad py + 2i—m en in x4, x5, x6 
van de graad py + m—2i. 

Voeren wij nu de transformatie (7) uit, dan gaat (9) over in een ver- 
gelijking van de graad 3n. Na de substitutie bevat fi de factor 


Qrt m—2t Qit 2i-—m 


en daar Q, overgaat in Q; Q?2 en Qs in Q? Qs, bevat fi Q7-' Qi na de 
transformatie de factor 


Q?: +2m-i Qs +m+i } 


waaruit volgt, dat het linkerlid van (9) de factor 


oreo 


bevat. Hieruit volgt, dat het toegevoegde complex na terzijdestelling van 
de quadratische complexen Q; = 0 en Qy = 0 de graad 


pean —4m-— 2 pp aps ee poe ee (10°) 


bezit. Na de substitutie van (7) in (9) wordt fi van de graad n—2m in de 
uitdrukkingen Q; en Qoy, terwijl Q™~! Q/overgaat in BAKO cyte’ zodat 
afgezien van de factor Qp:+™ Qe+m een polynoom in Q, en Qs» ontstaat 
van de graad 


(n —2m) + (m + i) + (2m —i)—(p2 + m)—(p, + m), 
waaruit volgt 
Rie eile Pe a eae ee ee, (LO) 
Die term van fi, die in x1, x», x3 de hoogste graad heeft, is van het type 
i+2i— = pi-2,d s 
xPr tem xk m—p,;-2i. 
de uitdrukking 
xpittie™ F rye tak 6% Qe Q! 
gaat door (7) over in 
cea m ig gwd Opts Open. 
dus na deling door 
Qp:+m Qar in ir eh ; bate Piast Mp Qs. 
Hieruit volgt, dat 
p, + 2i-m=pi+2i—m’, 
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dus 


prsn--2m =p a eee (10°) 
en evenzo 
poeain—2m—pr +. - + + +s (102) 
Wij hebben dus: aan een complex van de graad n, dat de singuliere 
congruentie C m maal bevat en bovendien de regelscharen S, en Sp nog 
respectievelijk p, en pz maal, wordt door de involutie toegevoegd een 
complex, waarvoor de overeenkomstige karakteristieke getallen n’, m’, p, 
en p} bepaald zijn door (10). 


§ 6. In §2 is melding gemaakt van de meetkundig afgeleide stelling, 
dat de aan zich zelf toegevoegde rechten der involutie een quadratisch 
complex vormen. Wij kunnen dit complex I" blijkbaar definiéren als de 
meetkundige plaats der rechten, die de regelscharen R,; en Ry snijden in 
een parabolisch lijnenviertal, d.w.z. in een viertal met twee samengevallen 
transversalen. ; 

In de vijfdimensionale beeldruimte ontstaat het beeld I” van I als de 
meetkundige plaats van de raakpunten met Q van de rechten, die de vlakken 
V, en Vo» snijden en aan 2 raken. Zo opgevat is het probleem een uit- 
breiding van het in de beschrijvende meetkunde der regeloppervlakken 
welbekende vraagstuk, de meetkundige plaats te bepalen van de raakpunten 
der rechten, die twee gegeven rechten snijden en aan een quadratisch 
oppervlak raken, welke meetkundige plaats een biquadratische kromme van 
de eerste soort blijkt te zijn). De algemene opgave: in Ron+1 de meet- 
kundige plaats te bepalen van de raakpunten der rechten, die twee gegeven 
ruimten Rn snijden en aan een V3, raken, is gesteld en meetkundig opgelost 
door Bong 4); de bedoelde figuur blijkt de doorsnede te zijn van twee 
quadratische variéteiten. Voor n = 2, dus in R;, blijkt dit onmiddellijk uit 
onze vergelijkingen (7); immers de dekpunten der involutorische toevoeging 
zijn de punten van het quadratisch complex I met de vergelijking 


OQ, One oo 6 


Ook voor willekeurige waarden van n voert een analytische behandeling 
hier dadelijk tot het resultaat. En zij stelt ons tevens in staat de vraag te 
beantwoorden naar de aard van de biquadratische variéteit, een opgave 
waarbij de meetkundige methode, zoals ook uit het antwoord moge blijken, 
minder kans op succes schijnt te bieden. ee 

Om de gedachten te bepalen beschouwen wij het geval n = 2, d.w.z. wij 
onderzoeken tot welk type het bedoelde quadratische complex der dubbel- 
rechten van de involutie behoort. 


3) Zie b.v. H. J. V. VEEN, Leerboek der Beschrijvende Meetkunde, II, 169 (Groningen 
1929); de stelling werd reeds in 1839 bekend gemaakt door CHASLES (Corresp. math. XI, 
no. 50). 

4) BONE, Wiskundige Opgaven 13, 122 (1925). 


511 


De vergelijkingen der beide quadratische variéteiten in R;, waarvan ons 
de doorsnede interesseert, zijn 

2 aij Xi A of ely) en 2 XX fie oly ee ee es (12) 

Ye | 


9» 


zodat de /-matrix der uit hen gevormde bundel er als volgt uitziet 


ay, (1—A) aya (1—A) a3 (1A) ai4 445 16 
a7, (1—A) az, (1—A) a3 (1—4) 24 425 426 | 
a3,(1—A) a32(1—A) a3 (1—4) 434 435 436 (13) 
a4) a42 443 agg (LA) ags(1 +4) age (1 + 4))) 
45) 452 453 asy(1+ 4) ass (1 +4) ase (1 + 4) 
261 462 463 agg (1+ 2) ags(1 +4) ae6 (1 + 4) 


Ontwikkelt men de determinant der matrix, dan blijkt onmiddellijk dat 
elke term evenveel factoren (1—A) als (1 +4) bevat; men ziet dat ook in 
door b.v. de eerste drie rijen met (1 + 2) te vermenigvuldigen en de laatste 
drie kolommen door (1 +4) te delen. Hieruit volgt, dat de 4-vergelijking 
wortels heeft, die twee aan twee elkaars tegengestelde zijn. De wortel nul 
komt niet voor, omdat Q een algemene quadratische variéteit is. 

Om verdere eigenschappen der /-matrix af te leiden, merken wij op, dat 
wij het codrdinatenstelsel slechts zover hebben bepaald, dat aan de vlakken 
V, en Vo resp. de vergelijkingen x4 = x5 = xg = Oen x1 = x2 = x3 = 0 
werden toegekend. Blijkbaar mogen wij dus nog de coérdinatengroepen 
X1, Xo, X3 en x4, X5, xg afzonderlijk lineair transformeren. Wij veronder- 
stellen nu, dat K; en Ke beide niet-ontaarde kegelsneden zijn (dus R; en Ry 
niet-ontaarde quadratische regelscharen); wij kunnen dan drie hoekpunten 
van het coérdinatensimplex kiezen in de hoekpunten van een pooldriehoek van 
K, resp. van Kg, zodat dus ayy = a3 = @31 = 445 = 456 = 864 = 0, 
terwijl a,1, ao2, 233 eM 444, 255, agg Ongelijk aan nul zijn. 

Door geschikte keuze van het eenheidspunt wordt dan verder verkregen 
dat a;; = avo = agg — 44 — a55 = age en de /-matrix luidt 


1—A 0 0 ai4 415 416 
0 1—A 0 a4 aps 426 
0 0 1—A ay 435 436 (14) 
a4) 42 443 1+4 0 0 
|} 451 as2 453 0 1--a 0 | 
461 462 463 0 0 1+ A 


Stelt men de determinant van de derde orde, gevormd door de aij, gelijk 
aan D en is Ai; in deze determinant de minor van ai;, dan krijgt men na 
ontwikkeling de volgende /-vergelijking: 


(1— vp —(1—2?. Yat, + (1—¥). DA}, -D?=0.. . (15) 
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Deze cubische vergelijking in 1—?° heeft in het algemeen drie ver- 
schillende wortels; men kan ook zonder moeite de getallen ai; z6 kiezen, 
dat (15) voorgeschreven wortels heeft. Immers neemt men 


ay4— Ver 05 Vp» 56 Ap. Ays = 246 — 224 — 226 — 2H = 435 — 0, 
dan wordt (15): } 
(1—A2>—(1—2?) (p: + p2+ Ps) <5 (1—A?) (p2 P3 + P3 Pi + Pi P2)—P1 P2 p3—9, 


zodat men voor 1—/2 resp. vindt pi, p2 en Ps- 

We komen dus tot de volgende conclusie. De 6 wortels der A-vergelijking 
van het quadratisch complex zijn in het algemeen verschillend; ze zijn twee 
aan twee elkaars tegengestelde, maar kunnen overigens willekeurige 
waarden aannemen. 

Meetkundig wil dat zeggen: het complex J’ der dubbelstralen is in het 
algemeen van het algemene type; het heeft in de classificatie van KLEIN de 
Segre-notatie [L 1111 1]. Maar I’ is geenszins het algemene quadratische 
complex, want de zes (verschillende) wortels 2: der A-vergelijking voldoen 
aan de relaties Ay + 44 = 0, 40 + 45 = 0, 4g + 4g = 0. Aangezien voor de 
eigenschappen van [’’niet deze wortels zelf beslissend zijn, maar A nog aan 
een lineaire transformatie onderworpen mag worden, komt het hierop neer, 
dat J’ één projectief-invariante merkwaardigheid vertoont, Men kan deze 
in Rs ook zo formuleren: door I’, die de doorsnede is van 2 met een andere 
quadratische variéteit Q, gaan zes hyperkegels, die men zo kan groeperen, 
dat zij drie paren vormen van een involutie in de bundel (2, Q). 

Overeenkomstige eigenschappen gelden voor het bovengenoemde pro- 
bleem dn: Jtsna10.V. 0007 aber onan) ee 7-vergelijking met vier ver- 
schillende wortels, die twee aan twee elkaars tegengestelde zijn. Daar elk 
viertal verschillende getallen door lineaire transformatie in een dergelijk 
viertal kan worden overgevoerd, komen wij tot de conclusie, dat de 
biquadratische kromme van de eerste soort, die als contactkromme in de 
theorie der conoiden optreedt, projectief de algemene kromme is. 

Wat het complex der dubbelstralen betreft, hierbij zijn uiteraard een 
groot aantal bijzondere gevallen mogelijk, die door de discussie van de 
elementaire delers van (14) kunnen worden gevonden en corresponderen 
met bijzondere liggingen van de gegeven regelscharen R, en Ro. Wij 
noemen alleen het meest gespecialiseerde geval: 

aij = 0 voor alle betrokken indices. De 4d-vergelijking luidt dan 
(1-—42)8= 0 en de Segre-notatie is [(111) (111)]. Men gaat ge- 
makkelijk na, dat V; en V» geconjugeerde vlakken zijn t.o.v. Q, zodat 
R, en Rg op dezelfde hyperboloide H liggen en in de involutie toegevoegde 
rechten niets anders zijn dan wederkerige poolrechten ten opzichte van fee 


Mathematics. Over het assenoppervlak van een bundel lineaire com- 
plexen. By O. BoTTEMA. (Communicated by Prof. W. VAN DER 
WOUDE.) 


(Communicated at the meeting of October 27, 1945.) 


1. De meetkundige plaats der assen van de exemplaren van een bundel 
lineaire complexen is in de Euclidische meetkunde een regeloppervlak van 
de derde graad: de cylindroide van CAYLEY. Volgens een reeds van 
CLEBSCH afkomstige stelling is de overeenkomstige figuur bij niet-Euclidi- 
sche maatbepaling een regeloppervlak O van de vierde graad met twee 
richtlijnen 1). In het volgende onderzoeken wij in hoeverre een merkwaar- 
dige, door APPELL gevonden eigenschap van de cylindroide ook voor dit 
oppervlak geldt. Wij bepalen ons kortheidshalve tot de elliptische meet- 
kunde. 


2. Is @ het absolute kwadratisch oppervlak, dan zal de collineatie die 
het product is van de poolcorrelatie t.o.v. Q en de met een gegeven 
lineair complex verbonden nulcorrelatie in het algemeen een dektetraéder 
bezitten, waarvan de hoekpunten op @ liggen en de vlakken aan 2 raken. 
Vier der ribben zijn beschrijvende lijnen van Q, de twee overige ribben zijn 
de beide rechten, die zowel in de poolcorrelatie als in de nulcorrelatie aan 
elkaar zijn toegevoegd; het zijn de assen van het lineair complex ten aanzien 
van de door Q vastgelegde maatdefinitie. 

Een bundel lineaire complexen bevat twee, in het algemeen verschillende, 
‘speciale lineaire complexen. Zijn d, en dy hun dragers, | en I’ de (reéle) 
gemeenschappelijke loodlijnen van d, en dg, A; en A’, de snijpunten van 
d, met len I’, Ay en A’2 die van dz met / en ’, dan zijn de middens M, en 
Mz van A, en Az en de middens M’; en M’, van A’, en A’ de hoekpunten 
van een poolviervlak van Q. Wij kiezen dit tot coérdinatentetraéder en wel 
zo, dat M, M’, en M2 M’2 de vergelijkingen x1 = x2 = O en x3 = x4 — 0 
krijgen, terwijl Q door x7 + x24 xi + xi = 0 wordt voorgesteld. De 
afstanden A, Ay en A’, A’s zijn resp. y = 29 en yw’ = 2 q’; men doet de 
algemeenheid niet te kort door de veronderstellingen 


O<y<5.0<y'<5.y<y 


Voor wy” = w zouden d; en dy Clifford-parallel zijn. 
Het speciale lineaire complex met d, tot drager heeft nu de vergelijking 


sin y sin y’ pi3—sin 7 cos Y’ pi4— COS 7 Sin @’ prs tcos pcos y’ pxx=0 (1) 


1) CLEBSCH-LINDEMANN, Vorlesungen iiber Geometrie II (Leipzig 1891), 343—356. 
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Dit 


en de bundel lineaire complexen: 
api3 + bpi4 + CP2s —pdpag == 08 Ft ae (2) 

waarbij 
a=(l1+y)singsing’, b=(1—p) sin ¢ cos y’, 
(1—nu) cos y sing’, d=(1 +“) cos pcos gy’ 


| 


c 
en « de bundelparameter is. 

Het product van de pool- en de nulcorrelatie is de collineatie 
xi= ax3+ bx4, x! = cx; + dx4, x} = — ax, —CX2, i= = bx; das (4) 
met de karakteristieke vergelijking 

M+ (a2 + b?-+ c? +d’) 24 (ad—beP =O. ~. - - (5) 


met vier zuiver imaginaire wortels, die twee aan twee elkaars tegengestelde 
zijn. Is 4, een wortel, dan vindt men voor de coérdinaten van het bijbe- 
horende dekpunt: } 


XX i X3tX%y— bi? — c (ad — bc) : di? + 

+ a(ad— bc) : —A, (ab + cd): 4, (a? + c? + 43) 

dat op Q ligt. De verbindingslijn met het toegevoegd imaginaire dekpunt 
snijdt, zoals men dadelijk inziet, zowel x3 = x4 = 0 als xy = xg = 0. De 
meetkundige plaats der assen is dus een regeloppervlak met / en /’ tot 


richtlijnen. Voor de vergelijking van het oppervlak O vindt men door 
eliminatie van yz na een korte berekening 


(6) 


sin py . (x? + x}) «3 x4—sin wy’ (x2+ x2) x1 %2=0.. . (7) 
3. Een regeloppervlak van de vierde graad met twee richtlijnen heeft 
het geslacht één. Wij leiden voor O een parametervoorstelling af met 


: , 
behulp van elliptische functies en stellen daarbij k carry , zodat O<k<1 


is. Voor 
Yat Yt Ys 1 Ng Hq 3X7 ve se ss (8) 
gaat (7) over in 
(yet+y)y—kytyym=0.. - - + + 
welke vergelijking men interpreteren kan als die van een vlakke cubische 
kromme. Door de lineaire transformatie 
yy=h? 2, 22 y2 = k (2; — 22), es es a ee (10) 
ontstaat 
5 1 et (z2—z)(z2—k? 2z)=90 . - + es (11) 
die bevredigd wordt door 
2,129: seat? OAR esse nee (12) 
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Voert men nu de elliptische functie met modulus k in en stelt men 


C= sr tf, 
dan is 


Vi—-@ ene, (41--R edna, . . .-.- (13) 
zodat als parametervoorstelling van (11) gevonden wordt 
Zpizs: tesa a eeeandni. . ... . +s 414) 


Voor het oppervlak (7) vindt men dan de volgende voorstelling met 
behulp van twee parameters u en v: 
__snu.dnu ksnu.cnu 


~~ 7. X50", Xe 
; cn u Sa tai dnu 


tee te ( 15) 


Elke waarde van u wijst een beschrijvende van het oppervlak aan. Daar 
de in (15) voorkomende functies van u de perioden 2 K en 2iK’ hebben, 
worden de beschrijvenden afgebeeld op de punten van een periodenrecht- 
hoek met zijden 2 K en 2iK’ en wel, zoals men gemakkelijk nagaat, reéle 
beschrijvenden op die punten, waarvoor geldt: of uw is reéel of u—iK’ is 
reéel. Wij zien er van af de welbekende projectieve eigenschappen van het 
oppervlak aan de hand van (15) af te leiden. 


4. De cylindroide heeft de volgende merkwaardige eigenschap: de 
voetpuntskromme van een willekeurig punt der ruimte ten opzichte van de 
beschrijvenden, is een vlakke kromme (en wel een ellips). APPELL heeft 
bewezen dat, afziende van het triviale geval der cylinderoppervlakken, de 
cylindroide het enige regeloppervlak is met de genoemde eigenschap 2). 

Het ligt voor de hand na te gaan of aan het oppervlak O in de elliptische 
ruimte de overeenkomstige eigenschap toekomt. 

Wij maken daartoe gebruik van de parametervoorstelling (15) der 
beschrijvenden: 


yi. Snut.dnu x3 ksnu.cnu 
a, =- (16) 
x5 cn u x4 dnu 
De poolrechte t.o.v. Q heeft de vergelijkingen 
Benseces tiene EP Di ets eaten ORs (17) 
x, snu.dnu x, ksnu.cnu 


zodat de vergelijking van het vlak door deze rechte en het willekeurige 
punt P= (41 yo ys y4) luidt: 


(ksnu.cnu.y;+dnu.y,)(snu.dnu.x,; +cnu. x2) — a 
—(snu.dnu.y, +cnu.y,).(ksnu.cnu.x;+dnu.x,)=0. (16) 


2) APPELL, Propriété caractéristique du cilindroide, Bull. Soc. Math., 28 (1900) 
261—265. Vgl. ook BRICARD, id. 29 (1901), 18—21; DEMOULIN, id. 30—50; SOMMER, 
Arch, Math. und Ph. 20, 311—320. 
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Het snijpunt van dit vlak met (16) d.w.z. de projectie van P op de be- 
schrijvende, heeft dus de coérdinaten: 


x,=snu.dnu.(snu.dnu.y, + cnu. y2), 
x,=cnu.(snu.dnu.y, +cnu. y2), ) -. (19) 
x;—=k.snu.cnu.(k.snu.cnu.y3;+dnu.y), 
x,—=dnu.(ksnu.cnu.y;+dnu. yy). \ 


Om na te gaan of dit voetpunt, bij variabele waarde van u, een vlakke 
kromme doorloopt, substitueren wij (19) in 


Air + Ay x, + As x3 + Ay =0 
en verkrijgen dan een vergelijking van de gedaante 
P, + P,sn?2u+ P;sntu+Pysnu.cnu.dnu=0, 


welke blijkbaar alleen dan voor elke waarde van u bevredigd wordt als 
P, = Py = Ps; = Py = 0, zodat voor Ai de volgende vergelijkingen 
ontstaan 


Aiyt Asp tkAsy. tk Agy3;—0 


Az y2 + Ayyy= 0 (20) 
A, y, — Ar y2 +h? As ys— bk? Ag ys =0 
A 41 + A; Y3 z=) 


die alleen een van nul verschillende oplossing hebben als 
(y2 + y3) ys ya—k (y3 + 9) v1 ¥2 = O- 


Wij hebben dus: de voetpuntskromme van een punt P t.o.v. de beschrij- 
venden van het regeloppervlak O is dan en alleen dan een vlakke kromme, 
als P op O ligt. 

Uit (20) volgt, dat de vergelijking van het vlak der voetpuntskromme 
luidt: 

M1 gs Ma AE TE ee 
Yr 92" Yeh eds 

Dit vlak gaat uiteraard door P. Tenzij P op Q of op 1 of I’ ligt, bevat 
het vlak geen richtlijn of beschrijvende van O, dat wil dus zeggen, dat in 
het algemeen de voetpuntskromme een vlakke kromme van de vierde graad 
is met twee dubbelpunten. 


Mathematics. — An arithmetical property of a class of DIRICHLET’s series. 
By J. PopKeN. (Communicated by Prof. J. G. VAN DER COoRPUT.) 


(Communicated at the meeting of October 27, 1945.) 
A convergent DIRICHLET’s series 
o _— 
D(s)= SF ane (4, << <...5 lim dnp =+ 0) 
h=1 h>o 


represents an analytic function f(s). In this paper we suppose that f(s) 
is an algebraic-transcendental function, ie. f(s) satisfies an algebraic 
differential equation 


F (s, f(s), f(s)... .»£™ (s))=0, 


F(s, f, f,....f() being a polynomial in s,f,/,.../(). An extensive in- 
vestigation with respect to this class of DIRICHLET’s series was made by 
OsTROWSKI in his dissertation 1). 

Here we consider only series with the additional property that all 
coefficients an are rationals. Writing these coefficients in their irreducible 
forms, we obtain an upperbound for the largest prime divisor of the 
denominator of an. 


Theorem. Let the convergent DIRICHLET’s series 


See —Aps 
D(s)= » ane 
h=1 


have rational coefficients an and represent an analytic function satisfying 
an algebraic differential equation. Let px denote the largest prime divisor 
of the denominator of an, where an is written in its irreducible form 2). 
Then there exists a positive number c, such that 


pa< dh 


for all but a finite number of values for h. 
We may apply this result on a power series 


oo 
> an x", 
h=0 


1) A, OstRowsKI, Uber Dirichletsche Reihen und algebraische Differentialgleichungen. 
Mathem. Zeitschrift 8, 241—298 (1921). 


2) Ifa, = 0, put a, = B.. In the proof of this theorem (lemma 1) we suppose, that 


all coefficients a, are different from zero; it is clear that this means no loss of generality. 
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convergent in the vincinity of the origin, with rational coefficients an and 
_ representing an algebraic-transcendental function {(x). 

In fact, the substitution x = e-* transforms the power series into a 
convergent DIRICHLET's series 


ie 2) 
2 ane ae 
h=0 


defining the analytic function f(e-*). Now both functions f(x) and e-* 
are algebraic-transcendentals, hence by a general theorem 3) the result of 
the substitution, f(e-), is also an algebraic-transcendental function. 
Applying the previous theorem we obtain a well-known theorem of 
Hurwitz #4): 
Suppose that the convergent power series 
3 an xt 
h=0 
with rational coefficients an, represents an algebraic-transcendental func- 
tion. Let px denote the largest prime divisor in the denominator of an, when 
an is written in its irreducible form. Then there exists a positive number 
c,, such that ‘ 


pa ec hes for ie 


Notations: In this paper h always denotes a variable taking all positive 
integral values, c, Cy, Co, .. denote positive constants and y1, Yo, ---» ym Other 
constants. 

If a relation, such as pr <n‘, is valid for all but a finite number of 
values for h, then we use the expression ‘‘the relation is valid for sufficiently 
large values of h’, often in the abreviated form “‘f.s.l. h”’. 


Let P(x4, Xo, -++1 %n3 Yr Yo, ---Ym) be a polynomial in the variables 
X14, Xgrxe» Xai Yy Yo, >-- Ym, then we often will use the form P(x»; yu). 
Similarly (xv; yu) denotes the set of quantities x1, x2, .-.,%n, Yi, Yar ++ Ym. 


A formal sum consisting of zero terms will be equal to zero. 

At first we shall state without proof some lemmas necessary for the 
deduction of our theorem. Then we shall show, that this theorem indeed is 
a collorary of these lemmas and lastly we shall devellop the missing proofs 
for all these propositions. 


co 
Lemma 1: Let the convergent DiRICHLET’s series 2’ an ens with 


1 

positive exponents 4, represent an algebraic-transcendental function. Let 
all coefficients an be different from zero. Then there exists a positive integer 
N and a number J, >0, such that for sufficiently large values of h any 
number 2; + 4) is a sum of N exponents at most, taken from the sequence 
Ai, Ao, awity Us ee 


3) See A. OSTROWSKI, loc. cit. p. 269. 
4) A. Hurwitz, Sur le développement des fonctions satisfaisant a une équation 
différentielle algébrique. Annales de !’'Ecole Norm. Sup. (3) 6, 327—332 (1889). 
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We shall apply this lemma in the following form: There exists a positive 
integer r, such that 


An = 4h, + An, He oe An, — Ao fortes, cea es (3) 


where t = t(h) denotes a positive integer < N and hy, hy, ..., ht represent 
positive integers < h. 
It follows t => 2, for otherwise An = Any —Aq S Any <An. 


More generally we often take r+ 1 arbitrary numbers hy AER AL 
which may be complex. Then we consider the system of recurrent relations 


An = In, + An, +--+ Any —4o fom re se yey (2) 


where r and — for any given suffix h — the symbols t, hy, hy, ..., ht denote 
the same positive integers as in the formula (1). 
It is clear that these relations (2) are equivalent with the system 


= r 
An== 2) ne hor - . tes ee Ce OF . (3) 


where the coefficients gie are found in the following manner: 


For 


: AS Oe SY male 
oie) ee er aN et Jho— 0 if h+o; 


and for h>r we define by induction 


t 
gho =. gnro—l, 


Evidently all coefficients gino are integers. We obtain in particular 
r 
i > ghe Aaets og . Rh ate < hs oe (4) 
2=0 


@ 
Lemma 2: Let the convergent DiRICHLET’s series 3’ a,e~*hS represent 
=1 


an algebraic-transcendental function. Then there exists a polynomial 
u(x) 4 0 and a number of constants 71,72, ... ym, such that for sufficiently 
large values of h the quantity an u(x) can be expressed as a polynomial 
with integral coefficients in aj, ag, ...,an—y and in yy, yo, -.+. ym- 

In other words: these exists for sufficiently large h a polynomial 
fr(x1, Xo, -.., Xh-43 2, Za, +.» Zm) With integral coefficients, such that 


By Wy) fa (es, Aiea Bacis yn) =» - « +--+ 6) 
Lemma 3: Let r be the positive integer defined in the formula (1). Let 


the sequence do, A;, Ao, ... consist of r + 1 arbitrary numbers Ag, 21, -. Ar 
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and for h>r of quantities 2, defined by the relations 


Then, if all exponents 4; of the DIRICHLET’s series are positive, 
ie = tp EA aaa 


Lemma 4: Let the exponents 2; of the DiRICHLET’s series be positive. 
If U denotes an arbitrary positive number, then there exists a positive 
number ¢ = «(U) with the following property: 


Let Ao, d4, .... dr represent r+ 1 numbers, such that 
|p —do| <e for, 0:== 0,160.08 3/css eee 
if 
ae r = 
Ass 2 gre ho for eee: . ele ge! Vet oee ee mets (3) 
o= 


then it follows i 
|4n|>U lence Jb 


Lemma 5: Let Px(x,,%o,...,xn) for k= 1,2,... denote a sequence 
of polynomials with rational coefficients, such that the system of equations 


Pilxg Xo. xe) = 2 


at least has one solution (X 4, Xo, ..., Xn). 
If ¢ is an arbitrary positive number, then this system also has a solution 


in algebraic numbers: (Xi, Xo. eae) SUCH that 


| X,—X,|<e for ys tyre ete 


Proof of the theorem. 


It is clear that all but a finite number of exponents J, in the series D(s) 
must be positive, since dn tends to infinity. By subtracting from D(s) a 


k 
finite sum >’ a, e~*hS we obtain a new series 
n= 


YA pees. AKAs 
D (sia » arine 
h=1 


with only positive exponents, representing the function 


« 


fi) =Fl)— 3 ane™. 


All functions f(s), e*a’ (h = 1,2,...,k) are algebraic-transcendentals, 
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and hence by a known theorem 5) f*(s) itself is a function of the same class. 

Now let us suppose, that our theorem has been proved in the special case 
that all exponents 2; are positive, then we may apply our theorem when 
D*(s) is substituted for D(s). We deduce the existence of a positive 
number c, such that 


Pk+h = Meth 


holds for all but a finite number of values for h, hence 


Pai <Any 
is satisfied for all but a finite number of values for h’. Therefore we may, . 
without loss of generality, suppose that all exponents J, in the series D(s) 
are positive. 
Evidently we also may assume that no coefficient an is zero. 
This series represents an algebraic-transcendental function and therefore 
we may apply lemma 1. Hence by a collorary 


i 
ee eee eee oe a ee” (4) 
e=0 


where r is a fixed positive integer and gne are integers. 
Moreover by lemma 2 there exists a polynomial 
k 


u(x)= Lox’, OF O, 


y= 0 


and f.s.J. Ah a polynomial fn(x1, Xo, .... Xn—13 Z#) with integral coefficients, 
such that 


anu (An) = fr (ase Bay ovis 5. h—13 Yu) ORTH = Cop erect ett) 


where cy > 0, 74, 72, --+) 7m are appropiately chosen constants. Hence 
k Hie a 2 \x 
u(A,) = 2» mat p3 hehe) : 
x=0 e=—0 


Defining Un = Un (wx; yo) by 
k \% 


Un wig = 3a ( 2 oneye) Ase Lae Pad 5) 
x e= 


=0 
we observe that LU; is a polynomial with integral coefficients in the variables 
wx; yo. It follows 
u (An) = Un (23 40) 
and therefore by (7) 
an Un (x3 4c) — Fr (a1, a2 + + + + Ah-13 Yn) =O for h=c>. 


5) “A rational function of algebraic-transcendental functions again is algebraic- 
transcendental”. See A. OSTROWSKI, loc. cit. p. 268 or V. E. E. STADIGH, dissertation, 
Helsingfors 1902, p. 5. 


oe, 


For h > cy we define Pa(wx; ye: zu) by. 


an Un (wx: yo) — Fr (a1 An «+ + Ah—13 Zp) = Pr (Wes Yos Zu). + - (9) 


P, is a polynomial with rational coefficients in wx; yo and zy. The system 
of algebraic equations 


P,, (wx: Yo: Z.) = 0, hc. 2) eee ee 
has at least one solution, viz. 
(3 he; Yu): 


If ¢ is an arbitrary positive number, then we deduce from lemma 5, that 
this same system even has a solution 


(x ides Yu) 
in algebraic numbers, such that 


Iabace had <oBfee tvs < a 


| oy — Wy | ee é, 
Hence, for h= C>, Ph (@, Ao, Yu) =O; or by (9) 


an Un (x, Ae) = fa (a> 22 = 2 Ah Fe) for! fi == fo en 
Put 


and for h>r 


then we obtain by (8) 


Un (Ox de) = & (An). 


We observe that the numbers Jo, 41, ds, --. satisfy the conditions (6) and 
(3) of lemma 4. As yet ¢ was an arbitrary positive number. Now we sub- 
stitute in lemma 4 


|oo| tlo,| +... /@xeal +k 


| x | 


u=1+2 


and we choose for ¢ = «(U) such a small number that it has the property 
stated in this lemma. Then it follows 


iid 2 be Da glet dar ah 


Without loss of generality we may take 


creel ar 
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By means of these inequalities it is easy to prove 
UnG.cAd—=fn 70 8 86f. s. Le 
In fact; by (11) we have Jax —wx|<e <1, hence 
|o,|<|o,|+ 1; 


, OF 


further |@,¢—@x| Ce< es 


> 0. 


o 


Fel >| 


If k=0, then |H (An)! =| @x| > 0. 
If k>0, then f£.s.l. h 
|i (An) |= [Oe Ae + Opa Ae +... + Go| 


=| @, Atl —(|@e-1| +... + |@o]) | an l* 


Wk 


> | SE | aalt —(loxa| +--+ Leo] +) [anf 


=| SE dae (an) —2 eel tn elt 


| ox | 


aie (al! (|4n| — UD) 


> 0, 
and this completes the proof of (13). 


We take a positive integer A such, that all numbers (Aa, Ade) are 


algebraic integers. Then, taking account of (8), it is clear that 
& k set ING Fi 
A‘ Un (@x; 49) = 2 A, AY 2 Jheo ie) 
x=0 oe=0 y 


also are algebraic integers. 


We define tin by 
i, = AX Un (@;; de), 
then it follows from (12) 
an tn = A fa lay, a2, .- > @n-15 Yo) fi aoe i, 
and from (13) 
| 3 OF fail ahe. 
Let 


DE” (tye=1,Zeeeevbde AL (Gg = 1,2, .. «+ Se) 


(14) 
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represent the conjugates of the algebraic numbers @ x, Ao. We addopt the 
convention 


= (1) — 7 
uu,’ — u, 


k ‘a 
and consider the L’ = TT TJ tz se different forms 
x=0 e= 


Oo 


a} = AX Une"; Wey) (I= 1,2, ..., L). 


We remember that the polynomial U; has integral coefficients, hence all 
numbers a,(!) are algebraic integers; so that 

cy 

IT (x= i) 

i= 
defines a polynomial in x with rational integers as coefficients. It follows 
that all conjugate numbers of i; are included in the L’ quantities an; we 
shall denote these conjugates, say, by aa with 1=1,2,...,.L (LSL’). 
Therefore 


represents the norm of an algebraic integer un; Un is different from zero 
fs]. h. Hence nz is a rational integer, not zero f.s.]. h. 


L 
Multiplying both sides of (14) with I aa‘ we obtain 


{=2 
L _ 
naan A**! IT al!). fa (ai, a2.--- ani Yule 
L=2 
or se 
nn Gp = Pn (ay Ane os Abate Ye) fe sade 
the right-hand side being a polynomial in ay, ag, ..., an—15 Yu with algebraic 


integers as coefficients. 


We write all rationals a; in their irreducible forms an = (da >0O), 
h 


so that pn denotes the largest prime divisor of da. We take the positive 


integer B such that all numbers Byyw = Tn are algebraic integers. It follows 


een ee genet 
han = Ph ae Gao Ode B 


hence 


ah 


Nh an=p, £5) 1a: 


where an represents an algebraic integer and P; denotes a composite positive 
integer with factors taken from the sequence B,.djjdo,4... day. Moreover 


—_-_> 
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the algebraic integer a1 = nn Phan is rational and therefore a rational 
‘integer, hence 
dp/nh Pi — palnn P;, => pn'| nn Bd, d2...da-1, 
or 
Ph = max (|na|, B, py, po». -- » Pa—1) Esa bihs., seameertlon 
It is easy to determine an upperbound for | ma |: We have by definition 
al) = At! U;, (ok; I), 


hence by (8) 


It follows by lemma 3 with U0) in stead of 2p f.s.l.h 


B 5(7,) 3 
2 Ihe ho® << dns 


hence 
k 
a! | < Aft Ack 2 o™ | Me Agkad f.s. 1. h. 
If we put cz = (3k + 1) L, then it follows 
— 2 —(l) Cy 
|mn|= H |an| <4 Fel ite ciel Sane! ict 1.9) 
=1 


We prove the theorem from this inequality and from (15). Take a 
positive integer H, such that 4 > 1, and that both (15) and (16) are valid 
for h => H; then choose c in such a manner that 


c=c; and Jy > max (B, p;. pr. ++» Py): 
We shall show by induction that 
Ph < 4h 

is true for h2> H. 

This inequality evidently is satisfied for h = H. Let us suppose that 
h>H and that the inequality is true for h—1, h—2, ..., H in stead of h. 

From (15) it follows that there are only three possibilities 
1° pr Z| nn|. 2° pr = max (B, pi, p2--- PH)» 3° pa max (pH+1,--- ,Ph-1)- 


If px <|nn|, then by (16) we obtain pa <A As since An > A>. 
If px < max (B, py, Po, ---, Py)» them it follows pra <i, < Mj. 
If pa S max (Py, Pyyar e+ Pp)» then we have 


Py = max (2544, Magar Ma) <i 
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In all three cases it follows that the inequality also for h is satisfied and 
this proves the theorem. 5 


In the next section of this paper we shall show that the lemmas we 
applied are true. 
A well-known theorem of OSTROWSKI states, that if a convergent 


ao 
DIRICHLET’s series > ap eh’ represents an algebraic-transcendental 


function, then there ee for the set of all exponents dn a finite linear 
basis: i.e. there exists a finite number of exponents 41, hes «09 At, SUCH. that 
all other exponents are expressible as a linear aggregate of Ay, dy, «Al 
with integral coefficients ®). OstROWSKI's reasoning in showing this result 
may be applied, almost unchanged, to prove that our lemma | is true. 

A second theorem of OsTROWSKI states that if the DIRICHLET’s series 
represents an algebraic-transcendental function, then there exists a finite 
number of coefficients a,, ao, ..., ak, such that all other coefficients an may 
be expressed as rational functions with rational coefficients in a1, a9, ...,@k7). 
The proof of this theorem shows that our lemma 2 is valid. 

For the deduction of lemma 3 we shall apply lemma 1 in the form of the 
formula 


t 
Anz= Dan, — Aq for hs ee a ee ee (1) 
t=1 : 


Here t—t(h) denotes a positive integer, such that 2<¢<N and 
hy, hy, ..., ht represent positive integers <h; dy 20. 
From now on we addopt the convention 


he = erase At li Dione elf lg de 2 ee 


hence 
An > An, = Anz perth 


We considered the recurrent relations 


ze tie os 
Anas 2 Ans for Rr} A oh Na POE te (2) 


T=1 


Jo Aq «++ Ar being arbitrary numbers and we observed that they were 
equivalent with the system 


a= r & 
hua DS Che dete es > be ee (3) 
e=0 


with integral coefficients gre. 


Lemma 3: 


Galata ta Ste 


6) A, OSTROWSKI, loc. cit., Satz 6, p. 260. 
7) The same, loc. cit., Satz 8, p. 262—263. 
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We divide the proof of this lemma into three parts. 
Part I. There exists a positive number c4, such that 
An—4n, > cs = for h>r 
(An, being defined in the formulas (1) and (17)). 


Proof: Since dn tends to infinity there exists a positive number cs, 
such that 


An > Ay + 1 for h=cs. 
Now 


t 
Ay — Ap, DJ An. — 4 t=2 for h > r. 
Ci 


We consider the two cases hg 2c, and hy <c;. 
If hy =>c5, then we obtain An, > 29 + 1, hence 
pc eth) SRS p 
If, on the other hand, hy <c;, then 
1=hr=h,<c, for t= 3,4,...,t: tN. 


There is only a finite number of different sequences ho, h3,..., ht of at 
most N—1 positive integers, such that each integer is smaller than c;. 
Hence in this case (hg <c5) we have only to consider a finite number of 
different values for 
t 
bys = oS) Ap — doe 
pecan = 

All these quantities being positive they have a positive minimum cg. 

If we choose a positive number cy<.1 and <cg, then the inequality 
An — An, > c4 will be true in either of the two considered cases. This proves 
the proposition of Part I. 


Part II. If 4,, 224) + 1, then 


Proof: From Ap,= 2%) +1 it follows 44,—24,=1 and 
An, — Ag = An, — 2 Ig = An, — 249 > 0. 
We have 


t 2 t 2 t 
= (24, —io) = (_24,) —2y 2 —— 
TS 


t=1 


t t t 
Se Soh hn An 2A Ape. 
T= 2 i 


tz] 
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Now 
t t 
2An, 2 pa: = An, An, + An, An, + 24m, 2 Ate» 
=o *=3 
t t 
Cea | 3 
hence 


t t 
2 An, 2) An, — 24 2 Ane = (dng— 2 do) Any + (An, — 2 40) Ans 


It follows 


Part II. Proof of. lemma 3. 
In Part I we proved Aa — Aig > Ca, for ft > ez hence 


13, — th, = (An + An) (Ah — An) > C4 An. 


It follows that 44—J), tends to infinity when A increases indefinitely. 
We take a positive integer H, such that 


ie fee 
2, —H, > N(24) +1)? +[4 
rte Ne Plot REA. . (18) 
dn > N | 4o| 3 
The last inequality implies 
jibes. Fy for kh SH wee aaa 


since Any <|4o| leads towards a contradiction because of 


t = 
dy aD ed et ee Nae 


ist | 


For h <H there exist only a finite number of values for | dn |: a2; we 
shall denote the largest of these quantities by cy. [ficg == ce 11, then 


| Ai | ey Maes ets for h< H. 


In order to complete the proof of lemma 3 we shall show by induction 
that this inequality also holds for h >H. Therefore we take h2H and 
suppose that the inequalities : 


in| <cetee, for keeie2, 529 Ree Bee (20) 


529 


are true, Then we shall prove, that this relation also is satisfied for k = h. 
By definition 


hence in virtue of (20) 


= t - 
|an| <cg 2 the + |4o|5 Qe ee 


here | 19 |< An, by (19), therefore 
ne t t 
[An] <eg E Fie + bn <c St. + es eat 910) 2 oR 


At first we consider the special case 
Ans = 2 Ay -+ Ihe 


when the condition of Part II is satisfied; it follows 


t 
5G rere a Pei ya 


cot | 


Therefore by (22) 
| An| =e Cg hi ; 


Hence in this case the inequality (20) also holds for k = h. 
Now we consider the second possibility 


dhe <a hy + 1. 
In this case we apply (21) 


= t = = 
lanl <ee 2 Th, + | do | < cs ti, + 5 (tL) Mh, + | 20 | 


< cy An, + cg N (2 Ap + 1)? + 6 | dg]. 
Now h=H, hence N(24) + 1)2 + | Zo | <i3— ij by (18); it follows 


|An| < Cg Tin, + cg (44 —4i,) = ce ie 


Therefore the inequality (20) also holds for k =A in this second case. 


This result proves the inequality [an | <cg 22 for any h and appropiately 
chosen cg and thus completes the proof of this lemma. 


Lemma 4. If U denotes an arbitrary positive number, then there exists 
a positive number « = e(U) with the following property: 
Let the inequalities 


|4n—do| <e eee Ol aee fx, ts 8) 
34 
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be satisfied, then it follows ’ 
|2n| > U fs aliens 


Proof: Denoting the real part of a complex number z by R(z), we 
shall even prove the stronger inequalities 


Pi) lL ese 


Without loss of generality we may suppose 


U > Ip Nae ae) oe ae ee eer 
We take the positive integer H = H(U) so large, that 
Hr and dn >(N# IU. 2 Se ee 


The remaining section of this proof we divide into two parts: 


Part I: Let A, and hy be defined by the relations 
1 ae Teeter ee 
There exists a positive number ¢ = ¢(H), such that the inequalities 
lAc—a,|<c¢ for @—=0; 1.3.4, cand h,=H 
imply 
R (an) > R (An) for h>r. 
Proof of Part I: For h>r we have 


f . 
An—An, = 2X An, —4o > 0, Zeta N: 
m2 


If hy <H, then hr <H for t = 2,3,..., t, so that the number of different 
t 

expressions >) An, —4Ao is finite; hence there exists a positive number 
= 


, = 6(H), such that 6<1 and 
t 
h,Z=H implies Y tn, —Ay > 8. 1 Se (25) 
i 


Now 


therefore 


= ‘a “ 
An —An = = one (Ag — Ap). 
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Applying this result for h =r +1, r+ 2, ....H we obtain: There exists a 
positive number « = e(H), such that 


|4o—Ao| <e implies —al< for [==0,\eeee es 2. (26) 


For h>r we have 


\ 


3 Jn, — ta) = 3 R (in) —R Oe) = 


RGr—hn) =R | 


t ee 2. 
Sey Ageag ZR (an. —4n,) — R (ho—Ao), 


c=2 
les ae t mee ” 

Ripa) = 2 dn, — bo 2 | Ate Atie| | 40— Ao|- 

If the conditions of the assertion in Part I are satisfied, then hp SH, 
t a 
hence Sdn, —4o > 6 by (25); further |Ae—do|<¢, hr SH for +22, 
e=2 : 
5 i= é 
hence [an — Ane | < ay by (26) for t= 2; also | 49 —4o| < N° 


It follows for h>r 


R(in—In) > 8-1) 9 — HV 


IV 


0. 


This gives the desired result. 


Part II: Proof of R(An) >U for h2H. 
We observe, that 


R (An) = dn + R (An—4n) = An —|An—An |; 
further that 2,, > (N +1) U by (24) and [Ay—4y| < pp <1 by (26). 
It follows 
R(4n) >(N+1)U—-1>U. 


Hence the assertion of Part Il is true for h = H. 
Now we take h > H and we suppose 


Ry) > U for t= HVA 1, 0. A—1.-\f-  27) 


Then we shall show that this inequality even holds for 1 = h. 
Taking account of h>H>r we have 


where h, [hy =... = ht. Let hs be the first number in this sequence < H 
(if there exists not a number with this property, then we put s = | Ps mage 


hhh = a HEE es Eh. 
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We have 


s-l “i 


= r. t = 
=F Rl.) + 2 dnb + 2 Rls, —In)—R lah) 


x sl = t res ass 
R (An) = aR (An,) + px Ang = Ao ian ik | An. rat An. | == : Ag hg |. 
c= t=S 


T=S 


It follows from (27), that R(hn,) > U is valid, since h>h, > H; now 
[do —4.|<e is given; further h:<H(t=s,...,t) by definition, hence 
é 


ms 5 
| An, — Ia, <<! by (26); also [40 —4o|< p<! 


Therefore we obtain 


RU) (st) Ue ele ef eS 


We consider the following three possibilities separately: 
1) s= 1, 2) s= 2 and 3)\s 25. 
1) s=1 (h, SH). Then by (28) 


t 
RG) > 3 in, ~h—-N—1 = NI. 
Now h>H, hence dn > (N +1) U by (24); therefore 


R (tn) > (N+ 1) U—N—1>U, 


since U>N + 1 by (23). 
2) s=2:h,>H:; hy <H. We showed in Part I for this special case 
R(dn) > R(Anz) (since h> H>r). 
It follows from (27) R(dn,) > U since h> hy > H. Hence 
R(an) > R (an) > U. 


3) s>3. In this case the inequality (28) gives 
R (4) =2U—-4,—N—1>U, 


since U> dy + N+ 1 by (23). 


In all three cases the inequality R(dn) > U is satisfied. 
This result proves the lemma. 


Lemma 5: Let 
Py (x41 X9, ++ + 1 Xn) =O ker a) 
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denote a system of algebraic equations with rational coefficients and with 
one solution (X,») at least. If ¢ is an arbitrary positive number, then there 


exists also a solution (Xy) in algebraic numbers, such that 


| X,—X,|<e Bae Ee, seen Ie 

Proof: If all numbers X, are algebraic, then there is nothing to prove. 
Hence we may assume that at least one of these numbers is transcendental. 
Let r denote in this lemma the highest number of algebraic independent 
quantities in the set Xj, Xo, .... Xn (1 St Sn). Without loss of generality 
we may suppose, that X,, X5,..., Xr are independent: no polynomial in 
X,,Xo,..., Xr with rational coefficients is zero unless these coefficients 
themselves are all zero. Therefore X1, Xo,...,X, are’ independent in- 
determinates over the field P of all rational numbers, whereas the 
remaining numbers X74,,Xr49,-.. Xn are algebraic over the field 
P(X,, Xo, ....Xr). We shall denote these last n —r quantities by 
Yie¥s,.00 Ye (nn —Tr). 


For Y, there exists an irreducible equation over P (Xz): 


r +An (Xo) eos or es + Aig, (Xo) = 0, 
where Aj;(Xo) are rational functions in X,,Xo,....X, with rational 
coefficients (y = 1, 2,..., 91). 
Now we adjoin Y, to the field P(Xe); Yo certainly is algebraic over 
P(X; Y;), hence there exists an irreducible equation 


YF" + An (Xo; Y4) Yee! +...+Adzg, (Xe; Y,)=0, 
where Asy(Xe; Y,) are rational functions in X,, Xo,....Xr, ¥, with 
rational coefficients (y — 1,2,...,9,). Y1 being algebraic over P(Xe), 
we may assume that the denominators in all these go rational functions 
Avy are polynomials in X,, Xo, ..., Xr only. 
In such a manner we may proceed: For Yu(u = 1, 2,..., m) there exists 
an irreducible equation in P (Xo; Y, ..., Yu—1) 


V8" + Aus (Xos Yves Yu) Yet +... + Ang, (Kei Vises Yu-1)=0, (29) 
where Any(Xo; Y;, ..., Yu—) are rational functions in Xo; Y;, Vion iy aly 
with rational coefficients. We may assume that the denominators in these 
functions are polynomials in X,, X», ..., Xr only. We denote the least com- 
mon multiple of all occurring denominators by 


V (X;, Xq,.- + Xr), 


being a polynomial with rational coefficients in X,, Xo, ..., Xr only. 
The set (Xo; Yu) is a solution of the system of equations 


yf + Ags (x0) yf! +... + Arg, (%0) = 0, \ 


yf + Aas (xo; ys) pf ee + A2g, (xo; yi) = 0, ie 


Smo! 


doy BLE: Am (xo; Yirores Ym-1) Yin aleve = Amgm (Xo% Yi, i+ Um=1) 0, 
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we obtain from (29) by replacing the quantities Xo: Yu by unknowns 
(Xo; Uns 

Now we apply a theorem of E, NOETHER 8): 

Let X41, Xo, ..., Xr be arbitrary algebraic numbers, such that V(Xe) 40 
and let Y,, Yo, _... Ym denote (algebraic) numbers, such that (Xo; Yu) is 
a solution of (30). 

If P( x4, Xo. 10) X73 Yr, Yor + Ym) is a polynomial with rational coef fi- 
cients, then P(Xo; Yu) = 0 implies PUXCCY 6) Ds} 

Applying this theorem on every polynomial Px(xv) of the sequence in 
this lemma (k = 1,2,...), we obtain the following result: 

If (Xo; Yu) is a solution of the system (30) in algebraic numbers, such 
that V(X.) +40, then it also is a solution for the system Px(xv) = 0 
peso Pee on = 

The only remaining problem is to prove the existence of algebraic num- 
bers Xo; Yu, satisfying (30) and with 


V (Xe) F 0, Xo—Xe|<& to ae Yul <e. 
We consider a sequence of points (xn1, Xng, «++ Xnr) in the r-dimensional 
space (h = 1,2,...), such that all coordinates are algebraic numbers and 
such that 


lim (xno) = (Xo), 


h-> © 
so that for an arbitrary positive number 6 the inequalities | xneg —Xe| <0 
are satisfied f.s.]. h. It is clear that V(xng) FO f.s.l. h, since V(Xe) #0. 
Now we apply the classical theorem on the continuity of the roots of an 
algebraic equation. Y, is a root of the equation 


Eee: + An (xe) y3 +...+tAjg, (<3) == Ounsgnetne es (31) 
when Xo is substituted for x. Let 6, be an arbitrary positive number, then 
there exist a positive number dy with the following property: For any given 
point (xe) with | xe —Xe|<d2 we can choose a number y;, such that 
(xe, y,) is a solution of the equation (31) and |y,—Y,| <4. If all 
coordinates xo are algebraic then also yj; is algebraic. 

Hence we obtain in the (r + 1)-dimensional space a sequence of ‘“‘alge- 
braic’” points (xno; yny), such that the coordinates of each point satisfy the 
equation (31) when xng is substituted for xo and yn, for y,, and such that 


lim (xno; yni) = (Xo; Yi). 


h>o 
Repeating this argument we finally prove the existence of a sequence of 
algebraic points (xi; Yn1, --+ ynm), such that the coordinates of each point 


satisfy the equations of the system (30) when xno is substituted for x» 
and ynu for yx and such that 


1 (Xne3 Yhis Ses Yam) = (Aen x4 eos Yer 
> 0 


This result proves the lemma. 


8) See: B. L, v. D WAERDEN, Moderne Algebra II, second ed, p. 50—52. 


Mathematics. — An analogue of the nine-point circle in the space of 
n-dimensions. By J. C, H. GERRETSEN. (Communicated by Prof. 
J. G. VAN DER CoRPUT.) 


(Communicated at the meeting of October 27, 1945.) 


1. Let the vertices of a simplex in the space of n dimensions be Ao, Aj, 
Ao, ..., An. It can be assumed that each edge Ai Ax is perpendicular to the 
opposite (n —2)-dimensional boundary face, so the altitude lines through 
the vertices are concurrent in a point called the orthocentre of the simplex. 
Moreover the same peculiarity holds, for every (n—1)-face of the simplex 
and the orthogonal projection of the orthocentre on any (n—I )-face is just 
the orthocentre of that face. In the trivial case n = 2 every point of the 
line A; Ax must be regarded as an orthocentre of the 1-simplex with edges 
Ai and Ak. 

In the case of an orthocentric simplex a generalisation of the nine-point 
circle of a triangle has been given by R. MEHMKE, Arch. f. Math. u. Phys. 
70 (1884), p. 210. It is our aim to give an analogue in the general case. 
In that case the altitude lines have not a point in common, but — as we 
shall see — there will be a point that has analogous properties as the 
orthocentre in the special case mentioned above. 


2, Let Mix be the middle point of the edge Ai Ax and Gix the centre 


of gravity of the opposite (n—2) -face A’,’. If G be the centre of gravity of 
the n-simplex, it is easily proved that the points Mix, G and Gix are 
collinear, the segment Mix Gix being divided by G in the ratio (n—1 ys 2. 

The n+1 hyperplanes each going through the points Mix and perpen- 
dicular to the lines A; Ax are concurrent in a point M, the centre of the 
circumscribed hypersphere of the n-simplex. By a similitude with centre G 
and with ratio — 2: (n—1) these hyperplanes are transformed into the 
hyperplanes through the points Git, each being perpendicular to the 
opposite edge Ai Ar. Hence these hyperplanes are concurrent in a point H. 
In the case n — 3 this is the well-known point of MONGE; we will denote 
it as the point of MONGE in the general case also. The result can be 
formulated in the following way: the centre of gravity G is collinear with 
the centre of the circumscribed hypersphere M and the point of MONGE 
H and divides the segments M H in the ratio (n—1) : 2. It is easily seen 
that in the case of the orthocentric simplex the point of MONGE and the 
orthocentre are coincident. 


3. Let Hx be the point of MONGE of the (n—1)-face Aj opposite to 
the vertex:Ar, (k= 0, 1, ..., n). Let ‘Ax be the orthogonal projection of 
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Ax and ’Hx the orthogonal projection of H on that face. We will prove 
that the points ’Axr, "He and Hx are collinear and that 'Hx divides the 
segment 'Ax Hx in the ratio (n—2):1. It is to be noted that the theorem is 
trivial if n <2. 

To prove the theorem we regard at first the edge Ao Ay. The point Hn 
is laying in the (n—2)-space perpendicular to Ao A, which is passing 
through the centre of gravity of the (n—3)-dimensional boundary simplex 
of the simplex Ay ... An—1 opposite to Ap A, and contained in that simplex. 
A similitude with centre ’An and ratio (n—2) : (n—1) transforms this 
space into an (n—2)-dimensional space perpendicular to Ag A; going 
through the centre of gravity "Go; of the simplex Ay... An—1’An. But this 
point is just the orthogonal projection of Go; on the space through the 
points Ay... An-; and therefore the (n—2)-space just mentioned is the 
intersection of the (n—1)-space through Apo, ..., An-1 and the hyperplane 
through Go, perpendicular to Ap Ay. This space cuts the line An Hn in the 
point Hn and the segment ’An Hn is divided by ’H, in the ratio (n—2) : 1. 
If we take instead of Ag A; any other edge of the (n—I )-simplex 
Ao... An—1, we always find the same point 'Hn. Therefore the point of 
MoncE from the n-simplex must be situated on the line through "An 
perpendicular to the hyperplane through Ag AG aT Re tae ae 


4, Now we are able to give an analogue of the nine-point circle in the 
following manner: Let Gx denote the centre of gravity of the (n—1)- 
dimensional face opposite to the vertex Ax, Px the point on the segment 


Ax H on a distance “At H from H,’P the harmonic conjugate of Hx with 


regard to ’Ax and ’Hx. Then the 2 (n + 1) points Gr, Pr, ’Pk are on one 
hypersphere. The centre N of this hypersphere is the harmonic conjugate 
of M with regard to G and H. 

In proving this theorem we see that a similitude with centre G and 
ratio — 1:n transforms the circumscribed hypersphere of the n-simplex into 
the same hypersphere as is obtained by a similitude with centre H and ratio 
1:n. The points Px and Gx are diametrically situated on this sphere and — 
if "Pz denotes the orthogonal projection of Px on the face opposite to 
Ar — ~ Px"Px Geis a right angle; hence “Px is also on that sphere. An 
easy computation shows that Px is the harmonic conjugate of Hx with 
regard to Ax and ‘Hz, so the points “Px and ’P; coalesce. 


Physiology. — Over den invloed van gtoeihormoon op den skeletspiergroet 
en op de stikstofuitscheiding. By J. H. GAARENSTROOM and A. KRET. 
(Uit het Pharmacologisch Laboratorium der Rijksuniversiteit te 
Leiden, Beheerend directeur: Dr. S. E. DE JoNGH.) (Communicated 
by Prof. J. vAN DER HOoEVE.) 


(Communicated at the meeting of November 24, 1945.) 


Reeds eenige malen berichtten wij over onze onderzoekingen betreffende 
het aangrijpingspunt van groeihormoon. De mogelijkheid dat groeihormoon 
den groei van organen of orgaangroepen afzonderlijk, dus door meer 
dan één aangrijpingspunt (al dan niet gecoérdineerd), zou regelen, werd 
door ons systematisch nagegaan. Daarbij kwam aan het licht, dat voor 
het aannemen van een directen invloed op den groei van de ingewanden 
geen enkele reden aanwezig was (GAARENSTROOM a) en dat zelfs een bij- 
zondere werking op den skeletgroei wel is waar niet uit te sluiten was, 
maar toch wel als onbewezen moest worden beschouwd (BOERE en 
GAARENSTROOM, GAARENSTROOM b). 

Wij onderzochten verder den invloed van groeihormoon op den groei 
van de skeletspieren, en wel de daarbij door ons vroeger ook voor skelet 
en ingewanden gestelde, min of meer principieele, vraag: is groei van 
skeletspieren mogelijk bij afwezigheid van groeihormoon? 

De methode bij deze proeven was als volgt. Een aantal ratten van 100— 
130 gram lichaamsgewicht werd gehypophysectomeerd. Een week (deze 
periode werd ingeschakeld om het spierstelsel gelegenheid te geven tot 
de na hypophysectomie gebruikelijke atrophie) na deze operatie werd 
aan den linkerpoot de m. gastrocnemius aan zijn insertie doorgesneden, 
waarvan het gevolg was, dat aan de Achillespees nu nog slechts de kleine 
m. soleus insereerde. Laatstgenoemde spier moest daardoor de functie 
van eerstgenoemde overnemen, wat een prikkel moet zijn tot hypertrophie. 
Tien dagen na de doorsnijding werd sectie verricht en het eventueele 
ontstaan van zulk een hypertrophie beoordeeld, door het gewicht van 
den m. soleus aan de geopereerde zijde te vergelijken met dat aan de 
andere zijde. 

Deze proef, die met verschillende series ratten werd verricht, en waarbij 
niet gehypophysectomeerde ratten, bij welke dezelfde doorsnijding werd 
gedaan, als contréle dienden, leverde de in tabel I neergelegde resultaten 
op. In alle gevallen was de m. soleus aan de doorgesneden zijde zwaarder 
dan die aan de niet geopereerde. Het gemiddelde gewichtsverschil be- 
droeg 24 %. Dat beteekent dus een hypertrophie, althans in relatieven 
zin. Deze kan bij de hypophyselooze dieren niet geheel als werkelijke 
spiergroei worden beschouwd, daar de m. soleus aan de contrdlezijde 
gedurende de betreffende periode waarschijnlijk in gewicht achteruitging. 
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Daar, zooals vroeger werd vastgesteld, deze daling parallel met die van 
het lichaamsgewicht verloopt, zou zij ongeveer 8 % hebben bedragen. 
Het grootste deel van het gewichtsverschil tusschen den linker en rechter 
m. soleus moet dan dus toch op groei van de spier aan de geopereerde 
zijde hebben berust. Dit beteekent, dat dezelfde aanleiding, die bij normale 
dieren groei van de spieren veroorzaakt, dit ook nog doet bij afwezigheid 
van groeihormoon. Het gewichtsverschil was zelfs niet minder bij de niet 
aehypophysectomeerde dieren, hoewel hierbij overwogen moet worden, 
dat bij de laatste de contrdlespieren tijdens de proef groeiden, terwijl deze 
bij de hypophyselooze dieren achteruitging. 

Het groeihormoon blijkt dus geen onontbeerlijke factor voor groei van 
skeletspieren te zijn, wat ons inziens, vooral omdat andere, op den groei 
_van speciale organen aangrijpende (organotrope) hypophysehormonen dit, 
voor het betreffende orgaan, wél zijn, tegen zulk een aangrijpingspunt 
voor het groeihormoon pleit, Hetzelfde en andere argumenten maakten 
vroeger reeds een directen invloed op den groei van het skelet en de 
inwendige organen onwaarschijnlijk en de uitkomsten van het. boven- 
beschreven onderzoek sterkt ons in de meening, dat het groeihormoon 
een algemeenen, niet tot afzonderlijke organen gerichten, invloed heeft, 
die tot lichaamsgroei leidt. Woortbouwende hierop, komt men er, zooals 
ook vroeger reeds beschreven (BOERE en GAARENSTROOM) toe, voor het 
groeihormoon een plaats te zoeken onder de niet-organotrope hypophy- 
saire hormonen, dus bij de groep, die aangrijpt in de stofwisseling. 


TABEL I. 


Gem. lich. gew. (gr) Gem. gewicht m. soleus (mgr.) 
ARitaiyoaEeT a Bij Sra 0/ 
; of = Qh Woo J Bij Geoper. zijde | Niet geop. zijde oe 
dieren nen Aypopk. spierdoor- ate verschil 
snijding Gem. | Uitersten | Gem. | Uitersten 
ORE DES A a Se eS ee eee 
5 hpl V2Sr eee elke 103 a3 46—64 40 35-47, 1) oo 
8 % 129 118 107 57 49—64 47, |; 42—54 | 18 / 
7 : 144 126 | 119 | 62 | 49-82 | 46 | 37-57 | 26 \ zs 
10 i 149 137 128 65 50—81 52 43—66 | 20 
10 norm. 115 123 | 56 39—82 42 35— 54.124 


Zonder op dit punt stelling te nemen ten gunste van de door sommige 
Amerikaansche onderzoekers (LEE en SHAFFER, GAEBLER) geuite hypo- 
these, dat het groeihormoon een eiwitstofwisselingshormoon zou zijn, kan 
hierbij toch worden opgemerkt, dat deze meening de tot nu toe bekende 
feiten op aangename wijze zouden kunnen verklaren. LEE en SHAFFER 
vinden, dat de door hen en anderen (GAEBLER, HARRISON en Lonc) ge- 
vonden vermindering van de stikstofuitscheiding en het gehalte aan amino- 
zuren in het bloed voor hun opvatting pleiten; deze verschijnselen kunnen 
echter even goed het indirecte gevolg van een dieper schuilenden invloed 
van het groeihormoon zijn. Toch lijkt deze vondst als uitgangspunt 
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voor verder onderzoek van belang. Wij meenden daarom, dat het nuttig 
was, enkele der betreffende proeven te herhalen en uit te breiden. Wat 
dit laatste betreft, ten eerste waren de vroegere experimenten verricht 
met vrij weinig gezuiverde groeihormoonpraeparaten, terwijl wij met een 
sterk gezuiverd praeparaat ') practisch vrij van andere bekende hypo- 
physehormonen werkten. Ten tweede hebben wij ook proeven gedaan met 
dieren (ratten van ca. 100 gram), die een eiwitloos dieet (bestaande uit 
64 % koolhydraten, 6 % vet, 27 % water, wat vaseline e.d.) ontvingen. 
Het daarnaast gebruikte eiwithoudende dieet had dezelfde samenstelling, 
kehoudens dat 25 % in plaats van uit koolhydraten uit eiwit bestond. 
Drie groepen van te voren gehypophysectomeerde dieren werden ver- 
geleken; één groep ontving eiwithoudend dieet, een tweede groep eiwit- 
loos dieet, een derde eiwitloos dieet en tevens 20 E groeihormoon per 
dag. De voedseltoediening was beperkt tot 6 gram van het juist beschreven 
voedsel per dag, welke hoeveelheid door alle dieren practisch geheel werd 
gegeten. Nagegaan werd de stikstofuitscheiding in de urine van elke 
rat afzonderlijk in 3 perioden, n.l. de eerste 48 uur na hypophysectomie, 
de daarop volgende 72 uur en de daar weer op volgende 48 uur. Het 
stikstofgehalte werd bepaald met de methode van KJELDAHL. 

De resultaten beantwoorden, gelijk tabel II laat zien, in belangrijke 


TABEL II. 


3 | Lich. gewicht (gr.) | Voedsel en behandeling | N uitsch. in urine | Orgaangew. (gem.) 
= | (gem.) (mgr.) (mgr.) 

os | Bij Na | %o Gegeven Gege- | Seieesaleetil lh cs eS M. 

§ |h poph a0 eae (per week) noon eo ete 3 | §& | gastroc- 
a | y "|week' neming p. w. | a i a he Z Tans 

| 

7 | 140 | 108 |. —23 | 42 gr. E.H. voer 37 |145|197| 109| 451 | 3870) 780 | 1260 
7| 139 |111| —20 | 42 gr. E.L. voer 35 |116|157| 85| 358 | 3800} 814 | 1266 
6 | 134. | 112 | —16 | 42 gr. EcL. voer + Gr.) | 38 | 97| 99| 50] 246 | 3960) 840 | 1260 
9) 111 | 90 | —19 | 42 gr. E.H. voer 40 leet. 3550 711 | 9842) 
7 | 112 | 90 | —20 | 564) gr. E.L. voer 47 eo aoe 3520 693 | 10102) 
9| 113 | 93} —18 | 564)gr.E.L. voer-+ Gr3) | 39 ery tia * 3450| 713 | 10722) 
6| 120 | 94| —22 | 42 gr. E.H. voer 4] | 3660 | 732 | 1132 
g | 120 | 98| —18 | 42 gr. E.L. voer 38 | |. | [3870] 674 | 1130 
6| 118 94 | —20 | 42 gr. ELL. voer + Gr.4) | 37 Pie aa | 3480 | 770 | 1130 
3| 128 |110| —14 | 42 gr. E.H. voer 38 ) 4190 | 924 | 1306 
4] 127 | 105 | —17 | 42 gr. ELL. voer 38 | | | 3610} 838 | 1280 


opzichten aan de op grond van de literatuur gestelde verwachtingen. 
De stikstofuitscheiding is minder bij de met groeihormoon behandelde 


1) 1E= 50+. Welwillend afgestaan door Dr. E. DINGEMANSE. 

2) Eiwitgehalte spier resp.: 192, 196 en 204 mg. 

3) Groeihormoon, dosis altijd 20 E per dag. 

4) Deze 56 gram waren (dit was de eerste proef) oriénteerend; het bleck, dat de dieren 
van het eiwitlooze voer niet meer dan gemiddeld 42 gram aten, daarom werd later niet 
meer dan 42 gr gegeven. 
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ratten, dan bij de eveneens eiwitloos gevoede contréles, Bij de eiwit- 
houdend gevoede, niet ingespoten dieren was de uitscheiding nog grooter, 
wat in verband met de eiwitopneming geen verwondering behoeft te 
wekken. Verscheidene andere conclusies, b.v. ten aanzien van den invloed 
van groeihormoon op den opbouw en de afbraak van eiwit, zouden aan 
de uitkomsten kunnen worden vastgeknoopt, ware het niet, dat zich 
hierbij een moeilijkheid vodrdeed: De hoeveelheid uitgescheiden stikstof 
was n.l. belangrijk minder dan men op grond van het eiwitverlies (geschat 
met behulp van lichaams- en orgaangewichten) zou verwachten. Een bij 
benadering volledige stikstofbalans geleek ons voor vérgaande conclusies 
noodzakelijk. Pogingen om tot dit doel te geraken met behulp van nieuwe 
proeven, moesten door de oorlogsomstandigheden worden gestaakt. Dit 
laatste is ook de reden waarom het onderzoek in dit vroege stadium reeds 
wordt gepubliceerd. 

De stikstofretentie, welke wel niet anders dan een eiwitretentie be- 
teekent, veroorzaakt door groeihormoon, zou zich tenslotte moeten uiten 
in een grooter orgaangewicht. De orgaangewichten van de dri¢ groepen 
en van nog andere series op dezelfde wijze behandelde dieren verschil- 
den, zooals tabel II eveneens laat zien, niet belangrijk. Bij één der proeven 
werden ook de eiwitgehalten der m. gastrocnemii bepaald volgens een 
vroeger beschreven methode (KRET en DE JONGH); ook wat dit betreft 
werden geen verschillen tusschen de groepen gevonden. Vermoedelijk 
was de duur van de proef te kort en de maatstaf te weinig gevoelig om 
dergelijke verschillen aan den dag te doen treden. 


Samenvatting. 

Doorsnijding van de insertie van den m. gastrocnemius heeft tot gevolg, 
dat de kleine, daaronder gelegen m. soleus de functie van beide spieren 
overneemt en hypertrophieert, Deze operatie werd door ons aan één 
zijde verricht bij te voren gehypophysectomeerde ratten. Het bleek, dat 
ook onder deze omstandigheden de hypertrophie, dus de groei van spier- 
weefsel, nog plaats vond. Het hypophysaire groeihormoon is daarvoor 
dus niet noodzakelijk. 

De toediening van groeihormoon aan gehypophysectomeerde, eiwit- 
loos gevoede dieren, doet de uitscheiding van stikstof in de urine, ten 
opzichte van niet ingespoten contréledieren, dalen. 


Zusammenfassung. 

1) Durchtrennung der Insertion des M. gastrocnemius ruft hervor, 
dass der kleine, darunten gelegene, Soleusmuskel die Gesamt-Funktion 
iibernimmt und hypertrophiert. Wir iibten diese Operation einseitig bei 
vorher hypophysektomierten Ratten. Es ergab sich, dass auch unter diesen 
Verhialtnissen die Hypertrophie, also ein Wachstum von Skeletmuskel~ 
gewebe, stattfindet. Das Wachstumshormon der Hypophyse ist dabei 
nicht erforderlich. 
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2) Zufuhr von Wachstumshormon an hypophysenlose, eiweissfrei er- 
nahrte Ratten, gab eine Senkung des Harn-Stickstoffs, bezogen auf nicht 
gespritzte, ebenfalls eiweisslos ernahrte, hypophysenlose Kontroltiere. 


Summary. 

After cutting the m. gastrocnemius at the place of insertion, the under- 
lying m. soleus takes over the task of the former muscle and becomes 
hypertrophic. When this operation is performed upon hypophysectomized 
rats, the hypertrophy still arises. So the pituitary growth hormone is not 
necessary for the growth of muscle tissue. 

When growth hormone is administered to hypophysectomized rats, fed 
on a diet free from protein, the output of nitrogen in the urine decreases. 


Résumé. 

Aprés le détachement de l'insertion du muscle gastrocnémien, le muscle 
solaire, se trouvant en dessous, prend la fonction des deux muscles en 
hypertrophiant. Nous avons fait cette opération unilatéralement chez des 
rats hypophysectomisés d’avance, Sous ces circonstances I'hypertrophie 
(donc la croissance du tissu musculaire) se manifesta encore; alors elle 
n'a pas besoin de l'hormone de croissance hypophysaire. 

L'administration de "hormone de croissance a des rats hypophysecto- 
misés étant nourris sans protéine, fait diminuer l’excrétion d'azote dans 
l'urine a l'égard des rats de contréle non injectés. 
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